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Preface

Markov processes represent a universal model for a large variety of real life random
evolutions. The wide flow of new ideas, tools, methods and applications constantly
pours into the ever-growing stream of research on Markov processes that rapidly
spreads over new fields of natural and social sciences, creating new streamlined log-
ical paths to its turbulent boundary. Even if a given process is not Markov, it can be
often inserted into a larger Markov one (Markovianization procedure) by including
the key historic parameters into the state space.

Markov processes are described probabilistically by the distributions on their tra-
jectories (often specified by stochastic differential equations) and analytically by the
Markov semigroups that specify the evolution of averages and arise from the so-
Iutions to a certain class of integro-differential (or pseudo-differential) equations,
which is distinguished by the preservation of the positivity property (probabilities
are positive). Thus the whole development stands on two legs: stochastic analysis
(with tools such as the martingale problem, stochastic differential equations, conver-
gence of measures on Skorohod spaces), and functional analysis (weighted Sobolev
spaces, pseudo-differential operators, operator semigroups, methods of Hilbert and
Fock spaces, Fourier analysis).

The aim of the monograph is to give a concise (but systematic and self-contained)
exposition of the essentials of Markov processes (highly nontrivial, but conceptually
excitingly rich and beautiful), together with recent achievements in their construc-
tions and analysis, stressing specially the interplay between probabilistic and analytic
tools. The main point is in the construction and analysis of Markov processes from the
‘physical picture’ — a formal pre-generator that specifies the corresponding evolution-
ary equation (here the analysis really meets probability) paying particular attention to
the universal models (analytically — general positivity-preserving evolutions), which
go above standard cases (e.g. diffusions and jump-type processes).

The introductory Part I is an enlarged version of the one-semester course on Brown-
ian motion and its applications given by the author to the final year mathematics and
statistics students of Warwick University. In this course, Browninan motion was stud-
ied not only as the simplest continuous random evolution, but as a basic continuous
component of complex processes with jumps. Part I contains mostly well-known ma-
terial, though written and organized with a point of view that anticipates further de-
velopments. In some places it provides more general formulations than usual (as with
the duality theorem in Section 1.9 or with the Holtzmark distributions in Section 1.5)
and new examples (as in Section 2.11).

Part II is based mainly on the author’s research. To facilitate the exposition, each
chapter of Part II is composed in such a way that it can be read almost independently
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of others, and it ends with a section containing comments on bibliography and related
topics. The main results concern:

(i) various constructions and basic continuity properties of Markov processes, includ-
ing processes stopped or killed at the boundary (as well as related boundary points
classification and sensitivity analysis),

(i1) in particular, heat kernel estimates for stable-like processes,

(iii) limiting processes for position-dependent continuous time random walks (ob-
tained by a random time change from the Markov processes) and related fractional (in
time) dynamics,

(iv) the rigorous Feynman path-integral representation for the solutions of the basic
equations of quantum mechanics, via jump-type Markov processes.

We also touch upon the theory of stochastic monotonicity, stochastic scattering,
stochastic quasi-classical (also called small diffusion) asymptotics, and stochastic
control. An important development of the methods discussed here is given by the
theory of nonlinear Markov processes (including processes on manifolds) presented
in the author’s monograph [196]. They are briefly introduced at the end of Chapter 5.

It is worth pointing out the directions of research closely related to the main topic
of this book, but not touched here. These are Dirichlet forms, which can be used for
constructing Markov processes instead of generators, Mallivin calculus, which is a
powerful tool for proving various regularity properties for transition probabilities, log-
Sobolev inequalities, designed to systematically analyze the behavior of the processes
for large times, and processes on manifolds. There exists an extensive literature on
each of these subjects.

The book is meant to become a textbook and a monograph simultaneously, taking
more features of the latter as the exposition advances. I include some exercises, their
weight being much more sound at the beginning. The exercises are supplied with
detailed hints and are meant to be doable with the tools discussed in the book. The
exposition is reasonably self-contained, with pre-requisites being just the standard
math culture (basic analysis and linear algebra, metric spaces, Hilbert and Banach
spaces, Lebesgue integration, elementary probability). We shall start slowly from
the prerequisites in probability and stochastic processes, omitting proofs if they are
well presented in university text books and not very instructive for our purposes, but
stressing ideas and technique that are specially relevant. Streamlined logical paths
are followed to the main ideas and tools for the most important models, by-passing
wherever possible heavy technicalities (say, by working with Lévy processes instead
of general semi-martingales, or with left-continuous processes instead of predictable
ones).

A methodological aspect of the presentation consists in often showing various per-
spectives for key topics and giving several proofs of main results. For example, we
begin the analysis of random processes with several constructions of the Brownian
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motion: 1) via binary subdivisions anticipating the later given Itd approach to con-
structing Markov evolutions, 2) via tightness of random-walk approximations, antici-
pating the later given LLN for non-homogeneous random walks, 3) via Hilbert-space
methods leading to Wiener chaos that is crucial for various developments, for instance
for Malliavin calculus and Feynman path integration, 4) via the Kolmogorov continu-
ity theorem. Similarly, we give two constructions of the Poisson process, several
constructions of basic stochastic integrals, several approaches to proving functional
CLTs (via tightness of random walks, Skorohod embedding and the analysis of gener-
ators). Further on various probabilistic and analytic constructions of the main classes
of Markov semigroups are given. Every effort was made to introduce all basic no-
tions in the most clear and transparent way, supplying intuition, developing examples
and stressing details and pitfalls that are crucial to grasp its full meaning in the general
context of stochastic analysis. Whenever possible, we opt for results with the simplest
meaningful formulation and quick direct proof.

As teaching and learning material, the book can be used on various levels and with
different objectives. For example, short courses on an introduction to Brownian mo-
tion, Lévy and Markov processes, or on probabilistic methods for PDE, can be based
on Chapters 2, 3 and 4 respectively, with chosen topics from other parts. Let us stress
only that the celebrated Itd’s lemma is not included in the monograph (it actually be-
came a common place in the textbooks). More advanced courses with various flavors
can be built on part II, devoted, say, to continuous-time random walks, to probabilistic
methods for boundary value problems or for the Feynman path integral.

Finally, let me express my gratitude to Professor Niels Jacob from the University
of Wales, Swansea, an Editor of the De Gryuter Studies in Mathematics Series, who
encouraged me to write this book. I am also most grateful to Professor Nick Bingham
from Imperial College, London, for reading the manuscript carefully and making lots
of comments that helped me to improve the overall quality immensely.

Coventry, November 2010 V. N. Kolokoltsov






Notations

Numbers and sets
* aVb=max(a,b),a Nb =min(a,b)
* N and Z are the sets of natural and integer numbers

« C? and R? are the complex and real d-dimensional spaces, |x| or ||x]|| for a
vector x € R? denotes its Euclidean norm, (x,y) or xy denotes the scalar
product of the vectors x, y € R4

* Rea and Ima are the real and imaginary part of a complex number a

* B, (x) (resp. By) is the ball of radius r centered at x (resp. at the origin)
« 59 is the d-dimensional unit sphere in R4 +1

« R (resp. R4 ) is the the set of positive (resp. non-negative) numbers

« Q and 9Q are the closure and the boundary respectively of the subset Q2 in a
metric space

« Q5 is the set of all mappings S — Q

* [x] is the integer part of a real number x

Functions

* B(S) (resp. C(S) or Cp(S)) for a complete metric space (S, p) (usually S = R9,
p(x,y) = |lx — y|)) is the Banach space of bounded Borel measurable (resp.
bounded continuous) functions on S equipped with the sup-norm

£l = sup | f(x)]
xeS

* C.(S) C C(S) consists of functions with a compact support

* CLip(S) C C(S) consists of Lipschitz continuous functions f, ie. | f(x) —
S (V)| < kp(x,y) with a constant k; Cpip(S) is a Banach space under the norm

I/ lILip = sup | f(x)[ + Sip |f ) = FD)I/1x =yl
x x#y

* Co(S) C C(S) consists of f such that limy_+ f(x) = 0, i.e. Ve 3 a compact
set K @ supygg | f(x)| < € (it is a closed subspace of C(S) if S is locally
compact)
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Notations

Ck(R?) or le (R?) (sometimes shortly C¥) is the Banach space of k times

continuously differentiable functions with bounded derivatives on R? with the
norm being the sum of the sup-norms of the function itself and all its partial
derivative up to and including order k

CI’fiP(Rd ) is the subspace of C k(R?) with all derivative up to and including
order k being Lipschitz continuous; it is a Banach space equipped with the norm

1£0cg, = 1 llesmr + 17 @ lup

CKR?) = C.(RY) N CK(RY)

a 9
Vi=(fVaf) = Gl i) f e CHRY
LP(Q2,%,1), p > 1, is the usual Banach space of (the equivalence classes of)
measurable functions f on the measure space 2 such that

17l = ( / Ifl”(x)u(dx))l/p o

L°°(Q2, ¥,P) is the Banach space of (the equivalence classes of) measurable
functions f on the measure space 2 with a finite sup-norm

I/ 1 = esssupyeq [f(X)]
SR = {f € C®MR?) : Vk,I € N, |x|*V! f € Co(R?)} is the Schwartz

space of rapidly deceasing functions

(f.g) = [ f(x)g(x) dx denotes the scalar product for functions f, g on R4 or
on a general measure space

1,4 is the indicator function of a set M (equals one or zero according to whether
its argument is in M or otherwise)

sgn is the sign function taking values 41, 0, —1 for positive, vanishing and neg-
ative values of the argument respectively

f = O(g) means | f| < Cg for some constant C

o [ =0(8nso0 <> limy00(f/g) =0

Measures

o M(S) (resp. P(S5)) is the set of finite (positive) Borel measures (resp. probability

measures) on a metric space S

o Mi2ed(S) defines the Banach space of finite signed Borel measures on a metric

space S

|v| for a signed measure v is its (positive) total variation measure

(fim) =[5 f()u(dx) for f € C(S), p € M(S)
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Matrices and linear operators

o AT is the transpose to a matrix A4

Ker(A), Sp(A), tr(A) are the kernel, spectrum and trace of the operator A

|All g is the norm of the operator A in a Banach space B

| AllB—c is the norm of the operator A as a mapping between Banach spaces B
and C

C([0, ], B) is the Banach space of continuous functions on [0, ] with values in
the Banach space B equipped with the sup-norm || /|| = supefo,. | /()|

Probability

* E and P define the expectation and probability, E,, P, for x € S (respectively
E,.P, for p € $(S)) are the expectation and probability with respect to an
S-valued process started at x (respectively with the initial distribution p)



Standard abbreviations

a.s. almost sure

i.i.d. independent identically distributed
Lh.s. left-hand side

r.h.s. right-hand side

r.v. random variable
BM Brownian motion
CLT central limit theorem

CTRW  continuous time random walk
LLN law of large numbers

ODE ordinary differential equation
(0]8) Ornstein—Uhlenbeck (process)
PDE partial differential equation
PDO partial differential operator
WDE pseudo differential equation
WUDO  pseudo differential operator
SDE stochastic differential equation
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Introduction to stochastic analysis






Chapter 1
Tools from probability and analysis

This chapter is meant to supply the preliminary material needed for reading the book.
Though we do give most of the proofs (sometimes sketchy), some fundamental facts
are only formulated. The criterion used for the omission of the proofs was two-fold.
On the one hand, these proofs are not deeply connected with (nor very instructive
for the understanding of) the main body of this text, and are non-trivial, so that their
proper exposition would be time and space consuming; and on the other hand, they
are quite standard by now and are widely represented in university textbooks. To
set the ground for probability, we recall the notion of a measure space, but we do
assume readers to be acquainted with the definition and basic properties of integrals
with respect to an abstract measure including dominated and monotone convergence
theorems. In the next three sections we collect the basic facts from standard prob-
ability texts, see e.g. Applebaum [19], Jacod and Protter [146], Shiryaev [293] and
Kallenberg [154], so that references are not given to each formulated result sepa-
rately. Afterwards we introduce infinitely divisible and stable distributions. Then
we recall the basic topologies used routinely in stochastic analysis. And finally we
introduce the analytic tools (fractional derivatives, pseudo-differential operators and
semigroups) used in what follows. Readers with a sound background in probability
and/or analysis may wish to skip some or all sections of this introductory chapter.

1.1 Essentials of measure and probability

A collection ¥ of subsets of a given set S is called a o-algebra if
i Se¥F;
(i) Ae F=>S\AeF;
(iii) (o-additivity) Uff;l A, € ¥ whenever A, € ¥ forany n € N.
The pair (S, ¥) is called a measurable space.
A measure on (S,¥) is a mapping u : ¥ +— [0, 00] such that u(4) = 0 and
o-additivity holds:

M( G An) = i w(An)
n=1 n=1

for any sequence A, of mutually disjoint sets in #. The triple (S, ¥, ) is called a
measure space. A measure u is called finite if its total mass | (S) is finite, o-finite
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if there exists a sequence A,, n € N, of subsets of ¥ such that S = Uff’:l A, and
U(Ay) < oo for all n.

A measure space (2, ¥, ) is called a probability space whenever u(2) = 1. In
this case yu is called a probability measure and the subsets from ¥ are called events.

An extension of the notion of a measure that does not assume positivity is some-
times useful as well. Namely a signed measure (respectively a complex measure) of
finite variation can be defined as a set function ¢ on a measurable space (S, ) that
is given by the integral

Mm=ﬁfmmmx/my, (L)

where  is a (positive) finite measure on (S, ) and f is a real (respectively complex-
valued) function on S integrable with respect to .! The total variation norm of ¢ is
defined as

nw=/ummmu

The set of signed (respectively complex) measures of finite variation on (S, ¥) is
easily seen to be a real (respectively complex) Banach space when equipped with this
norm. The fotal variation measure of ¢ is defined as the measure

lp(dx) = | f(x)u(dx),

so that
¢(dx) = o(x)|$|(dx)

with o taking only three values 0, 1, —1. As for usual measures, the following exten-
sion is sometimes useful. A set function ¢ is called a o-finite signed (or complex)
measure if it has a representation (1.1) with a o-finite measure p and a bounded mea-
surable real (respectively complex) function f.

For a metric space S, e.g. a subset of R?, the smallest o-algebra B(S) containing
all its open subsets is called the Borel o-algebra of S. Its elements are called Borel
sets and any measure on (S, B(S)) is called a Borel measure. The simplest example
of a Borel measure is given by Lebesgue measure on R?. A Borel measure is called
a Radon measure if it is finite on any compact set. One can also define a signed or
complex Radon measure as a set function that becomes a signed or complex measure
of finite variation when reduced to any compact set.

Throughout this book our processes will live in Euclidean spaces R4. However, the
distribution of a R?-valued process is a distribution on a certain space of trajectories
of such a process, and the latter space is often specified as a rather nontrivial infinite-
dimensional metric space (Skorohod space). Hence the necessity to work with mea-
sures on general metric spaces, even when analyzing finite-dimensional processes.

! Alternatively signed measures can be defined axiomatically, in which case this representation fol-
lows from the so-called Hahn decomposition theorem.
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For a collection I' of the subsets of a set Q2 the o-algebra o (") generated by I is
the minimal o-algebra containing all sets from I".
An important method of constructing measures is via the products. Namely, for

a finite or a countable family of measure spaces (S;, ¥, i), i = 1,2,..., the prod-
uct measure space (S, ¥, u) is defined, where S = Sy x S x -+, F = F1 ®
F> ® --- — the o-algebra generated by the sets A} x --- x Ay, A; € F;,n € N,

and u = 1 X pp X --- is the product measure uniquely specified by the prescription

WAy X+ x Ap) = p1(A1) -+ wn(An).

For a measure space (S, ¥, i) a subset of S is called negligible or a null set if it
is a subset of a N € ¥ with u(N) = 0. The o-algebra ¥ of the subsets of S of the
form AU B, with A C ¥, B negligible and the measure /i on it defined on these sets
as fi(AU B) = u(A), are called respectively the completion of ¥ and p (with respect
to w). In particular, for S C R¥ the completion of B(S) with respect to Lebesgue
measure is called the o-algebra of Lebesgue measurable sets in S

For a probability space (€2, ¥, 1t) one says that some property depending on w € Q2
holds almost surely (briefly a.s.) or with probability 1 if there exists a negligible set
N € F such that this property holds forallw € Q \ N.

A handy tool of probability theory is given by the following famous result called
the Borel-Cantelli lemma.

Theorem 1.1.1. If a sequence of events A,, n € N, on a probability space (2, ¥ ,P)
is such that ), P(A,) < oo, then a.s. only a finite number of Ap can occur.

Proof. Let B = {w € Q : infinite number A, occur}. Then

B=ﬂ(UAk)

n k>n
and
P(B) = P(|J 4¢) = 3" P(4p) — 0,
k>n k>n
as n — oo. Hence P(B) = 0. O

If (S;, %), i = 1,2, are measurable spaces, a mapping f : S; — S is called
(F1., F2)-measurable if f~1(A) € F1 whenever A € F,. Two measurable spaces are
called Borel isomorphic, or just isomorphic, if there exists a bijection f : § — T
such that both f and f~! are measurable. A measurable space S is called a Borel
space if it is isomorphic to a Borel subset of [0, 1]. A deep result of measure theory
states that a complete metric space is a Borel space. This result is very convenient, as
it allows one to establish certain general facts by proving them only for the real line
(see below the randomization lemma). In our book we shall use only Borel spaces
and measures.
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If S1, S are metric spaces equipped with their Borel o-algebras, such a mapping
is said to be Borel measurable or briefly Borel. Speaking about measurable mapping
with values in R4 one usually means that R is equipped with its Borel o-algebra.

For a probability space (2, %,P) the measurable mappings X : Q@ — R are
called random variables (briefly r.v.), or sometimes random vectors in case d > 1.
More generally, for a metric space S the Borel measurable mappings 2 — S are
called S-valued random variables or random elements on S. The o-algebra o (X)
generated by a r.v. X is the smallest o-algebra containing the sets {X C B} for all
Borel sets B.

The law (or the distribution) of a random variable is the Borel probability measure
px on S defined as py = P o X!, In other words,

px(A) = P(X"1(4)) = P(w € Q : X(w) € A) = P(X € A).

For example, if X takes only finite number of values, then the law py is a sum of
Dirac §-measures.

Clearly, if 1 is a probability measure on R¢, then the identical mapping in R?
defines a R?-valued random vector with the law /i defined on the probability space
(R?, B, ). It turns out that for a family of laws depending measurably on a pa-
rameter one can specify a family of random variables defined on a single probability
space and depending measurably on this parameter. This is shown in the following
randomization lemma:

Lemma 1.1.1. Let u(x, dz) be a family of probability measures on a Borel space Z
depending measurably on a parameter x from another measurable space X (such a
Sfamily is called a probability kernel from X to Z). Then there exists a measurable
Sunction f : X x[0,1] — Z such that if 0 is uniformly distributed on [0, 1], then
f (X, 0) has distribution p(x,.) for every x € X.

Proof. Since Z is a Borel space, it is sufficient to prove the statement for Z = [0, 1].
In this case f can be defined by the explicit formula, the probability integral trans-
Sformation, that represents a standard method (widely used in practical simulations),
for obtaining a random variable from a given one-dimensional distribution:

f(s,t) =sup{x € [0,1] : u(s, [0, x]) <t}

Clearly this mapping depends measurably on s. Moreover, the events { f(s,?) < y}
and {r < u(s, [0, y])} coincide. Hence, for a uniform 6

P(f(s.0) = x) = P(r < pu(s.[0, y])) = (s, [0, x]). O

Twor.v. X and Y are called identically distributed if they have the same probability
law. For a real (i.e. one-dimensional) r.v. X its distribution function is defined by
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Fx (x) = px((—o0, x]). Areal r.v. X has a continuous distribution with a probability
density function f if px(A) = [, f(x)dx for all Borel sets A.

For an R¥-valued r.v. X on a probability space (2, ¥, it) and a Borel measurable
function f : R? > R™ the expectation E of f(X) is defined as

Bf(0) =BG = [ f@pudo) = [ f@p@n. a2
X is called integrable it E(| X |) < oo.

Exercise 1.1.1. Convince yourself that the two integral expressions in (1.2) really
coincide. Hint: first choose f to be an indicator, then use linearity and approximation.

For two R%-valuedr.v. X = (X1,...,Xz)and Y = (Y1,...,Y ) the d x d-matrix
with the entries E[(X; —E(X;))(Y; —E(Y;))] is called the covariance of X and Y and
is denoted Cov(X, Y ). Incase d = 1 and X = Y the number Cov(X, Y) is called the
variance of X and is denoted by Var(X) and sometimes also by 0)%. Expectation and
variance supply two basic numeric characteristics of a random variable.

The random variables X and Y are called uncorrelated whenever Cov(X,Y) = 0.
Random variables X1, ..., X, are called independent whenever

P(X1 < A],Xz S Az,...,Xn < An) = P(X1 S A])P(Xz € Az)---P(Xn S An)

for all Borel A;. Clearly in this case Cov(X;, Xj) = Oforalli # j (i.e. independent
variables are uncorrelated) and

Var(Xy + --- 4+ Xp) = Var(X1) + --- + Var(Xy). (1.3)

As an easy consequence of the definition of the expectation constitute the following
inequalities whose importance to the probability analysis is difficult to overestimate.

Theorem 1.1.2. Markov’s inequality: If X is a non-negative random variable, then
forany e >0

EX
P(X >¢) < —.
€

Chebyshev’s inequality: For any € > 0 and a random variable Y

Var(Y)

P(Y —EY|>¢) < ——
€

Jensen’s inequality: If g is a convex (respectively concave) function, then

g(E(X)) = E(g(X))

(respectively vice versa) whenever X and g(X) are both integrable.
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Proof. Evident inequalities
EX > E(X1xs¢) > €Elxysc = eP(X > ¢)

imply Markov’s one. Applying Markov’s inequality with X = |Y — EY|? yields
Chebyshev’s one. Finally, if g is convex, then for any x¢ there exists a A(xp) such
that g(x) > g(xo) + (x — x¢)A(xp) for all x. Choosing xo = EX and x = X yields

g(X) = g(EX) + (X —EX)A(EX).

Passing to the expectations leads to Jensen’s inequality. Concave g are analyzed sim-
ilarly. m|

Exercise 1.1.2. Let X, Y be a random variable and a d-dimensional random vector
respectively on a probability space. Show that for a continuous g : RY > R

B = [ g(wiay).

where v is the signed measure v(B) = E(X1p(Y)). Hint: start with indicator func-
tions g.

A more complicated inequality that we are going to mention here is the following
Kolmogorov’s inequality that states that for the sums S, = & + & + --- + &, of
independent zero mean random variables &1, &>, ... one has

|Sn]?

P( max |Sy|>¢) < (1.4)

1<m<n
We shall not prove it here, but we shall establish later on its far-reaching extension: the
Doob maximum inequality (notice only that both proofs, as well as other modification
like Ottaviani’s maximal inequality from Theorem 2.6.2, are based on the same idea
of stopping at a point where the maximum is achieved). Doob’s maximum inequality
implies directly the following more general form of Kolmogorov’s inequality (under
the same assumptions as in (1.4)):

P( max |S;| >¢€) < M (1.5)
1<m=<n €p

for any p € [0, 1]. In order to appreciate the beauty of this estimate it is worth noting
that they give precisely the same estimate for max |S,,| as one would get for S, itself
via the rough Markov—Chebyshev inequality.

Let us recall now the four basic notions of the convergence of random variables.
Let X and X,, n € N, be S-valued random variables, where (S, p) is a metric space
with the distance p. One says that X, converges to X
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1. almost surely or with probability 1 if limy, o X5 (w) = X(w) almost surely;
2. in probability if for any € > 0 lim,, 00 P(0(X,, X) > €) = 0;
3. indistribution if px, weakly converges to px,i.e. if

im [ f@pe@n) = [ feopxan

n—>oo
for all bounded continuous functions f.
If S is R4, or a Banach space, X is said to converge in L? (1 < p < o0) if
lim, o E(| X, — X|?) = 0.
To visualize these notions, let us start with two examples.
1. Consider the following sequence of indicator functions {X,} on [0, 1]: 1o 1],

Lio,1/21: Tny2,11 Lpo1/31 1nys2/310 1izyas po,1/43: 1ija,2/4), ete. Then
X, — 0asn — oo in probability and in all L?, p > 1, but not a.s. In fact
limsup X, (x) = 1 and liminf X,,(x) = 0 for each x so that X, (x) — X(x)
nowhere.

2. Choosing X, = X’ for all n with X’ distributed like X but independent of it,
shows that X;, — X in distribution does not imply in general X,, — X — 0.

The following statement gives instructive criteria for convergence in probability and
a.s. and establish the link between them.

Proposition 1.1.1. 1. X,, — X in probability if and only if

( p(Xn, X)
1+ p(Xn, X)

2. Xn — X a.s. if and only if

lim E

n—o0

) =0 lim E(1Ap(Xy, X)) =0.  (16)

lim P(sup p(X,,X) >¢€) =0 (1.7)
m—0o0

n>m

forall e > 0.
3. Almost sure convergence implies convergence in probability.

4. Any sequence converging in probability has a subsequence converging a.s.
Proof. 1. Convergence in probability follows from (1.6), because by Chebyshev’s
inequality

P(p(Xn. X) > €) = P(L A p(Xn. X) > €) < éE(l A p(Xn. X))

for € € (0, 1). The converse statement follows from the inequalities

E( p(Xn, X)

m) <E(IAp(Xn. X)) < € + P(0(Xp. X) > ).
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2. The event X, — X is the complement of the event

B=|JB, Br=(){sup|Xo—X|>1/r},
reQ meQ nzm
i.e., a.s. convergence is equivalent to P(B) = 0 and hence to P(B,) = 0 for all r.
3. This is an obvious consequence of either of statements 1 or 2.
4. If X,, converge in probability, using statement 2, we can choose a subsequence
X} such that

E) (1A p(Xe. X)) = ) E(Ap(Xe. X)) < oo,
k k

implying that ) ; (I A p(Xg, X)) < oo a.s. and hence p(X, X) — 0 as. |

Proposition 1.1.2. L?-convergence = convergence in probability = weak conver-
gence. Finally, weak convergence to a constant implies convergence in probability.

Proof. The first implication follows from Chebyshev’s inequality.

For the second one assume S is R?. Decompose the integral [ 1f(Xn(w)) —
f(X(w))|P(dw) into the sum [ + I, 4 I3 of three terms over the sets {| X, — X | > §},
{IXn — X| <6,|X| > K} and {| X, — X| < §,|X| < K}. First choose K such that
P(|X| > K + 1) < €. Next, by the uniform integrability of f on the ball of radius K
(here we use its compactness), choose § such that | f(x) — f(y)| < € for |x — y| < 4.
By the convergence in probability, choose N such that P(|X,, — X| > §) < € for
n > N. Then

In+ 1 + Iz < 3¢|| f || +e.

For general metric spaces S a proof can be obtained from statements 1 and 4 of Propo-
sition 1.1.1.
Finally, the last statement follows from (1.6). O

Exercise 1.1.3. If probability measures p, on R4 converge weakly to a measure p
as n — oo, then the sequence p;, (A) converges to p(A) for any open or closed set A
such that p(dA) = 0 (where 04 is the boundary of A).

A family H of LY(Q, ¥, ) is called uniformly integrable if

lim sup E(|X[1x>.) = 0.
XeH

Cc—> 00

Proposition 1.1.3. Ifeither (i) supyc g E(|X|?) < cofora p > 1, or (ii) there exists
an integrable rv. Y s.t. |X| <Y forall X € H, then H is uniformly integrable.
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Proof. Follows from the inequalities.

E(1X17).

E(|X|p1\X|>c) <

(1) E(|X|1|X|>c) < cp—1

(i) E(|X|1|X|>c) < E(Y1Y>c)' d

cp~1

Proposition 1.1.4. If X,, — X a.s. and { X} is uniformly integrable, then X, — X
in L.

Proof. Decompose the integral [ | X, — X|p(dw) into the sum of the three integrals
over the domains {| X, — X | > €}, {| X0 —X| < €, |X| < c}and {| X, — X| <€, |X]| >
c}. These can be made small respectively because X, — X in probability (as it holds
a.s.), by dominated convergence and by uniform integrability. |

Two famous theorems of integration theory, the dominated and monotone conver-
gence theorems, give easy-to-use criteria for a.s. convergence to imply convergence
inLj.

The following famous result allows one to transfer weak convergence to a.s. con-
vergence by an appropriate coupling.

Theorem 1.1.3 (Skorohod coupling). Let &, &1, &>, ... be a sequence of random vari-
ables with values in a separable metric space S such that &, — & weakly as n —
oo. Then there exists a probability space with some S-valued random variables
N, 11, N2, ... distributed as &,&1,&,, ... respectively and such that n, — 1 a.s. as
n— oQ.

The following celebrated convergence result is one of the oldest in probability the-
ory.

Theorem 1.1.4 (Weak law of large numbers). If &1,&,,... is a collection of i.i.d.
random variables with E§; = m and Var§; < oo, then the means (§1 + -+ + &,)/n
converge to m in probability and in L.

Proof. By (1.3)

var(u_m) v EL o et G ) Varer
n n "

implying convergence in L,. Hence by Chebyshev’s inequality
Vi
P( m| > e) <A 1

— n 6 2 b
implying convergence in probability. m|

§1+"'+§n
n
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Using the stronger Kolmogorov’s inequality allows one to get the following im-
provement.

Theorem 1.1.5 (Strong law of large numbers). Let S, denote the sums &1 + &> +
-o- 4+ &, for a sequence £1, &5, ... of independent zero-mean random variables such
that E|§;|*> = 02 < oo for all j. Then the means Sy /n converge to 0 a.s.

>e)=0.

Proof. By (1.7) we have to show that

lim P{ sup |—
n
Denote by A the events
S
A = { max —| > e}.
2k—l<p<2k | N

Then by (1.4)

k—1y _ -k 40?
P(Ap) <P( max [Sy]>e€2" 1) 27" —-
2

—l<n<2k €2’

Hence the sum ) ; P(Ay) converges. Consequently

P( sup
nzszl

as m — oo for any e. m|

o0

>e)5 ZP(Ak)—>O

k=m

n

Remark 1. Using (1.5) instead of (1.4) allows us to prove the above theorem under
a weaker assumption that E|§;|? = @ < oo for some p > 1. It is instructive to see
where this proof breaks down in case p = 1. By more involved arguments one can
still prove the strong LLN if only E|&;| < oo, but assuming that §; are i.i.d.

The following result is routinely used in stochastic analysis to check a validity of a
certain property for elements of o (I"), where I is a collection of subsets closed under
intersection. According to the theorem it is sufficient to check that the validity of this
property is preserved under set subtraction and countable unions.

Theorem 1.1.6 (Monotone class theorem). Let 8 be a collection of subsets of a set
Q s.t.

() Qes,
(i) A,Be8=A\Bes,
(i) Ay CArC---CA,e8=,4n € 38.
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If a collection of subsets I" belongs to S and is closed under pairwise intersection,
theno(I') € 8.

Exercise 1.1.4. For S C R? the universal o-field U(S) is defined as the intersec-
tion of the completions of $B(S) with respect to all probability measures on S. The
(U(S), B(S))-measurable functions are called universally measurable. Show that a
real valued function f is universally measurable if and only if for every probability
measure 1 on S there exists a Borel measurable function g, such that u{x : f(x) #
gu(x)} = 0. Hint for “only if” part: show that

fx)=inf{reQ:x € U(r)}, whereU(r)={xeS: f(x)<r}.

Since U(r) belong to the completion of the Borel o-algebra with respect to u there
exist B(r), r € Q, such that

u( U (B(r)AU(r))) — 0.
reQ
Define
gu(x) =inf{r e Q: x € B(r)}.

1.2 Characteristic functions

As we already mentioned, expectation and variance supply two basic numeric char-
acteristics of a random variable. Some additional information on its behavior can
be obtained from higher moments. A complete analytical description of a random
variable is given by the characteristic function, which we recall briefly in this section.

If p is a probability measure on R4 its characteristic function is the function
op(y) = fei(y’x)p(dx). For a R%-valued r.v. X its characteristic function is de-
fined as the characteristic function ¢x = ¢, of its law py, i.e.

¢x (y) = B/ %) = /Rd 'O px (dx).

Any characteristic function is a continuous function, which clearly follows from
the inequalities

lgx (v + h) — dx ()] < Ele!™ — 1] < max | — 1| + 2P(|X| > a). (1.8)

|x|<a

Theorem 1.2.1 (Riemann—Lebesgue lemma). If a probability measure p has a den-
sity, then ¢, belongs to Coo (Rd). In other words, the inverse Fourier transform

£ F7U ) = @402 [0 fnya

is a bounded linear operator L' (R?) — Coo(R?).
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Sketch of the proof. Reduce to the case, when f is a continuously differentiable
function with a compact support. For this case use integration by parts.

For a vector m € R and a positive definite d x d-matrix A4, a r.v. X is called
Gaussian (or has Gaussian distribution) with mean m and covariance A, denoted by
N(m, A), whenever its characteristic function is

brem ) = exp filn. ) = S0 an |

It is easy to deduce that m = E(X) and 4;; = E((X; —m;)(X; —m;)) and that if 4
is non-degenerate, N(m, A) random variables have distribution with the pdf

f(x) =

l()c —m, A (x — m))}.

1
Q)2 Jaetd) T { 2

It is useful to observe that if X; and X5 are independent R4 -valued random vari-
ables with laws 1, (2 and characteristic functions ¢ and ¢;, then X1 4+ X5 has the
characteristic function ¢; ¢, and the law given by the convolution ju1 » o defined by

o1+ 1)) = [ (4 = 0ua().

Similarly, for independent random variables X7y, ..., X;, with the laws p@1,..., un
and characteristic functions ¢y, . .., ¢,, the sum X + - - - + X, has the characteristic
function ¢y - - - ¢, and the law g x - -+ x w,. In particular, if Xy, ..., X, are indepen-
dent identically distributed (common abbreviation i.i.d.) random variables, then the
sum X1 + --- + X, has the characteristic function ¢ and the law j1q * -+ % .

The next exercise anticipates the discussion of weak compactness or measures
given at the end of this chapter.

Exercise 1.2.1. Show that if probability distributions p, on Rd, n € N, converge
weakly to a probability distribution p, then

(i) the family pj is tight, i.e.

Ve > 03K > 0:Vn, py(|x] > K) <¢;

(i1) their characteristic functions ¢, converge uniformly on compact sets.

Hint: for (ii) use tightness and representation (1.8) to show that the family ¢, is
equicontinuous, i.e.

Veds: |pn(y +h)—¢p(y)| <€ Vh<d,neN,

which implies uniform convergence.
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Theorem 1.2.2 (Glivenko’s theorem). If ¢,, n € N, and ¢ are the characteristic
functions of probability distributions p, and p on R?, then limy o0 ¢ (y) = ¢(»)
foreach y € R4 if and only if p, converge to p weakly.

Theorem 1.2.3 (Lévy’s theorem). If ¢, n € N, is a sequence of characteristic func-
tions of probability distributions on R? and lim, o0 ¢n(y) = ¢(y) for each y € R?
for some function ¢, which is continuous at the origin, then ¢ is itself a characteristic
function (and so the corresponding distributions converge weekly as above).

The following exercise suggests using Lévy’s theorem to prove a particular case of
the fundamental Prohorov criterion for tightness.

Exercise 1.2.2. Show that if a family of probability measures p, on R4 is tight, then
it is relatively weakly compact, i.e. any sequence of this family has a weakly conver-
gent subsequence. Hint: tight = family of characteristic functions is equicontinuous
(by (1.8)), and hence is relatively compact in the topology of uniform convergence on
compact sets. Finally use Lévy’s theorem.

Exercise 1.2.3. (i) Show that a finite linear combination of R4 -valued Gaussian
random variables is again a Gaussian r.v.

(i) Show that if a sequence of R4 -valued Gaussian random variables converges
in distribution to a random variable, then the limiting random variable is again
Gaussian.

(iii) Show that if (X,Y) is a R2-valued Gaussian random variables, then X and Y

are uncorrelated if and only if they are independent.

Theorem 1.2.4 (Bochner’s criterion). A function ¢ : R? + C is a characteristic
function of a probability distribution if and only if it satisfies the following three prop-
erties:

@) ¢(0) =1;
(1) ¢ is continuous at the origin;

(iii) ¢ is positive definite, which means that

d
Y cjard (i — i) = 0

J.k=1

forallreal yy,...,yz and all complex cy, ..., cg4.
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Remark 2. To prove the “only if” part of Bochner’s theorem is easy. In fact:

d d
> cjdrx (vi — vi) =/ Y cje’ YTV py (dx)
: R4 .
Jik=1 Jik=1
d . 2
=/ ( c,'e’(yf"x)) px(dx) = 0.
RSN

1.3 Conditioning

Formally speaking, probability can be considered as a part of measure theory. What
actually makes it special and fills it with new intuitive and practical content is condi-
tioning. On the one hand, conditioning is a method for updating our perception of the
probability of an event based on the information received (conditioning on an event).
On the other hand, it is a method for characterizing random variables from their coarse
description that neglects certain irrelevant details, like increasing the scale of an atlas
or an image (conditioning with respect to a partition or subalgebra).

Assume a finite partition A = {A;} of our probability space (2, ¥, P) is given, i.e.
it is decomposed into the union of non-intersecting measurable subsets Ay, ..., Az.
Assume that for certain purposes we do not need to distinguish the points belonging
to the same element of the partition. In other words, we would like to reduce our
original probability space to the simpler one (2, 4, P), where ¥4 is the finite o-
algebra generated by the partition # (that consists of all unions of the elements of
this partition). Now, if we have a random variable X on (2, ¥, P), how should we
reasonably project it on the reduced probability space (2, ¥4, P)? Clearly such a
projection X should be measurable with respect to ¥4, meaning that it should be
constant on each A;. Moreover, we want the averages of X and X to coincide on each
A;. This implies that the value of X on A; should equal the average value of X on A;.
The random variable X, obtained in this way, is denoted by E(X|%,4) and is called
the conditional expectation of X given the o-algebra ¥4 (or equivalently, given the
partition +4). Hence, by definition,

E(X|F4) (@) = / X(w)P(dw)/P(A;), o e A, (1.9)

1

foralli = 1,...,m. Equivalently, E(X|¥4)(w) is defined as a random variable on
(2, F4, P) such that

/ E(X|%4)(@)P(do) = / X(0)P(do)
A A

forany A € F4.
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This definition can be straightforwardly extended to arbitrary subalgebras. Namely,
for a random variable X on a probability space (2, ¥, P) and a o-subalgebra § of
F , the conditional expectation of X given § is defined as a random variable E(X |9)
on the probability space (€2, 9, P) such that

/ E(X|9)(w)P(dw) = / X(0)P(dw)
A A

for any A € §. Clearly, if such a random variable exists it is uniquely defined (up
to the natural equivalence of random variables in (€2, §, P)), because the difference
of any two random variables with the required property has vanishing integrals over
any measurable set in (2,9, P), and hence this difference vanishes a.s. However,
the existence of conditional expectation is not so obvious for infinite subalgebras. In
fact, the defining equation (1.9) does not make sense in case P(A4;) = 0. Hence in
the general case, another approach to the construction of conditional expectation is
needed, which we now describe.

For a given measure space (S, ¥, i), a measure v on (S, ¥) is called absolutely
continuous with respect to u if v(A) = 0 whenever A € ¥ and u(A4) = 0. Two
measures are called equivalent if they are mutually absolutely continuous.

Theorem 1.3.1 (Radon—Nikodym theorem). If u is o-finite and v is finite and ab-
solutely continuous with respect to i, then there exists a unique (up to almost sure
equality) non-negative measurable function g on S such that for all A € ¥

w&=Lﬂmmw1

This g is called the Radon—Nikodym derivative of v with respect to p and is often
denoted dv/d .

Let X be an integrable random variable on a probability space (2, ¥, P) and let §
be a sub-c-algebra of . If X > 0 everywhere, the formula

QﬂMZMMMZLXme)

for A € § defines a measure Qx on (2, %) that is obviously absolutely continuous
with respect to P. Ther.v. dQx /dP on (2, &, P) is called the conditional expectation
of X with respect to §, and is usually denoted E(X|§). If X is not supposed to be
positive one defines the conditional expectation as E(X|§) = E(XT|§) —E(X|9).
Clearly this new definition complies with the previous one, as so defined Y = E(X|9)
isarv.on (2,9, P) satisfying

/Y(co)P(dw) =/X(a))P(da)) (1.10)
A A
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for all A € § or, equivalently,
E(YZ)=E(XZ2) (1.11)

for any bounded §-measurable Z.
If X = (X1....,Xg) € R?, then

E(X|9) = (E(X1[9). ... . E(Xx]9)).
The following result collects the basic properties of the conditional expectation.

Theorem 1.3.2. (i) E(E(X|9)) = E(X);
(i) ifY is §-measurable, then E(XY |9) = YE(X|9) a.s.;

(iii) if Y is §-measurable and X is independent of G, then a.s.
E(XY|§) = YE(X),

and more generally

E(f(X.Y)[%) = G(Y) (1.12)
a.s. for any bounded Borel function f, where Gr(y) = E(f(X,y)) a.s.;

@iv) if K is a sub-o-algebra of § then E(E(X |§)|H) = E(X|H#) a.s. (this property
is called the chain rule for conditioning);

(V) the mapping X +— E(X|§) is an orthogonal projection L*>(Q, F,P) —
L%(Q,9,P);

(vi) X1 < Xp = E(X1]9) <E(X32|9) a.s.;
(vii) the mapping X — E(X|€) is a linear contraction LY (Q, ¥ ,P) - LY(Q, &, P).

Exercise 1.3.1. Prove the above theorem. Hint: (ii) consider first the case with Y
being an indicator function of a §-measurable set; (v) assume X = Y + Z with
Y from L?(2,9.P) and Z from its orthogonal complement and show that ¥ =
E(X|9). (vi) Follows from an obvious remark that X > 0 = E(X|9g) > 0.

Remark 3. Property (v) above can be used to give an alternative construction of
conditional expectation by-passing the Radon—-Nikodym theorem.

If Zisarv.on (2,5 ,P) one calls E(X|o(Z)) the conditional expectation of X
with respect to Z and denotes it briefly by E(X|Z).

The measurability of E(X|Z) with respect to o (Z) implies that E(X|Z) is a con-
stant on any Z-level set {w : Z(w) = z}. One denotes this constant by E(X|Z = z)
and calls it the conditional expectation of X given Z = z. From statement (iv) of
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Theorem 1.3.2 it follows that
E(X) = /E(X|Z)(a))P(da)) = /E(X|Z =z)pz(dz) (1.13)

(the second equality is obtained by applying (1.2) to f(Z(w)) = E(X|Z)(w)).

Let X and Z be R¢ and respectively R”-valued r.v. on (2, ¥, P), and let § be a
sub-c-algebra of ¥ . The conditional probability of X given § and X given Z = z
respectively are defined as

Pyg(B:w) = P(X C B|9)(0) = E(1p(X)[9)(w), o €;
Pyjz=:(B) =P(X C B|Z = z) = E(13(X)|Z = 2),

for Borel sets B, or equivalently through the equations
BUWOI9@ = [ 10Pys(dxio),
BU(OIZ =2 = [ f(Pxiz=o(d)

for bounded Borel functions f. Of course Px|z—,(B) is just the common value of
Py z(B:w) on the set {w : Z(w) = z}.

It is possible to show (though this is not obvious) that, for any R4-rv. X, the
regular conditional probability of X given § exists, i.e. such a version of conditional
probability that Py ¢ (B, w) is a probability measure on R¢ as a function of B for
each w (notice that from the above discussion the required additivity of conditional
expectations hold a.s. only so that they may fail to define a probability even a.s.) and
is ¥-measurable as a function of w. Hence one can define conditional r.v. Xg(w),
Xz (w) and Xz=; as r.v. with the corresponding conditional distributions.

Proposition 1.3.1. For a Borel function h
Eh(X,Z) = /h(x,z)PX|Z:Z(dx)pZ(dz) (1.14)

whenever the l.h.s. is well defined.

Proof. Tt is enough to show this for the functions of the form 2(X, Z) = f(X)1zec
for a measurable C. And from (1.13) it follows that

Ef(X)lzcc = /Z (X Z)@P(do) = /C E(f(X)|Z = 2)pz(d=)

_ / / J@)Py|z—:(dx) pz(dz). -
C JRY
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For instance, if X, Z are discrete r.v. with joint probability P(X =i,Z = j) =
pij. then the conditional probabilities p(X = i|Z = j) are given by the usual
formula p;; /P(Z = j).

On the other hand, if X,Z are r.v. with a joint probability density function
Jfx.,z(x, z), then the conditional r.v. Xz—, has a probability density function

Sxz_.(x) = fx,z(x,2)/fz(2)

whenever fz does not vanish. In order to see this, one has to compare (1.14) with the
equation

Eh(X,Z) = /h(x,z)f(x,z) dxdz

/h( f ( ) dxfz(z)dz.

Theorem 1.3.3. Let X be a integrable variable on (2, ¥ ,P) and let §,, be either
(1) an increasing sequence of sub-o-algebras of ¥ with § being the minimal o -
algebra containing all §,, or
(ii) a decreasing sequence of sub-o-algebras of ¥ with § = ﬂflozl G,.
Then a.s. and in L
E(X|9) = lim E(X|§,). (1.15)
n—>oo

Furthermore, if X, — X a.s. and |Xy,| < Y for all n, where Y is an integrable
random variable, then a.s. and in L'

E(X[) = lim E(Xu[5y). (1.16)

Proof. We shall sketch the proof of the convergence in L! (a.s. convergence is a bit
more involved, and we shall neither prove, nor use it), say, for increasing sequences.
Any r.v. of the form 1p with B € § can be approximated in L? by a §,-measurable
r.v. £,. Hence the same holds for any r.v. from L?(Q, ¥, P). As E(X|§,) is the best
approximation (Lz—pTOJCCtIOH) for E(X|%) one obtains (1.15) for X € L*(Q, ¥ ,P),
and hence for X € L1(Q, ¥, P) by density arguments. Next,

E(Xn[6n) — E(X[9) = E(X;, — X[5,) + (E(X[5,) — E(X[9)).

Since |X,| < Y and X,, — X a.s. one concludes that X,, — X in L! by dominated
convergence. Hence as n — 0o

EE|X, — X|[%y) = E|X, — X| — 0. O

Theorem 1.3.4. If X € LY (Q, F,P), the family of rv. E(X|§), as § runs through
all sub-o-algebra of ¥, is uniformly integrable.
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Proof.
Lig(x9)>cE(X[9) = E(X1igx|9)|>c|9).

because {|E(X|9)| > c} € §. Hence

E(Lgxig)>cE(X[9)) < EQgx|g)>c|X|)
<E(|X|1x=q) + dP(E(X|9)| > ¢)

d
<E(Xx)>q) + ;E(IXl)»

where in the last inequality Markov’s inequality was used. First choose d to make the
first term small, then ¢ to make the second one small. O

One says that two sigma algebra 91, §, coincide on a set A € §; N 9, whenever
ANG =ANSG,.

Theorem 1.3.5 (Locality of conditional expectation). Let the o-algebras §1,8, € ¥
and the random variables X1, X2 € LY (Q, ¥ ,P) be such that §; = §, and X, = X»
onaset A€ G NEG. ThenE(X1|91) = E(X2|9,) a.s. on A.

Proof. The sets 14E(X1]91) and 14E(X3|9,) are both §; N G,-measurable, and for
any B C A such that B € §; (and hence B € §,)

/ E(X1]61)P(do) = / X1P(dw) = / X>P(dw) = / E(X2|%)P(dw). O
B B B B

1.4 Infinitely divisible and stable distributions

Infinitely divisible laws studied here occupy an honored place in probability, because
of their extreme modeling power in the variety of situations. They form the corner-
stone for the theory of Lévy processes discussed later.

A probability measure ;4 on R? with a characteristic function ¢ is called infinitely
divisible if, for all n € N, there exists a probability measure v such that t = v*---xv
(n times) or equivalently ¢, (y) = f"(y) with f being a characteristic function of a
probability measure.

A random variable X is called infinitely divisible whenever its law px is infinitely
divisible. This is equivalent to the existence, for any 7, of i.i.d. random variable Y;,
j =1,...,n,such that Y1 4 --- + Y}, has the law px.

For example, any Gaussian distribution is clearly infinitely divisible.

Another key example is given by a Poisson random variable with mean (or param-
eter) ¢ > 0, which is a random variable N with the non-negative integers as range

and law
n

P(N =n) = C—'e_c.
n!
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One easily checks that E(N) = Var(N) = ¢ and that the characteristic function of N
is pn (y) = exp{c(e’”” — 1)}. This implies that N is infinitely divisible.

Of importance is the following generalization. Let Z(n), n € N, be a sequence
of R¥-valued i.i.d. random variables with the common law i z. The random variable
X =Z1)+---+Z(N) is called a compound Poisson random variable. It represents
a random walk (each step specified by a random variable distributed like Z (1)) with
a random (Poisson) number of steps. Let us check that

#x() = exp | /R @O~ Deuz(dn). (1.17)

In fact,

WK

ox(y) = ) E(exp{i(y. Z(1) + -+ Z(N))}IN = n)P(N = n)

3
Il
<)

n

E(expli (7. Z(1) + -+ Zm)) e~

o

3
Il
S

n

P () e = exple(@z(v) — D).

M

3
Il
S

A Borel measure v on R is called a Lévy measure if v({0}) = 0 and

/ min(1, x2)v(dx) < oo.
R4

The major role played by these measures in the theory of infinite divisibility is re-
vealed by the following fundamental result.

Theorem 1.4.1 (The Lévy—Khintchine formula). For any b € R4, a positive definite
d x d-matrix G and a Lévy measure v the function

30 = exp {iG6. 0= 300,60+ [ 61 <1 =it )1a, 0| 119

is a characteristic function of an infinitely divisible measure, where B, denotes a ball
of radius a in R4, Conversely, any infinite divisible distribution has a characteristic
Sfunction of form (1.18).

Proof. We shall prove only the simpler first part. For the converse statement see e.g.
[20], [302] and references therein. If any function of form (1.18) is a characteristic
function, then it is infinitely divisible (as its roots have the same form). To show the
latter we introduce the approximations

1 .
¢n(u) = exp {i(b—/B . yv(dy),u)—i(u, Gu)—{—/Rd\B (e’(”’y)—l)v(dy)}.
1 1/n 1/n
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Each ¢, is a characteristic function (of the convolution of a normal distribution and an
independent compound Poisson) and ¢, (1) — ¢ (u) for any u. By the Lévy theorem
in order to conclude that ¢ is a characteristic function, one needs to show that ¢ is
continuous at zero. This is easy (check it!). O

The function 7 appearing under the exponent in the representation ¢ (1) = e®)
of form (1.18) is called the characteristic exponent or Lévy exponent or Lévy symbol
of ¢ (or of its distribution). The vector b in (1.18) is called the drift vector and G is
called the matrix of diffusion coefficients.

Theorem 1.4.2. Any infinitely divisible probability measure |u is a weak limit of a
sequence of compound Poisson distributions.

1/n

Proof. Let ¢ be a characteristic function of u so that ¢*/” is the characteristic func-

tion of its “convolution root” j,. Define

¢n () = explnlg'/" (u) — 1]} = exp { / (') — 1)nun(dy)}'
R4
Each ¢y, is a ch.f. of a compound Poisson process and
¢n = exp{n(eM/MMEW _ 1)y 5 b)), n— oo.
The proof completes by Glivenko’s theorem. m|

An important class of infinitely divisible distributions constitute the so-called stable
laws. A probability law in R, its characteristic function ¢ and a random variable X
with this law are called stable (respectively strictly stable) if for any integer n there
exist a positive constant ¢, and a real constant y,, (resp. if additionally y, = 0) such
that

¢ (y) = [¥(y/cn)explivay}]".

In other words, the sum of any number of i.i.d. copies of X is distributed like X up
to a shift and scaling. Obviously, it implies that ¢ is infinitely divisible and therefore
log ¢ can be presented in the Lévy—Khintchine form with appropriate b, 4, v.

Theorem 1.4.3. If ¢ is stable, then there exists an a € (0,2], called the index of
stability such that:

(1) ifa = 2, then v = 0 in the representation (1.18), i.e. the distribution is normal;

(i) if @ € (0,2), then in the representation (1.18) the matrix G vanishes and the
radial part of the Lévy measure v has the form |£]|~(1®) je.

o) ) i (y, d
log ¢a(y) = i(b,y)+/0 /Sd_] (e"y’f)—l—%) |%_|E_|au(ds), (1.19)

where € is presented by its magnitude |&| and the unit vector s = £/|§| € S9!
in the direction &, and | is some (finite) measure in gd-1,
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The classical proof can be found e.g. in Feller [111] or Samorodnitski and Taqqu
[288].

The integration in |£| in (1.19) can be carried out explicitly, as the following result
shows.

Theorem 1.4.4. The stable exponent (1.19) can be written in the form

log o) = 16,30 = [ 1091 (1= sen((y s tan ). £ 1
(1.20)
s .2 .
oz o) = 16,3 = [ 10911 47 sen(y,) log |3, )e). = 1
1.21)
where

- ogcos(ma/2)m, o #1
b=b+%/ su(ds). ﬁ:{“ (ro/2p. o # (1.22)
§d—1 /2, a=1

with some constants aq and oo specified below. The measure i on S~V is called
sometimes the spectral measure of a stable law.

Proof. Fora € (0,1) and a real p

*® d ra-— ;
/ €7 =) T = - (a D emimasmriz|ppe, (123)
0

where sgn p is of course the sign of p. In fact, one presents the integral on the r.h.s.
of (1.23) as the limit as € — 04 of

*° i dr
—(e—ip)r _
A(e D-Tra- (1.24)

Let, say, p > 0. Then '
c—ip=( +p2)1/2€—16

with tan @ = p/e. So by the Cauchy theorem one can rotate the contour of integration

in (1.24) through the angle 6. Changing the variable r to s = e in the integral

thus obtained yields for (1.24) the expression

o0
e_iga (e_(€2+p2)1/2S _ ]) ds
0 slta’

which equals (by integration by parts)

2 2\1/2 2 2\a/2
_p—ifa (" +p _) / /Oo e_(52+P2)1/2ss_a ds = _e—iOaMF(l —a).
o 0 o
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Passing to the limit ¢ — 04 (and hence 8 — 7/2) yields (1.23). In case p < 0 one
would have to rotate the contour of integration in (1.24) in the opposite direction.
Next, for @ € (1,2) and p > 0 integration by parts gives

”p—l—lrp ip or dr
/0 — ite dr = / (€' l)r_“’

and then by (1.23)

elP — 1 —irp MNo—1) _;
/0 Td —Y ¢ ina/2 pa (1.25)

Note that the real parts of both (1.23) and (1.23) are positive. From (1.23), (1.25) it
follows that for o € (0,2), ¢ # 1,

0 ' d .
/ (e”p - li—pﬂ) e = aap —oue TP (126)
0
with
_1 o dr
Og =« F(l —(X), Aoy = — A m, o€ (0, 1), (1.27)
0 2—ad
0g = —a"'T(@—1), ag= / rH—rzr ae(l,2). (1.28)
0

The case of « = 1 is a bit more involved. In order to deal with it observe that

o) irp_l_- : © 1 _ 0 i _ :
/ e 2lpsmrdr:_/ C(Z)srp dr—i—i/ sinrp zpsmrdr
0 r 0 r 0 r

1
= —Enp —iplogp.

In fact, the real part of this integral is evaluated using a standard fact that f(r) =
(1 —cosr)/(mr?) is a probability density (with the characteristic function v/ (z) that
equals to 1 — |z| for |z| < 1 and vanishes for |z| > 1), and the imaginary part can be
presented in the form

o0 o3 DE o
lim |:/ s1n§)r dr — p/ _s1nr dr] p lim _51112r dr
€e—~>0| Je r € e—>0 r

P siney P dy
= —p lim >-dy =-p —,
>0 )1 €y 1y

which implies the required formula. Therefore, for ¢ = 1

e irp dr 1
irp _ — _ g
/0 (e 1 1—|—r2) Tta =iapp 27rp iplogp (1.29)
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with
/oo sinr —r J (1.30)
ay = ——dr. .
e (2
Formulae (1.26)—(1.30) yield (1.20) and (1.21). O

Exercise 1.4.1. Check that ji is continuous in (1.22), i.e. that

lim o cos (E) = Z_ (1.31)
a—1 2

Hint: if « < 1, then

. 'l —ow) T . I'C—a) To . 1 T
lim ———cos| — ) = lim ————cos|{ — | = lim cos | — |.
a—1 o 2 a—>1 a(l —a) 2 a—11—« 2

For instance, if d = 1, SO consists of two points. Denoting their ji-measures by
[41, L—1 one obtains for o # 1 that

L . To
log o (y) = iby — Iyl"[(/u + p—1) —isgny(pur — p—1)tan 7}
This can be written also in the form
Lz v/
log¢a(y) = iby —oly|* exp {lgysgny} (1.32)

with some o > 0 and a real y such that |y| < «, if « € (0,1), and |y| < 2 — «, if
a € (1,2).

If the spectral measure /i is symmetric, i.e. fi(—2) = () for any Q@ ¢ §91,
then b = b and formulas (1.25), (1.26) both give the following simple expression:

log o (y) =i (b, y) _/Sd—l (v, )% [ (ds). (1.33)
In particular, if the measure f& is the Lebesgue measure ds on the sphere, then

logga(y) = i(b,y) —oly|, (1.34)
with the constant
@-n,e L@+ D/2)
F'((x+d)/2)
(where 6 € [0, 7] denotes the angle between a point on the sphere and its north pole,
directed along y), called the scale of a stable distribution.

o= / |cos0|%ds = 2 (1.35)
Sd—1

Exercise 1.4.2. Check the second equation in (1.35).

One sees readily that the characteristic function ¢ () with log ¢ (y) from (1.20)
and (1.21) and (1.33) with vanishing b enjoy the property that @2 (y) = ¢q (nt/y).
Therefore all stable distributions with index o # 1 and symmetric distributions with
o = 1 can be made strictly stable, if centered appropriately.
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1.5 Stable laws as the Holtzmark distributions

Possibly the first appearance of non-Gaussian stable laws in physics was due to Holtz-
mark [134], who showed that the distribution of the gravitation force (acting on any
given object), caused by the infinite collection of stars distributed uniformly in R3
(see below for the precise meaning of this) is given by the 3/2-stable symmetric dis-
tribution in R3. This distribution is now called the Holtzmark distribution and is
widely used in astrophysics and plasma physics. We shall sketch a deduction of this
distribution in a more general context than usual, showing in particular that, choosing
an appropriate power decay of a potential force, any stable law can be obtained in this
way, that is as a distribution of the force caused by the infinite collection of points in
R4, distributed uniformly in sectors.
Suppose the force between a particle placed at a point x € R4 and a fixed object at
the origin is given by
F(x) = yx|x|™™1, (1.36)

where y is a real constant and m is a positive constant. In the classical example of the
gravitational or Coulomb forces (the Holtzmark case) d = 3,m = 2 and y depends
on the physical parameters of the particles (mass, charge, etc). Suppose now that the
position x of a particle is random and is uniformly distributed in the ball Br of the
radius R in R?. Then the characteristic function of the force between this particle and
the origin is

$1(p) = |BR|‘1/

Bgr

ei(p’F(X))dx=1+|BR|_1/ (e PFCD _ 1) 4y,
Bpr

where |Bgr| denote the volume of Bg. If there are N independent uniformly dis-
tributed particles in Bg, then the characteristic function of the force induced by all
these particles is clearly

) N
¢N(P) — |:1 + |BR|—1/B (el(P,F(X)) _ 1)dxi|

Assume now that the number of particles N is proportional to the volume with a
certain fixed density A > 0, that is N = A|Bg|. We are interested in the limit
of the corresponding distribution as R — oo (the constant density equation N =
A| Bg| makes precise the idea of ‘uniform distribution in R4 mentioned above). The
resulting limiting distribution of stars in R¢ is called a Poisson point process with
intensity A and will be studied in more detail in Chapter 3.

Thus we are looking for the limit

) AlBR|
¢(p) = lim 1+ |BR|—1/ (el(P,F(X)) _ l)dx .
R—o0 Br
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By the property of the exponential function this limit exists and equals

#(p) = exp{—Aw(p)}, (1.37)

whenever the limit
w(p) = lim / (1=l PFON gy
R—o00 JBp
exists. Using (1.36) this rewrites as
o) = Jim_[ (1= explip(polx 1),
R—o00 JBp
or (noting that the imaginary part vanishes by symmetry) as
o) = Jim_ [ (1= costy(p. 0l ).
R—o00 JBp

Choosing spherical coordinates (r, 6, ¢) in R4, r > 0,0 € [0, 7], € S¢~2 with the
main axis {# = 0} given by the direction p and using

dx =r? Vdrsin?=20 do dg

yields
R T
w(p) = |Sd_2| lim / rd_ldr/ sin? 2 O(1—cos{y|p|r~—"™ cos 6})d6, (1.38)
R—o0 Jg 0

where | S92 is the surface area of the (d — 2)-dimensional unit sphere S9~2. In
order to see when this improper Riemann integral exists, let us observe that for large
r (and any fixed | p|) we have

1 —cos{y|p|lr~™cos 0} ~ y2|p|>r 2™ cos? 0,
so that the integrability condition reads as d — 1 —2m < —1, or just
a=d/m<2. (1.39)

Assuming this holds, make the change of variable r to z = | p|r~" in (1.38). Then
1
r= (Z/|p|)—1/m’ dr = ——|p|1/m2_1—1/m dz.
m

so that
w(p) = c(y)|pl*, (1.40)



Section 1.6 Unimodality of probability laws 29

where « = d/m and
1 o0 T
c(y) = —|Sd_2| / z7e1 dz/ sin? 2 0(1 — cos{yz cosb})db. (1.41)
m 0 0

Putting together (1.37) and (1.40) we see that the characteristic function ¢ (p) of the
limiting distribution coincides with the characteristic function of «-stable symmetric
distribution in R?, and condition (1.39) coincides with the general bound for the index
of stability.

Remark 4. Since ¢(p) given by (1.37) and (1.40) is obtained as the limit of charac-
teristic functions the arguments above yield another proof of the fact that the functions
of the form exp{—c|p|*} with ¢ > 0 and @ € (0, 2) are infinitely divisible character-
istic functions.

Exercise 1.5.1. Extend the above construction to obtain nonsymmetric stable laws by
assuming that the density of particles in the cone generated by a surface element ds
is proportional to i (ds) with some measure j in S4~1,

1.6 Unimodality of probability laws

We shall sketch here the theory of unimodality of probability laws. More details and
historical comments can be found e.g. in Dharmadhikari and Joag-Dev [99] and in the
appendix to [179]. Loosely speaking, unimodality means that the law is bell-shaped,
that is the probability is peaked at some place and then its concentration decreases
when moving away from this peak (mode) in any direction. Despite its clear prac-
tical importance, this property is not often discussed in textbooks, as such a discus-
sion requires nontrivial excursions to geometrical topics connected with tomography.
We shall undertake this excursion for completeness aiming eventually at proving uni-
modality of symmetric stable laws, which will be used in Chapter 7 for obtaining
effective two-sided estimates for the heat kernels of stable and stable-like processes.>

In one dimension the corresponding rigorous definition is obvious. Namely, a prob-
ability law (or a finite measure) on the real line with a continuous density function f is
called unimodal with the mode (or vertex) a € R if f is non-decreasing on (—o0, a)
and non-increasing on (a, c0). More generally, if a law is given by its distribution
function F, it is unimodal with the mode a € R, if F(x) is convex (possibly not
strictly) on (—o0, @) and concave on (a, 00).

The simplest example represents all normal laws. Other natural examples are stable
laws that we shall discuss later.

In several dimensions a proper definition is not so straightforward. In fact, there
exist several reasonable definitions of unimodality for finite-dimensional distributions.

ZReaders not interested in this development may skip this section.
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A measure on R? with a density f is called convex unimodal, if the function f has
convex sets of upper values, i.e. the sets {x : f(x) > c} are convex for all c.

One of the disadvantages of this definition is the fact that the class of convex uni-
modal measures is not closed under convex linear combinations. The following two
more general concepts improve the situation, at least for the symmetric case with
which we shall deal here.

The uniform probability law 4 supported by a compact symmetric convex A C
R4 is called an elementary unimodal symmetric distribution in R, A centrally sym-
metric finite measure on R is called central convex unimodal (CCU), if it is a weak
limit of a sequence of the finite linear combinations of elementary symmetric uni-
modal measures.

A measure 4 on R? is called monotone unimodal, if for any y € R¢ and any
centrally symmetric convex body M C R4, the function (M +ty) is non increasing
fort > 0.

Exercise 1.6.1. (i) If a convex unimodal measure is centrally symmetric, then it is
CCU and monotone unimodal.

(i1)) Normal laws are unimodal in all three senses defined above.

The classes of CCU and monotone unimodal measures clearly are closed under
linear combinations with positive coefficients and CCU measures are preserved when
passing to the weak limit. Notice also that since any convex set can be approximated
by a sequence of convex sets with nonempty interiors, the definition of CCU will not
change, if one considers there only the compact convex sets with nonempty interiors.
Such convex sets will be called convex bodies.

To obtain the main properties of unimodal measures one needs some elements of
the Brunn—Minkowski theory of mixed volumes, which we now recall.

Theorem 1.6.1 (Brunn—Minkowski inequality). For any non-empty compact sets
A, B C R4
vi4(4+ By>vYi4) +v'4(B), (1.42)

or more generally
VY A+ 16,B) > nviVi4) + ,V/4(B) (1.43)

for any positive t1, t, where V denotes the standard volume in R4 and the sum of two
sets is defined as usualby A+ B ={a+b:a € A, b € B}.

Proof. This classical result has a long history and can be proved by different meth-
ods, see e.g. Schneider [291]. We sketch here a beautiful elementary proof taken
from Burago and Zalgaller [70]. Namely, let us say that a compact set A in R is
elementary, if it is the union of the finite number /(A4) of non-degenerate cuboids
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with sides parallel to the coordinate axes and such that their interiors do not intersect.
Each compact set A can be approximated by a sequence of elementary sets 4; so that
V(A;) = V(A). Therefore, it suffices to prove (1.42) for elementary sets only. Con-
sider first the case when each of A, B consists of only one cuboid with edges a; > 0
and b; > 0 respectively. Then (1.42) takes the form

d d d
l_[(ai +bi)l/d > l_[ail/d + l_[bll/d,

i=1 i=1 i=1

which follows from the inequality

d d d d
a;  \1/d by \Ud 1 a; 1 b
(l_[a,-—}—bi) +(1_[ai+bi) Eg;ai_’_biﬁ‘g;ai_{_bi—l

i=1 i=1

For general non-empty elementary sets A, B the proof can be carried out by induction
over [(A) + [(B). Assume that (1.42) is true when /(A) + [(B) < k — 1. Suppose
that /(A) > 2. Clearly there exists a hyperplane P which is orthogonal to one of the
coordinate axes and which splits 4 into elementary sets A’, A” such that /(A”) < I(A)
and [(A”) < I(A). Then V(A’) = AV(A) with some A € (0,1). Since parallel
translations do not change volumes, one can choose the origin of coordinates on the
plane P and then shift the set B so that the same hyperplane P splits B into sets
B’, B” with V(B’) = AV(B). Plainly [(B") < [(B), [(B”) < I(B). The pairs of sets
A’, B’, and A”, B” each lies in its own half-space with respect to P and in each pair
there are no more than k — 1 cuboids. Hence

V(A+ B)>V(A"+ B )+ V(A" + B")
= (V14 + VBT + AT + VB
= AV a) + V4B + (1 = W[V (A) + vI(B)
=WV + v,

which completes the proof of (1.42). Inequality (1.43) is a direct consequence of
(1.42). i

Consider now a convex body A in R?. Let S be a k-dimensional subspace, k < d.
The k-dimensional X -ray of A (or, in other terminology, the section function, or the
k-plane Radon transform of A) parallel to S is the function of x € S+ defined by the
formula XgA(x) = Vi (AN (S + x)), where V} denotes the k-dimensional volume.

Corollary 1. For any convex body A and any k-dimensional subspace S the function
(Xs A)l/ k is concave on its support. If A is also symmetric, then X g A has a maximum
at the origin.
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Proof. Infactif Ag =AN(x+S)and A4} = AN (y + S), then
(XsA((1=n)x+oy)* = VE (=04 +14) = 1=V *(A0)+1v,T* (1),

the first and second inequality following respectively from the convexity of A and
(1.43). m|

Corollary 2 (Fary—Redei lemma). Let By and By be two centrally symmetric convex
bodies. Then the function (1, x 1 32)1/ 4 is concave on its support (where x denotes
the convolution).

Proof. Let us consider two d -dimensional planes L and L; in R24 intersecting only
at the origin and having angle ¢ < /2 between them. Let M; and M, denote the
bodies which are equal to By and B, respectively, but lie on the planes L; and L,
respectively. Then the measure with density

1, x1p,(x) = V4((x — B1) N B2) = V4((x — B1) N By) (1.44)
can be considered as the limit as ¢ — 0 of the measures gy whose densities fg
are convolutions of the indicators of My and M in R24. Notice that though 1y, ,
i = 1,2, do not have densities with respect to the volume in R2d , their convolution
does. In fact, if ¢ = /2, then

Kry2(Ar X Az) = Vg (A1 N My) x Vg(A2 N Ma)
forany A; C L;,i = 1,2, implying that f/» = 1ps, 4+ m,. Generally

o = 1o, 5in )™ = Lz, a1, sin ) ™2,

as the linear transformation of R24 which is the identity on L and which makes L,
perpendicular to L, has the determinant (sin ¢)%. Hence

1
(Lg, * 18,4 () = lim ——V,;/((x + L) N My)
1 =1 1/d
= lim (sing) ™! (X, My ().
and the concavity of (15, x 1 32)1/ 4 follows from Corollary 1. m]

As a direct corollary of the Brunn—Minkovski theory developed above, one obtains
the following basic properties of finite-dimensional unimodality.
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Theorem 1.6.2. (i) The class CCU is closed with respect to convolution x.
(i1) All CCU measures are monotone unimodal.

(iii) Let a CCU measure |1 has a continuous density f. Then for any unit vector v
the function f(tv) is non-increasing on {t > 0}, and moreover, for any m < d
and any m-dimensional subspace S the integral of f over the plane tv + S is
a non-increasing function on {t > 0}. (In other words, the Radon transform
of f is non-increasing, as is the Radon transform of the restriction of f to any
subspace.)

Remark 5. Surprisingly enough the converse of the statement (ii) does not hold.

Proof. (1) It is enough to prove that the function (1.44) is convex unimodal for arbi-
trary centrally symmetric convex bodies B; and B,. But this follows directly from
the Fary—Redei lemma.

(i1) Let us prove it here only for CCU measures with densities (and we shall use it
only in this case). Notice first that if © = 4 with some compact convex A, and if
M is compact, the required statement about the function (M + ty) follows directly
from the Fary—Redei lemma and (1.44). For a non-compact set M, the statement is
obtained by a trivial limiting procedure. For a general absolutely continuous g it is
again obtained by a limiting procedure.

(iii) It is a consequence of (ii). For instance, to prove that f(zv) is non-increasing
one supposes that f(f;v) > f(t,v) with some #; > f, and then uses statement (ii)
with a set M being the ball B, of sufficiently small radius € to get a contradiction. O

We shall discuss now the unimodality of stable laws. This property is important for
the study of the asymptotic behavior of the stable distributions (and more generally
stable-like processes introduced later on) as it allows one to describe the behaviour of
stable densities between the regions of “large” and “small” distances.

It was proven by Yamazato [320] (see also Zolotarev [327]) that all stable distribu-
tions on the real line are unimodal. We shall neither use nor prove this rather nontrivial
fact. Instead we shall concentrate on the unimodality of finite-dimensional symmetric
laws obtained by Kanter.

Theorem 1.6.3. All symmetric stable laws are unimodal.

Proof. This will be given in three steps.

Step 1. Reduction to the case of finite Lévy measure. Recall that the density of
a general symmetric stable law with the index of stability « € (0,2) (we shall not
consider the case of @ = 2 which is the well-known Gaussian distribution) is given
by the Fourier transform

1

S = ana

[ vatwrer ap
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of the characteristic function ¥/, which is given either by (1.19) with vanishing A and
a symmetric measure i on S d=1_For any € > 0 consider the finite Lévy measure

—1—a
v (dEl. ds) = 1§77 d|Eulds), [E] = € (145)
e T IE|n(ds). gl e

and the corresponding infinitely divisible distribution with the characteristic function
Y defined by the formula

log ¥g (») =/O /SH (e’”f) ~1- —’1(12) ve(d[§]. ds). (1.46)

Let Pe denote the corresponding probability distribution. One sees that 5 — Vg as
€ — 0 uniformly for y from any compact set, because

H0E i(y.§)

T )

oz vsn) —togvat < [ [

- 0<1>|y|2/0 E[12d|e] = 01|yl

The convergence of characteristic functions (uniform on compacts) implies the weak
convergence of the corresponding distributions. Therefore, it is enough to prove the
unimodality of the distribution P, for any €.

Step 2. Reduction to the unimodality of the Lévy measure. We claim now that in
order to prove the unimodality of P it is suffice to prove the unimodality of the Lévy
measure (1.45). In fact, since this measure is finite and symmetric, formula (1.46) can
be rewritten in the form

o0
log Y& (y) = / [ 0D (d[E]. ds) — Ce
0 Sd—l

with some constant C¢, so that up to a positive multiplier

vsr=en{ [T [ 0O},

Expanding exp in the Taylor series shows that 5 (y) is the Fourier transform of a
limit (uniform on compacts) of the finite linear combinations of ve and its convolu-
tions with itself. Therefore our assertion follows from Theorem 1.6.2.

Step 3. Completion. It remains to prove that the Lévy measure (1.45) is unimodal.
To this end, notice that any measure p on S 4=1 can be approximated weakly by a
sequences of discrete measures concentrated on countably many points. Hence, by
linearity, it is enough to prove the unimodality of measure (1.45) in the case of p(ds)
concentrated in one point only. But in this case measure (1.45) is one-dimensional
and the statement is obvious, which completes the proof of the theorem. m|
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The same arguments prove the following fact.

Proposition 1.6.1. [f the Lévy measure v of an infinitely divisible distribution F in
R4 (with polar coordinates |&|,s = &€/||) has the form

v(d§) = f(I§]) d]§] n(ds)

with any finite (centrally) symmetric measure [t on S =1 gnd any non-increasing
function f, then F is symmetric unimodal.

1.7 Compactness for function spaces and measures

The properties of separability, metrizability, compactness and completeness for a
topological space S are crucial for the analysis of S-valued random processes. Here
we shall recall the relevant notions for the basic function spaces and measures high-
lighting the main ideas with examples while omitting lengthy proofs.

Recall that a topological (e.g. metric) space is called separable if it contains a
countable dense subset. It is useful to have in mind that separability is a topologi-
cal property, unlike, say, completeness, that depends on the choice of the distance (for
example, an open interval and the line R are homeomorphic, but the usual distance
is complete for the line and not complete for the interval). The following standard
examples show that separability does not go without saying.

Examples. 1. The Banach spaces /o of bounded sequences of real (or complex)
numbers a = (aj,axz,...) equipped with the sup norm ||a|| = sup; |a;| is not
separable, because its subset of sequences with values in {0, 1} is not countable,
but the distance between any two such (not coinciding) sequences is one.

2. The Banach spaces C(R?), Loo(R?), M5€d(R?) are not separable, because
they contain a subspace isomorphic to /.

3. The Banach spaces Coo(R?), Ly (R?), p € [1,00), are separable, which fol-
lows from the Stone—Weierstrass theorem.

Turning to compactness, recall that a subset of a metric space is called relatively
compact if its closure is compact. Let us start with the space C ([0, T'], S) of contin-
uous functions on an interval with values in a metric space S equipped with its usual
sup-norm. A useful characteristic of a S-valued function x on [0, ¢] is the modulus of
continuity

w(x,t,h) =sup{p(x(s),x(r)):r—h<s<r<t}, h>0.

As one easily sees a measurable function x is continuous on [0, ¢] if and only if
limy_o w(x,t, h) = 0. Moreover, the following well-known characterization of com-
pactness is available for continuous functions (see e.g. [323]).
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Theorem 1.7.1 (Arzela—Ascoli theorem). Let S be a complete metric spaces and
T > 0. Aset HinC([0,T],S) is relatively compact in the sup-norm topology if and
only if the sets 7w;(H) are relatively compact in S for t from a dense subset of [0, T|
and

lim sup w(x,T,h) =0.

h—)OfGH

Here 7ty denotes the evaluation map: 7 f = f(t).

As we shall see, the main classes of stochastic processes, martingales and regular
enough Markov process, have modifications with cadlag paths meaning that they are
right-continuous and have left limits (the word cadlag is a French acronym). This
is a quite remarkable fact taking into account the general Kolmogorov result on the
existence of processes on the space of all (even nonmeasurable) paths. If (S, p) is a
metric space, the set of S-valued cadlag functions on a finite interval [0, 7], T € R
or on the half-line R is usually denoted by D = D([0,T],S) or D = DR, S),
and is called the Skorohod path space. We shall often write D([0, 7], S) for both
these cases, meaning that 7" can be finite or infinite.

Proposition 1.7.1. [fx € D([0,T], S), then for any § > 0 there can exist only finitely
many jumps of x on [0, T of a size exceeding §.

Proof. Otherwise the jumps exceeding 6 would have an accumulation point on [0, T].
O

The major notion for the analysis of cadlag functions is that of the modified modulus
of continuity defined as

w(x,t,h) = igfmkax sup  p(x(r), x(s)), (1.47)

e <r,s<tg+41

where the infimum extends over all partitions A = (0 =19 <t} <--- <t; <t)such
thattp 1 —tpy > hfork =1,...,1—1.

It is easily seen that the definition of w(x, ¢, &) is not changed if the infimum will be
extended only over the partitions with i < t;| —t; < 2h. In particular, Ww(x, t, h) <
w(x,t,2h) for all x.

Proposition 1.7.2. If x € D([0,t], S), then limy_,o w(x,t,h) = 0.

Proof. By Proposition 1.7.1, for an arbitrary § there exists a partition 0 = Zg < t{) <

- < t,? = t of [0, ¢] such that inside the intervals /; = [tlo,thH) of the partition
there are no jumps with sizes exceeding §. Let us make a further partition of each 1,
defining recursively
Jj+1

/71 = min(e, | infls > ¢/ < |x(s) —x(t] 1| > 26))



Section 1.7 Compactness for function spaces and measures 37

with as many j as one needs to reach tlo 1 Clearly the new partition thus obtained is

finite, and all the differences tlj — tlj *are strictly positive, so that

h = Tin(tlj — tl"H) > 0.
o

On the other hand, w(x, ¢, h) < 44. O

Looking for an appropriate topology on D is not an obvious task. The intuition
arising from the study of random processes suggests that in a reasonable topology the
convergence of the sizes and times of jumps should imply the convergence of paths.
For example, the sequence of step-functions 1[1 1/, 00) should converge to 11 o) as
n — oo in D([0, T],R4) with T > 1. On the other hand, the usual uniform distance

I1[141/n,00) = 11,000 | = SUp [1[141/n,00) (V) = 1[1,00) (V)]
Yy

equals one for all n, preventing convergence in the uniform topology. The main idea
to make 1{141/5,00) and 1[1 o) close is by introducing a time change that may connect
them. Namely, a time change on [0, T] or R4 is defined as a monotone continuous
bijection of [0, 7] or R4 on itself. One says that a sequence x, € D([0,T],S)
converges to x € D([0, T], S) in the Skorohod topology J; if there exists a sequence
of time changes A, of [0, T'] such that

sup [An (s) — s| + sup p(xn (An(s)), x(s)) >0, n —o0
s s<t

fort = T in case of a finite 7 or for all t > 0 in case T = o0.
For example, for

(14 1/n)t, r<1
A=A -1n)Gt-1)+0+1/n), 1<t<2 (1.48)
t, t>2

one has 1[141/,,00) (An(?)) = 1[1,00)(?) for all 7, so that
SL};(M"(S) =8|+ 141/n,00(An(5)) = 1[1,00)(5))]) = 1/n — 0
s<

asn — oo for all # > 2, so that the step-functions 1[141/,,00) converge to 1[j o) in
the Skorohod topology of D(R4+, Ry ) asn — oo.

The following fundamental result due to Skorohod, Kolmogorov and Prohorov col-
lects the main facts on the Skorohod topology.
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Theorem 1.7.2. Let S be a complete separable metric space and T > 0 or T = oo.

(i) The Borel o-algebra of D([0,T], S) is generated by the evaluation maps m; :
x> x(t)forallt <T (ort < incaseT = 00).

(i) A set A C D(]0,T],S) is relatively compact in the Ji-topology if and only if
1¢ (A) is relatively compact in S for each t and

lim sup w(x,t,h) =0, t>0. (1.49)

h—0xecq

(ii1) There exists a metric dp, called the Prohorov metric, that metrizes the J1 Sko-
rohod topology in such a way that (D([0,T], S), dp) becomes a complete sep-
arable metric space.

A (standard by now, but rather involved) proof can be found e.g. in Jacod and
Shiryaev [147], Billingsley [56] or Ethier and Kurtz [110].

Remark 6. If S is locally compact and 7 is finite, condition (ii) of the above theorem
implies that there exists a compact set 'z such that 77;(A4) C 't forall ¢t € [0, T]. In
fact, if w(x, T,h) < € let " be the union of the finite number of compact closures of
7tpk/2(A), hk/2 < T, k € N. Then all intervals of any partition with [tx, fx 1] > h
contain a point 1k /2, so that the whole trajectory belongs to the compact set | J 'y, /2

Measures often arise as dual of function spaces, by the following fundamental re-
sult. Recall that we denote by ( f, 1) the usual pairing between functions and measures
given by integration.

Theorem 1.7.3 (Riesz—Markov theorem). If S is a locally compact topological space,
the space of finite signed Borel measures (. on S with the total variation norm

el = sup (fo )
FeCoc(S):II flI<1

is the Banach dual to the Banach space Coo(S). In particular, any positive bounded
linear functional on Cso(S) is specified by a (positive) finite Borel measure.

Apart from the norm topology, various weaker topologies on measures are of use.
If S is a metric space, a sequence of finite Borel measures p, is said to converge
weakly (resp. vaguely) to a measure i as n — oo if (f, u,) converges to (f, u) for
any f € C(S) (resp. for any f € C.(S)). If S is locally compact, the duality given
by the Riesz—Markov theorem specifies the weak-x topology on measures, where the
convergence [, to 1 as n — oo means that (f, u,) converges to (f, ) for any
S € Cxo(S).

Example. Let S = R. The sequence u,, = nd,, n € N, in M(R) converges vaguely,
but not weakly-+. The sequence u,, = §, converges weakly-x, but not weakly.
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Proposition 1.7.3. Suppose p,, n € N, and p are finite Borel measures in R4,

(1) If pn converge vaguely to p and py (Rd) converge to p(Rd ) as n — oo, then
Pn converge to p weakly (in particular, if p, and p are probability laws, the
vague and weak convergence coincide).

(i1) pn — p weakly-x if and only if p, — p vaguely and the sequence py is
bounded.

Proof. (i) Assuming p; is not tight leads to a contradiction, since then 3 €: V compact
set K 3n : jun (R \ K) > e, implying that

lim infpn(Rd) > p(Rd) + €.
n—>oo
(i) This is straightforward. O

Proposition 1.7.4. If S is a separable metric space, then the space M(S) of finite
Borel measures is separable in the weak (and hence also in the vague) topology.

Proof. A dense countable set is given by the linear combinations with rational coeffi-
cients of the Dirac masses Jy,, where {x;} is a dense subset of S. O

The following general fact from the functional analysis is important for the analysis
of measures.

Proposition 1.7.5. Let B be a separable Banach space. Then the unit ball B in its
dual Banach space B* is weakly-x compact and there exists a complete metric in B}
compatible with this topology.

Proof. Let{x1,x2,...} be a dense subset in the unit ball of B. The formula

plim) =Y 27K (=, xp)]
k=1

specifies a complete metric in B] compatible with the x-weak convergence, i.e.
p(n, u) — 0asn — 0if and only if (uy,x) — (i, x) for any x € B. Complete-
ness and compactness follows easily. Say, to show compactness, we have to show
that any sequence w, has a converging subsequence. To this end, we first chooses
a subsequence ,u,I, such that (M,ll, x1) converges, then a further subsequence u% such
that (u%, X2) converges, etc, and finally the diagonal subsequence u}; converges on
any of x; and is therefore convergent. m|
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Remark 7. B7 is actually compact without the assumption of separability of B (the
Banach—Alaoglu theorem).

Proposition 1.7.6. If S is a separable locally compact metric space, then the set
Mg (S) of Borel measures with norm bounded by M is a complete separable metric
compact set in the vague topology.

Proof. This follows from Propositions 1.7.5 and 1.7.4. m|

To metrize the weak topology on measures one needs other approaches. Let S be a
metric space with the distance d. For P, Q € & (S) define the Prohorov distance

pproh(P, Q) = inf{e > 0: P(F) < Q(F€) + € V closed F},

where F€ = {x € S :infycr d(x,y) < €}.
It is not difficult to show that

P(F) < Q(F°) + B < Q(F) < P(F°) + B,
leading to the conclusion that ppy}, is actually a metric.

Theorem 1.7.4. (i) If S is separable, then p(jin, 1) — 0asn — oo for u, L1, 12,
... € P(S) ifand only if , — 1 weakly.

(i) If S is separable (resp. complete and separable), then (P (S), ppron) is separable
(resp. complete and separable).

Proof. See e.g. Chapter 3 of Ethier and Kurtz [110]. m|

It is instructive to have a probabilistic interpretation of this distance.

One says that a measure v € P (S x §) is a coupling of the measures i, n € P(S)
if the margins of v are p and 7, i.e. if V(A X S) = u(A) and v(S x A) = n(A) for
any measurable A, or equivalently if

/st(¢(x) + v (y)vldxdy) = (¢. 1) + (Y. 1) (1.50)
for any ¢, ¥ € C(S).
Theorem 1.7.5. Let S be a separable metric space and P,Q € P (S). Then
ppron(P, Q) = irl}finf{e >0:v(x,y:d(x,y) >e¢€) <e},

where inf,, is taken over all couplings of of P, Q.

Proof. See Chapter 3 of Ethier and Kurtz [110]. m|
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A family IT of measures on a complete separable metric space S is called tight if
for any € there exists a compact set K C S such that P(S \ K) < ¢ for all mea-
sures P € T1. The following fact is fundamental (a proof can be found e.g. in [110],
Shiryayev [293] or Kallenberg [154]).

Theorem 1.7.6 (Prohorov’s compactness criterion). A family T1 of measures on a
complete separable metric space S is relatively compact in the weak topology if and
only if it is tight.

Another handy way to metricize the weak topology of measures is via Wasserstein—
Kantorovich distances. Namely, let 7 (.5) be the set of probability measures © on S
with the finite p-th moment, p > 0, i.e. such that

[dp(xo,x)u(dx) < 00

for some (and hence clearly for all) xg.
The Wasserstein—Kantorovich metrics Wy, p > 1, on the set of probability mea-
sures 7 (S) are defined as

1/p
WGuro) = (i [ 47 ayawiandr) (150

where the inf is taken over the class of probability measures v on S x S that couple 1
and 2. Of course W), depends on the metric d. It follows directly from the definition
that

WF (w1, u2) = inf E d? (X1, X2), (1.52)

where the inf is taken over all random vectors (X7, X3) such that X; has the law u;,
i = 1,2. One can show (see e.g. Villani [314]) that W), are actually metrics on 7 (S)
(the only point not obvious being of course the triangle inequality), and that they are
complete.

Proposition 1.7.7. If S is complete and separable, the infimum in (1.51) is attained.

Proof. In view of Theorem 1.7.6, in order to be able to pick a converging subsequence
from a minimizing sequence of couplings, one needs to know that the set of couplings
is tight. But this is straightforward: if K be a compact setin S such that y1(S\K) < §
and uo (S \ K) <4, then

V(S XS\ (K xK)) <v( S x(S\K)+v((S\K)xS) <26
for any coupling v. m|

The main result connecting weak convergence with the Wasserstein metrics is as
follows.
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Theorem 1.7.7. If S is complete and separable, p > 1, wu, 1, 2, ... are elements
of PP(S), then the following statements are equivalent:
(i) Wp(n. ) = 0asn — oo,

(1) pp — W weakly as n — oo and for some (and hence any xo)

/ 47 (x. xo)pin (dx) — [ 4P (x, xo)u(dx).

For a proof see e.g. Chapter 7 of Villani [314].

Remark 8. If d is bounded, then of course P7(S) = #(S) for all p. Hence, chang-
ing the distance d to the equivalent d = min(d, 1) allows one to use Wasserstein
metrics as an alternative way to metrize the weak topology of probability measures.

In case p = 1 the celebrated Monge—Kantorovich theorem states that

Wi, p2) = sup [(fop1) — (f, 12l
f€Lip
where Lip is the set of continuous functions f such that | f(x) — f(¥)]| < ||lx — y||
for all x, y, see [314] or [268].

We shall need also the Wasserstein distances between the distributions in the spaces
of paths (curves) X : [0,T] — S. Its definition depends of course on the way the
distance between paths is measured. The most natural choices are the uniform and
integral measures leading to the distances

Wy Tun(X 1, X2) = inf(E sup d? (X}, X2)'/?,

t<T
(1.53)

T 1/p
Wy, T,in(X1, X2) = inf (E/ dP(X}. X7) dl‘) ,
0

where the inf is taken over all couplings of the distributions of the random paths
X1, X>. The estimates in W), 7y are usually easier to obtain, but the estimates in
Wp,T,un are stronger. In particular, uniform convergence is stronger than the Skoro-
hod convergence, implying that the limits in W), 7., preserve the Skorohod space of
cadlag paths, while the limits in W), 1in do not.

Exercise 1.7.1. Show that the Borel o-field of the space of R?-valued continuous

functions on [0, 1] is generated by the evaluations maps f +— f(z) forall ¢ € [0, 1].

1.8 Fractional derivatives and pseudo-differential
operators

Unlike other parts of this chapter (dealing mostly with probabilistic issues), this sec-
tion summarizes some background in analysis related to pseudo-differential operators
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(WDO) and equations (WDE). In stochastic analysis WDO appear naturally as the gen-
erators of Markov processes. The main aim here is to define the major class of these
WDO, namely fractional derivatives, and deduce their basic properties. Several good
books are available on the subject, see e.g. Samko, Kilbas and Marichev [286], Miller
and Ross [247], Saichev and Woyczynski [284], or Jacob [142]. We shall explain here
in an accessible way only the basic motivations and facts, needed for our analysis of
Markov processes and random walks.

The most natural function space for our exposition is the Schwartz space § =
S (Rd) of infinitely differentiable functions on R4 decreasing at infinity together with
all their derivatives faster than any power, i.e.

SR ={f € C®MRY) : Vk,l € N, |x[*V! f(x) € Coo(RD)}.

If not specified otherwise, all test functions in this section will be from S.
We shall start with the one-dimensional case. Let [ f be the integration operator

If(x) = [_ £() dy.

Straightforward integration by parts yields

I f(x) = /_ (If)(y)dy = /_ (x — ) f(y) dy

and further by induction

1
*k —1)!

This formula motivates the following definition of the fractional integral operator:

1% f(x) = [_ (= f()dy. Kk EN.

18 f(x) = %ﬁ) /_ =P () dy. B> 0. (1.54)

As I'(k) = (k — 1)! for k € N, this agrees with the above formula for integer f.
Notice that (1.54) is not well defined for 8 < 0 (which should correspond to fractional
derivatives). Hence, instead of using this formula for fractional derivatives we shall
build the theory on the observation that the differentiation (usual) should decrease
the order of integration by one. This leads to the following definition of fractional
derivative:

4P JB+11
—— f(x) =
dxh dx[B+1]

JB+HI-B sy, >0 B¢N (1.55)

where [8 + 1] denotes the integer part of the real number 8 + 1. In particular,

dP d
/=1 @) =) ), pe@ 1. (156
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Proposition 1.8.1. If 8 € (0, 1), the following explicit formulas hold true (at least for
f from the Schwartz space):

dB
e IRCOR ))m

B F(—ﬁ)/o (f(x_y)‘f(x))yl—ﬂg’ Be(01). (157

Moreover,

1Py =1°¢". (1.58)

Proof. Using the integration by parts one rewrites (1.54) as

18 £(x) = ﬁ /_ = f'5)dy. B> 0. (1.59)

Differentiating leads to

<1f‘f)’(x)=ﬁ [_ (=B Gy dy. B e O.1),

which firstly implies (1.58), and secondly rewrites (again integrating by parts) as
B 1 ¥ B—1
(1P ) (x) = / (x =y d(f(y) - f(x)
F(ﬂ)

B2 _
i [ w0 - ranay,

yielding the first formula in (1.57) (taking also into account that I'(1 — ) =
—BI'(—p)). The second formula is obtained from the first one by change of vari-
ables. O

It is worth observing that for 8 € (0, 1) one can now define the fractional derivative
by formula (1.57) for all bounded and y-Hoélder continuous function with any y < S.

Exercise 1.8.1. Show that for 8 € (0, 1)

dB . )
me—sz = exp{—inBsgn p/2}|p|Pe”P¥. (1.60)

Hint: by (1.57)

dﬁ e—ipx — 1 e—ipx Oo(eipy _ 1) dy ,
dxP T (=) o it

then use (1.23).
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Next, the observation that the operator

d _ d
dx  d(—x)

is adjoint to the derivative d/dx, motivates the following definition of the adjoint
fractional derivative:

dﬂ _ 1 00 dy
0= [ o ren =t
_ 1 *© dy
- F(_IB)/O (f(x+Y)_f(x))))1—+ﬂ B €(0,1). (1.61)

Exercise 1.8.2. Check that the operator d# /d(—x)# is adjoint to d# /dxP, i.e.

% gb oo B
/ ——f(x)gx)dx = /_oo dx—ﬁg(x)f(x) dx,

—c0 d(—x)ﬂ
and that ,
d _ 4 en-p
o/ W=D, pe@., (1.62)
where

(1*)”f(X)=%ﬂ) / = 0f () dy. >0, (1.63)

Recall now that the Fourier transform
_ _ 1 —ipx _ 1 —ip.
FUAW) = F10) = G [ F)dx = a7 f)

is a bijection on the Schwartz space S(R?), with the inverse operator being the inverse
Fourier transform

——— / e'P*g(p)dp.

As one easily sees the Fourier transform takes the differentiation operator to the mul-
tiplication operator, i.e. F(f')(p) = (ip) F(f). More generally,

F[®(=iV)y](y) = @ FY](y). (1.64)
FVOUOIy) = VEV)Fy](y) (1.65)

for bounded continuous functions ® and V.
Applied to fractional derivatives, this correspondence implies the following.
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Proposition 1.8.2. If 8 € (0, 1), then

dP
F(d(ix)ﬂ f)(p) = exp{Einp sgn p/2}|pl’ F(f)(p). (1.66)

o4 d? _5 N plBE 1.67
nF T dip ) @) = 2e0eB /2P F) (167)

Proof. By Exercise 1.8.2 and the definition of F

F(5 a’ N =—=[( <’ ) 1) dn
dxB” )= | \d(x)B '
Hence (1.60) proves (1.66). Equation (1.67) is a consequence of (1.66). O

Remark 9. Note that exp{if sgn p/2}|p|? is the value of the main branch of the
analytic function (i p)ﬂ (if p is real). Thus Proposition 1.8.2 states that F takes frac-
tional B-derivative to the multiplication by (i p)#.

For stochastic processes one mostly needs fractional derivatives up to order 2. Let
B € (1,2). From (1.55) and (1.58)

dﬁ _ d2 2—-B I _ 1 * 1-8 pn
SFIW = 5P = P = o [ w0,

which by integration by parts rewrites as

_ B _
F(l—ﬂ)/ (x—=y)" (f ) f(x))dy,

and by yet another integration by parts as

re ﬂ)/ SO = fC) = =2 f'(x ))m

So finally for 8 € (1,2)

Lo = [T sw e aw
and similarly

dB

T = g [ Ve et 0
Consequently for 8 € (1,2)

dP dP 1 o0 , dy
S+ S 10 = s [ = =y )

(1.70)
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Noting that the Fourier transform F takes —d?/dx? to the operator of multiplica-
tion by p2 one defines the positive fractional derivative |d?/dx2|P/2 = |d /dx|P as
the operator that the Fourier transform takes to | p|5.

Proposition 1.8.3.

d
— TR BT e (& + 1) = f()) s,

d P pe(©1)
‘E‘ fx) = 5 ~ / oy A7
3TB=1) cos(zB/2) oo (f(x +y) = f(x)=yf (x))|y|1—+ﬂ,
B e(l,2)
Proof. Like Proposition 1.8.2, this follows from the definition and (1.26). O

So far we worked in one dimension. In finite dimensions we shall reduce the dis-
cussion only to symmetric fractional derivative. As one can weight differently the
derivatives of different directions it is natural to consider a symmetric fractional op-
erator in R¥ of the form

/ (V. )1 1(ds).
§d—1

where ((ds) is an arbitrary centrally symmetric finite Borel measure on the sphere
$4=1  The most natural way to define this operator is via the Fourier transform, i.e.
as the operator that multiplies the Fourier transform of a function by

/ (p) 1P u(ds),
Sd—l

i.e. via the equation

([, woruas )= [ 1wl u@rso,
Sd—1 Sd—1

Straightforward extension of Proposition 1.8.3 yields the following
Proposition 1.8.4.

/ (V. 9)[8 1(ds) 172)
gd—1

—m f(;w fsd—l(f(x +)’)_f(x))|yd|l—3-ﬂ3/i(ds)v B €(0.1)
=\ rE w7 o~ Ssa (S +3) = f(¥) = (v, V f(x) Hem 1(ds),
B e(1,2).



48 Chapter 1 Tools from probability and analysis

The last formula can be written equivalently as

N 1)ﬁcos(n5 I /Ooo [, a0+ fa=n =27 l;ﬂ'ﬂ'ﬂ (ds)
T TG- 1)€OS(Hﬂ/2) L /:o /Sd_l (St —f (XD%M(M
(1.73)
Finally
/Sd_l |(V,$)|u(ds) = —% eligb/:ofsd_](f(x +y) — f(x))%u(ds). (1.74)

In particular, if ;(ds) is the Lebesgue measure ds on S9!, then by (1.35)

B o Bd-12 L ((B+1)/2)
[, 1wsiPs =2ipad-v G

from which one can deduce the integral representation for the operator ||V ||#.

Fractional derivatives defined above via Fourier transform constitute a particular
case of the so called pseudo-differential operators (WVDO). For a function ¥ (p) in
R4, called in this context a symbol, one defines the DO 1 (—iV) as the operator
that the Fourier transform takes to multiplication by v, i.e. via the equation

F@(=iV) )(p) = ¢ (p)(Ff)(p). (1.75)

Comparing this definition with the above factional derivatives one sees that
Sga—11(V,$)|*u(ds) is the WDO with symbol [¢a—1 [(p.s)|*u(ds).

The explicit formula for F~! yields the explicit integral representation for the ¥DO
with symbol  as

Y (=iV)f(x) = /ei”xW(P)(Ff)(p) dp.

1
(2n)d/2

This expression suggests the following extension. For a function ¥ (x, p) on R? one
defines the WDO v (x, —i V) with symbol Y via the formula

Y —iV) f(x) = / Py p)E) () dp. (176)

1
(Zﬁ)d/z

1.9 Propagators and semigroups

This section puts together in a systematic way those tools from functional analysis that
are mostly relevant to random processes, namely the semigroups and propagators of
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linear operators. For completeness we recall the notion of unbounded operators (also
fixing some notation) assuming however that the readers are familiar with such basic
definitions for Banach and Hilbert spaces as convergence, bounded linear operators,
dual spaces and operators.

Let us start by recalling the basic notions of semigroups and propagators. For a set
S, a family of mappings U"" from S to itself, parametrized by the pairs of numbers
r <t (resp. t < r) from a given finite or infinite interval is called a propagator’
(resp. a backward propagator) in S, if U"! is the identity operator in S for all # and
the following chain rule, or propagator equation, holds for r < s < ¢ (resp. for
t<s<r):

ususT =u'T. (1.77)

A family of mappings 7"’ from S to itself parametrized by non-negative numbers ¢ is
said to form a semigroup (of the transformations of S) if 7' is the identity mapping in
Sand T!T® = T'*S forallt, s. If the mappings U*" forming a backward propagator
depend only on the differences r — ¢, then the family 77 = U forms a semigroup.

A linear operator A on a Banach space B is a linear mapping A : D +— B, where
D is a subspace of B called the domain of A. We say that the operator A is densely
defined if D is dense in B.

The operator A is called bounded if the norm || A| = sup,cp ||Ax]||/|x]| is finite.
If A is bounded and D is dense, then A has a unique bounded extension (with the
same norm) to an operator with the whole of B as domain. It is also well known that a
linear operator A : B — B is continuous if and only if it is bounded. For a continuous
linear mapping A : By — B; between the two Banach spaces its norm is defined as

43,0, = sup 120122
x#0 x|l B,

The space of bounded linear operators By — B> equipped with this norm is a Banach
space itself, often denoted by £(B1, B>).

A sequence of bounded operators A,, n = 1,2, ..., in a Banach space B is said to
converge strongly to an operator A if A, f — Af forany f € B.

A linear operator on a Banach space is called a contraction if its norm does not
exceed 1. A semigroup 7; of bounded linear operators on a Banach space B is called
strongly continuous if |T; f — f|| = 0ast — Oforany f € B.

Examples. (1) If A is a bounded linear operator on a Banach space, then
[e.¢] tn
Tt — etA — _An

n!
n=0

defines a strongly continuous semigroup.

3n alternative terminology, semigroup with two parameters, see e.g. Fleming and Soner [114].
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(2) The shifts Ty f(x) = f(x +1¢) form a strongly continuous group of contractions
on Coo(R), L1(R) or L?(R). However, it is not strongly continuous on C(R).
Observe also that if f is an analytic function, then

o0

S+ =3 0 ),

n=0 """
which can be written formally as ¢*? f(x).

(3) Let (y) be a complex-valued continuous function on R¢ such that Ren < 0.
Then

T f(y) = "D £(y)

is a semigroup of contractions on the Banach spaces L? (R?), L®°(R?), B(R?),
C(R?) and Coo(R?), which is strongly continuous on L?(R%) and Coo(R?)
but not on the other three spaces.

An operator A with domain D is called closed if its graph (which is defined as the
space of the pairs (x, Ax) with x € D) is a closed subset of B x B, i.e. if x,, — x and
Ax, — y asn — oo for a sequence x, € D, thenx € D and y = Ax. A is called
closable if a closed extension of A exists, in which case the closure of A is defined as
the minimal closed extension of A, i.e. the operator with the graph being the closure
of the graph of A. A subspace D of the domain D4 of a closed operator A is called a
core for A if A is the closure of A restricted to D.

Let T; be a strongly continuous semigroup of linear operators on a Banach space
B. The infinitesimal generator or simply the generator of Ty is defined as the operator

T f —
Af = lim M
t—0 t
on the linear subspace D4 C B (the domain of A), where this limit exists (in the
topology of B). If the T} are contractions, then the resolvent of T; (or of A) is defined
for any A > 0 as the operator

o0
R, f = / e MT, fdt.
0

For example, the generator A of the semigroup Ty f = €' f from example (3)
above is given by the multiplication operator Af = nf on functions f such that
2 f € Coo(RY) (orresp. n2 f € LP(R?)).

Theorem 1.9.1 (Basic properties of generators and resolvents). Let Ty be a strongly
continuous semigroup of linear contractions on a Banach space B and let A be its
generator. Then the following hold:

(i) TyDy C Dy foreacht = 0and T, Af = ATy f foreacht >0, f € Dy.

(i) T, f = [y ATs f ds + f for f € D.
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(iii) Ry is a bounded operator on B with | R, || < A~1, for any A > 0.
(iv) AR, f — fas A — .
(V) Ryf € Dyforany fand A > 0and (A— ARy f = f,ie. Rj = (A—A)~L
(Vi) If f € Dy, then RyAf = AR, f.
(vii) Dy is dense in B.

(viii) A is closed on Dy.
Proof. (i) Observe that for v € Dy
1 1
ATy = [lim —(Ty, — 1)} Ty =Ty [lim —(Ty, — I)} v =T AY.
h—0h h—0h
(ii) Follows from (i).

(i) |[Ra £l < [ e ™I f N dt = A7 f].

(iv) Follows from the equation
o0 o €
)L/ e MT, fdt = x/ e fdr + x/ e M(T, f = f)dt
0 0 0

[e.e]
+ A / e M(T, f — f)dt,
€
observing that the first term on the r.h.s. is f, the second (resp. third) term is small for
small € (resp. for any € and large 1).

(v) By definition

o1 1 [ _
AR, f = Jim - (T~ DRy f = Zfo e (Tyonf —Tof)dt

) |:e/1h _ 1 /OO it e/\h h at :|
= lim e MTy fdt — — e MTyfdt| =ARyf — f.
h—0 h 0 h 0

(vi) Follows from the definitions and (ii).

(vii) Follows from (iv) and (v).

(viii) If f, — f asn — oo for a sequence f, € D and Af, — g, then

t t
T f — f = lim / TsAfyds = / Tsgds.
n—o0 0 0
Applying the fundamental theorem of calculus completes the proof. m|

Remark 10. For all v € B the vector ¥ (t) = fot Tuydu belongs to Dy and
AY(t) = Ty — . Moreover, Y¥(t) — ¢ ast — 0 always, and Ay (1) — Ay
for v € Dy4. This observation yields another insightful proof of statement (vii) of
Theorem 1.9.1 (by-passing the resolvent).
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Proposition 1.9.1. Let an operator A with domain D 4 generate a strongly continuous
semigroup of linear contractions Ty. If D is a dense subspace of D4 of A that is
invariant under all Ty, then D is a core for A.

Proof. Let D be the domain of the closure of A restricted to D. We have to show
that for € D4 there exists a sequence ¥, € D, n € N, such that ¥, — ¥ and
Ay, — AY. By the remark above it is enough to show this for ¥ (¢) = fé Tu¥ du.
As D is dense there exists a sequence ¥, € D converging to ¥ and hence Ay, (1) —
AV (t). To complete the proof it remains to observe that v/, (t) € D by the invariance
of D. m|

An important tool for the construction of semigroups is perturbation theory, see e.g.
V.P. Maslov [231] or Reed and Simon [274], which can be applied when a generator
of interest can be represented as the sum of a well-understood operator and a term that
is smaller (in some sense). Below we give the simplest result of this kind.

Theorem 1.9.2. Let an operator A with domain Dy generate a strongly continuous
semigroup Ty on a Banach space B, and let L be a bounded operator on B. Then

(1) A+ L with the same domain D 4 also generates a strongly continuous semigroup
®; on B given by the series

o0
o =T+ Y. / Ty—s, LTy, —s, L+ LTs dsy---dsym (1.78)
m=1 0

<s1<-<sm<t

converging in the operator norm;

(ii) ®; f is the unique (bounded) solution of the integral equation

t
O f =T, f +/ Ty_s L, f ds. (1.79)
0

with a given fo = f;

(i) if additionally D is an invariant core for A that is itself a Banach space under
the norm ||.||p, the Tt are uniformly (for t from a compact interval) bounded
operators D — D and L is a bounded operator D — D, then D is an invariant
core for A + L and the ®; are uniformly bounded operators in D.

Proof. (1) Clearly

00
(1L l)™
lol < 1Tl + 32 = (Csup 7)™
m=1 m: s€[0,¢]
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implying the convergence of the series. Next,

o0
O, f = Z / Ty_s, LTs, —s, L+ LTy, dsy---dsm
m=0

0<s)<=<sm=t

o0
X Z/ Te—u, LTy, —u, L+ LTy, duy---duy
n=0Y0sUI="sup=t

o
= / dvy---dvypduy ---duy
moan=07 0SUI = Up STV < <O <I+T
X Tttr—vy LT —vpy_y L+ LTy, —u,, L -+ LTy,
[e.e]

Tl+r_ukLTuk_uk_lL e LTM] dul b 'duk

k=0 /(;5:;1 <=<up=<t+t

== th—l—tﬁ

showing the main semigroup condition. Since the terms with m > 1 in (1.78) are of
order O(t?) for small ¢,

d

dt

d
O f = —

T: f + Lf.
=0 dt

t=0

t
d
(T,f +/ Ty_sLTs f ds) S

so that % |t=0®; f exists if and only if % lt=0T; f exists, and in this case

d

| Pf=A+D)f

t=0

(i1) Equation (1.79) is a consequence of (1.78). On the other hand, if (1.79) holds,
then substituting the 1.h.s. of this equation into its r.h.s. recursively yields

t t 52
q)tf = th +/ Tt—SLTSf ds +/ dS2Tt_52L/ dslTsz—Squ)Slf
0 0 0

N
=T, f+ ), / Tt—s,, LTsp,—sp 1 L ... LTs, f dsy---dsm
m=1 0

=S1==sm=t

+/ Tt—sy LTsy y—sy Lo  LTsy—5, L®s, f ds1---dsm
0<s|<-<sny41=t

for arbitrary N. As the last term tends to zero, the series representation (1.78) follows.
(ii1) This is obvious, because the conditions on D ensure that the series (1.78)
converges in the norm topology of D. m|
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Equation (1.79) is often called the mild form of the equation & = (4 + L)®. The
possibility of obtaining this mild form is sometimes called the Duhamel principle.

For the analysis of time nonhomogeneous evolutions an extension of the notion of a
generator to propagators is needed. A backward propagator {U?"} of bounded linear
operators on a Banach space B is called strongly continuous if the operators U""
depend strongly continuously on ¢ and r. The principle of uniform boundedness (well
known in functional analysis) states that if a family 7 of bounded linear mappings
from a Banach space X to another Banach space is such that the sets {||Tyx||} are
bounded for each x, then the family Ty is uniformly bounded. This implies that if
U'T is a strongly continuous propagator of bounded linear operators, then the norms
of U™ are bounded uniformly for ¢, r from any compact interval.

Suppose {U""} is a strongly continuous backward propagator of bounded linear
operators on a Banach space B with a common invariant domain D, which is itself a
Banach space with the norm ||.||p > ||.||p. Let {A4;}, t > 0, be a family of bounded
linear operators D — B depending strongly measurably on ¢ (i.e. A; f is a measur-
able function ¢t + B for each f € D). Let us say that the family {A;} generates
{U"T} on the invariant domain D if the equations

iU”sfot’sAsf, iU”f:—AsU”f, t<s<r, (1.80)
ds ds
hold a.s. in s for any f € D, that is there exists a set S of zero measure in R such
that for all ¢ < r and all f € D equations (1.80) hold for all s outside S, where
the derivatives exist in the Banach topology of B. In particular, if the operators A,
depend strongly continuously on 7, this implies that equations (1.80) hold for all s and
f € D, where for s = t (resp. s = r) it is assumed to be only a right (resp. left)
derivative.
The next result extends Theorem 1.9.2 to propagators.

Theorem 1.9.3. For U"" a strongly continuous backward propagator of bounded
linear operators in a Banach space B, suppose a dense subspace D C B is itself
a Banach space under the norm ||.|p and U"" are bounded operators D — D.
Suppose a family of linear operators {As} generates this propagator on the common
domain D (so that (1.80) holds). Let {L;} be a family of bounded operators both in
B and in D that depend a.s. continuously on t in the strong topology of B, that is
there exists a negligible set S C R such that Ly f is a continuous function t — B for
all f € Bandalls ¢ S. Then the family {A; + L} generates a strongly continuous
propagator {®""} in B, on the same invariant domain D, where

o0
o = Ut + Z / Ut,leSIUS1,S2 ---LsmUs’”’r dsi---dsm
1<851<<Sm=r

m=1

(1.81)
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This series converges in the operator norms of both B and D. Moreover, ®" f is the
unique bounded solution of the integral equation

,

O f = U”f—i—/ U L@ f ds, (1.82)
t

with a given f, = f.

Proof. This is a straightforward extension of Theorem 1.9.2. The only difference to

note is that in order to conclude that

4
dt

! t,s s,r d
U Ls @ fds = —
t—r/l«: ’ dt

.
/ UL, ®" fds=—L,f
t=r t

one uses the continuous dependence of Lg on s (since Ly are strongly continuous in
s, the function Ly ®5-" f is continuous in s, because the family ®%" f is compact as
the image of a continuous mapping of the interval [, r]). m|

For a Banach space B or a linear operator A one usually denotes by B* or A*
respectively its Banach dual. Sometimes the notations B” and A’ are also in use.

Theorem 1.9.4 (Basic duality). Let U"" be a strongly continuous backward prop-
agator of bounded linear operators in a Banach space B with a common invariant
domain D, which is itself a Banach space with the norm ||.|p > ||.||B, and let the
family {A;} of bounded linear operators D — B generate U"" on D. Then the
following hold.

(i) The family of dual operators V' = (U'*)* forms a propagator of bounded
linear operators in B* (contractions if all U"" are contractions), weakly con-
tinuous in s, t, such that

d
d—V”S = AJVSE, t<s<r, (1.83)
S
weakly in D*, that is
d
R VSIE) = (A fVS'E), t<s<r feD, (1.84)

for s outside a null set of s € R.

(ii) VSIE is the unique solution to the Cauchy problem of equation (1.84), i.e. if
& = &EforagivenE € B* and &, s € [t,r], is a weakly continuous family in
B* satisfying
d
%(f’gs)z(Asffs), t<s=<r, feD, (1.85)

for s outside a null set of R, then & = V'€ forall s € [t,r].
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(iii) U*" f is the unique solution to the inverse Cauchy problem of the second equa-
tion in (1.80), i.e. if fr = f, fs € D fors € [t, r] and satisfies the equation

d
%fs =—Asfs, t<s=r, (1.86)

for s outside a zero-measure subset of R (with the derivative existing in the norm
topology of B), then fs = US" f foralls € [t,r].

Proof. Statement (i) is a direct consequence of duality and equation (1.80).
(ii) Let g(s) = (U*" f, &) for a given f € D. Writing

(U [ Eoyg) = (UST f6s) = (U f = U fi85) + (U™ fbes — s)
+ (US+8,rf - Us’rﬂ%_s+8 _ %_S)

and using (1.80), (1.85) and the invariance of D, allows one to conclude that

d
%g(s) = —(A; U f &) + (U f, A;&) =0,

because a.s. in §

Us+8,r —_ysr
( fS A s Ss—{—& - Ss) — 0,

as § — 0 (since the family 1 (UST8" f — US” f) is relatively compact, being con-
vergent, and & is weakly continuous). Hence g(r) = (f.&,) = g(t) = (U"" 1. &),
showing that &, is uniquely defined.

(iii) As in (ii), this follows from the observation that

d
—(fs. V>'e) =0. m
ds

We conclude with the following stability result.

Theorem 1.9.5 (Convergence of propagators). Suppose we are given a sequence of
propagators {UY"Y, n = 1,2,..., generated by the families {A%}} and a propagator
{U"T} generated by the family {A;}. Suppose all these propagators satisfy the same
conditions as U"" and A; from Theorem 1.9.4 with the same D, B. Suppose also that
all UL are uniformly bounded as operators in D.

(i) Let
esssupg<;<, 147 — A¢llp>B < €n. (1.87)
Then
sup |U;"g —U""gllp = O(enliglp. (1.88)
o<t<r

and UL" converge to U strongly in B.
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(i) Let the families A} and A; depend cadlag on t in the Banach topology of the
space £(D, B) of bounded operators D — B and A7} converge to A; asn —
o0 in the corresponding Skorohod topology of the space D([0,T], £(D, B)).
Then UL" converges to U"T strongly in B.

(iii) Let the families A} and A; depend cadlag on t in the strong topology of the
space £(D, B), A} f converge to A; f, as n — o0, in the Skorohod topology
of the space D([0,T], B) for any f and uniformly for f from any compact
subset of D. Moreover, let the family U'" is strongly continuous as a family of
operators in D. Then again Uy” converges to U"7 strongly in B.

Proof. By the density argument (taking into account that Uy g are uniformly
bounded), in order to prove the strong convergence of U} to U, it is sufficient
to prove that U,f’rg converges to U"" g forany g € D.

() IfgeD,

,
(UL — U g = USUT g, = [ ULS (AT — AU gds.  (1.89)
t

and (1.87) implies (1.88).
(i1) In order to prove that expression (1.89) converges to zero as n — oo, it suffices
to show that

,
/ ||A? — Asllp—>pds = 0
0

asn — oo. Since A% converge to A, in the Skorohod topology, there exists a sequence
An of the monotone bijections of [0, ] such that

sup [An(s) —s| — 0, sup||AY — A, |lp>B — 0,
N s
as n — oo. Hence writing
r r r
[ 12— dlopds = [ 147~ s, lponds + [ 1A= A1, 0lp-nds,
0 0 0
we see that both terms tend to zero (the second one by the dominated convergence, as

the limiting function vanishes a.s.).
(iii) The proof is similar to that of (ii). O



Chapter 2
Brownian motion (BM)

This chapter starts with an introductory section devoted to the basic definitions of the
theory of random processes, including predictability, stopping times and martingales.
Then we turn to the discussion of possibly the most beautiful object in stochastic
analysis, the Brownian motion (BM). It unites in a remarkable synthesis intuitive and
visual simplicity with deep structural complexity and almost universal practical appli-
cability. No attempt is made here even to review the subject. The aim is merely to set
necessary foundations for the future analysis of Markov processes. As fundamental
treatises on BM one can mention Karatzas and Shreve [155], Revuz and Yor [278] or
more financially oriented book of Jeanblanc, Yor and Chesney [149].

2.1 Random processes: basic notions

Let S be a complete metric space (for our main examples we need S to be either R¢
or a closed or open subset of it). A stochastic process in S is a collection X = (X;),
t > 0) (ort € [0,T] for some T > 0) of S-valued random variables defined on
the same probability space. The finite-dimensional distributions of such a process are
defined as the collections of probability measures py,,.. s, on S” (parametrized by
finite collections of pairwise different non-negative numbers 71, ..., #,) defined as

pt1,...,t,,(H) = P((th,...,th) S H)

for each Borel subset H of S”. These finite-dimensional distributions are (obviously)
consistent (or satisfy Kolmogorov’s consistency criteria): for any n, any permutation
w of {l,...,n}, any sequence 0 < #; < --- < ty41, and any collection of Borel
subsets Hy, ..., H, of S one has

Pty,...ty (Hl XX Hn) = Pt,,(l),...,t,,(,,) (Hn(l) X X H?T(n))y
Ptieistn,tnyi1 (Hy x---x Hy xS) = Pti,....ty (Hy x -+ x Hy).

A stochastic process is called Gaussian if all its finite-dimensional distributions are
Gaussian.

Theorem 2.1.1 (Kolmogorov’s existence theorem.). Given a family of probability
measures py, ..., on S" satisfying the Kolmogorov consistency criteria, there ex-
ists a probability space (2, ¥, P) and a stochastic process X on it having py, ..., as
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its finite-dimensional distributions. In particular, one can choose S to be the set S®+

of all mappings from R to S, ¥ to be the smallest o-algebra containing all cylinder
sets

H

It1 seensln

—lweQ: ((t),....o)) € HY, HeB(S" 2.1)

(in other words, ¥ is generated by all evaluation maps w + w(t)), and X to be the
co-ordinate process X¢(w) = w(t).

A proof can be found e.g. in Chapter 6 of Kallenberg [154] or in Chapter 2 of
Shiryayev [293].

The following two notions express the “sameness” between processes. Suppose
two processes X and Y are defined on the same probability space (2, ¥, P). Then

(i) X and Y are called indistinguishable it P(VtX; = Y;) = 1,
(i1) X is called a modification of Y if for eacht P(X; = Y;) = 1.

As an illustrative example consider a positive r.v. £ with a continuous distribution
(i.e. such that P(§¢ = x) = 0 for any x). Put X; = Oforall¢ and let Y; be 1 fort = &
and 0 otherwise. Then Y is a modification of X, but P(VtX; = Y;) = 0.

Exercise 2.1.1. Suppose Y is a modification of X and both processes have right-
continuous sample paths. Then X and Y are indistinguishable. Hint: show that if X
is a modification of Y, then P(Vt € Q X; =Y;) = 1.

The process on the probability space S R+ described by Kolmogorov’s existence
theorem is called the canonical process for a given collection of finite-dimensional
distributions, and the corresponding space SR+ is called the canonical path space.
This space is tremendously big, as it contains all, even non-measurable, paths .
Such paths are difficult to monitor or observe. Moreover, though the cylinder sets that
can be visualized as gates through which the trajectories should pass are measurable
in SR+, the tunnels defined as the sets of the form

I ={oeQ:o@) e HVien, b)), HeB(S), (2.2)

are not (as they represent uncountable intersections of gates). Similarly the set of all
continuous paths is not measurable in SR+,

Therefore one often looks for modifications with possibly more regular paths. A
process X, on a probability space (2, ¥, P), is called measurable, continuous, left or
right-continuous if its trajectories have the corresponding properties a.s. If a process
is measurable then it becomes possible to measure the events of the form {z,w :
X¢(w) € H} for Borel sets H and the indicators 1{x, ) become measurable in ¢,
allowing one, in particular, to measure the durations of time spent by a process in H :
fot 1ix cm) ds. If a process is left or right-continuous, then the tunnels (2.2) become
measurable.
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According to the general definition, a random process is, after all, just a random
variable taking values in a large space of paths. But what makes the theory of ran-
dom processes really special within probability theory is the presence of the arrow
of time, which leads to the possibility of observing the dynamics of processes and
monitoring and storing information available up to present time ¢. Such historic in-
formation can be modeled by o-algebras of sets measurable by time ¢. This idea
gives rise to the following definition. Let (€2, ) be a measurable space. A fam-
ily ¥, t > 0, of sub-o-algebras of ¥ is called a filtration if ¥5 C ¥; whenever
s < t. By ¥ one denotes the minimal o-algebra containing all ;. A probability
space (2, ¥, P) with a filtration is said to be filtered and is denoted sometimes by the
quadruple (2, ¥, ¥, P). The modern term for a filtered probability space is stochas-
tic basis. A process X = X; defined on a filtered probability space (2, , ¥, P) is
called adapted or non-anticipative (more precisely F;-adapted or non-anticipative) if
X; is Fy-measurable for each 7. This means that at any moment of time we can assess
the behavior of a random variable X; on the basis of the information available up to
time 7. Any process X defines its own natural filtration J‘TtX =0{X;:0<s <t}
and X is clearly adapted to it.

The necessity of working with adapted and regular enough process gives rise to the
following two fundamental concepts. The predictable or previsible o-algebra in the
product space €2 x R is defined as the o-algebra generated by all left-continuous
adapted processes. Processes that are measurable with respect to this o-algebra are
called predictable, or previsible. The optional (or well-measurable in old terminol-
ogy) o-algebra in the product space 2 x R is defined as the o-algebra generated
by all right-continuous adapted processes. Processes that are measurable with respect
to the optional o-algebra are called optional. Predictable and optional processes are
widely studied in general stochastic analysis. Their properties are crucial for various
applications, in particular, for filtering theory. In this book, for simplicity, we will
not plunge deeply into the analysis of these processes, using just left-continuous or
right-continuous process. However, we note the following simple but remarkable fact.

Proposition 2.1.1. The predictable o-algebra is generated also by continuous pro-
cesses. In particular, it is a sub-algebra of the optional o -algebra.

Proof. Any left-continuous adapted process X; can be approximated by its natural
left-continuous discrete approximation

o0
XP' =Y X L(k—1)/27 k/27)-
k=1

Hence, to prove the statement it is enough to show that the process of the form 1 ;)
with 5 measurable random variable & can be approximated (in the sense of a.s. con-
vergence) by continuous adapted processes. And this clearly boils down to proving
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that the step processes of the form 1415 o)(¢) with Fg-measurable set 4 can be ap-
proximated by continuous adapted processes. And for this process adapted continuous
approximations can be defined as Y (1) = 141(;,00)(1)(1 A n(t — 5)). |

Since continuous function are also right-continuous, Proposition 2.1.1 implies
that the predictable o-algebra is a sub-algebra of the optional sub-algebra. It is in-
structive to observe that the same continuous adapted approximations Y"(¢) =
141(5,00)(t)(1 A n(t —5)) converge a.s. to the right-continuous adapted step function
1415 o0 (¢), where A is again assumed to be F;-measurable. Hence, for any number
s > 0, the step function 141[; ~)(?) is right-continuous, but predictable, i.e. mea-
surable with respect to the o-algebra generated by adapted left-continuous processes.
Does it prove that the optional o-algebra coincides with the predictable o-algebra?
It does not, because a.s. convergence may be lost when approximating in the same
way the step functions 1[; ;) with a random time 7. This discourse leads to the fol-
lowing fundamental definitions. A positive random variable is called a stopping time
or a Markov time, if the step process 1[; «)(7) is adapted. A stopping time is called
predictable if the step process 1[; o)(f) is also predictable. We shall use stopping
times extensively when studying stopped processes and processes living on the do-
mains with boundaries. As one may guess, predictability is crucial for forecasting,
but its discussion lies beyond the scope of this book. Note that if 7 is a stopping time,
then the process 1, o0)(?) is optional.!

Let us introduce a more general notion, which combines, in the most transpar-
ent way, the measurability of paths with some respect to the filtration. A process
X = X, defined on a filtered probability space (2, ¥, ¥;, P) is called progressively
measurable (or progressive) if for each t the map (s, w) — Xg(w) from [0, f] x Q
into S is B([0, ¢]) ® F;-measurable. In particular, for progressive processes the time
fé 1ix,cH) ds spentin H up to time ¢ can be measured on the basis of the informa-
tion available at time ¢, which is of course quite natural. The link with adaptedness is
given by the following.

Proposition 2.1.2. Any progressive process is adapted. An adapted process with right
or left-continuous paths is progressive.

Proof. The first statement is clear, as projections of measurable mappings from a
product space to its components are measurable. If X; is adapted and right-continuous,
define Xé")(a)) = Xo(w) and

k+1
n

kt
XS(")(a)) = X(k+1)l‘/2” (a)) for 2_}1 <s§5 < t,

'Motivated by this fact, some authors call stopping times optional times; we reserve the term optional
for random variables such that 1(; ) is adapted, see Section 3.10.
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where t > 0, n > 0, k = 0,1,...,2" — 1. The map (s,w) Xs(n)(a)) is
B([0,¢]) ® Fr-measurable. Hence the same holds for X, since X S(") — X by
right-continuity. And if X; is left-continuous, we can use its natural left-continuous
discrete approximation from Proposition 2.1.1. m|

Finally, working with filtration, allows us to monitor the dynamics of the Radon—
Nikodym derivatives of measures, leading to one of the central notions of the whole
theory of random processes, the notion of a martingale. Namely, if (2, ¥, #;,P)
is a filtered probability space and Q is a measure (possibly even signed) on it that is
absolutely continuous with respect to P then the restriction Q; of Q on the probability
spaces (€2, #;, P) are still absolutely continuous with respect to P, so that one can
define the Radon-Nikodym derivatives M; = dQ,/dP, which are random variables
on (2, 7, P). Hence, if Ay € 5 and s < t, then

/ My (@)P(dw) = / M, (@)P(dw).
Ag A

since both sides equal |’ 4, Q(dw). By the definition of conditional expectation, this
means that
E(M;|%,) = M. 2.3)

The integrable processes satisfying (2.3) for any s < ¢ are called martingales. Thus
we have shown the following.

Proposition 2.1.3. An integrable process My, t € [0,T] with 0 < T < o0, is a
martingale on the filtered probability space (2, ¥ , Ft,P) if and only if there exists a
measure Q on (2, F) (possibly signed, but finite) such that M; = dQ./dP for all
1 <T.

It is clear from this characterization of martingales that quite a special role belongs
to non-negative martingales with My = 1, as they describe the evolution of densities
(or Radon—-Nikodym derivatives) of probability measures. We shall study martingales
in more detail in Section 3.9.

Exercise 2.1.2. Show that the process E(Y |¥;), where Y is an arbitrary integrable
r.v. on a filtered probability space, is a martingale. Hint: use Theorem 1.3.2 (iv). Such
martingales are called closed martingales.

2.2 Definition and basic properties of BM

Brownian motion (briefly BM) is an acknowledged champion in stochastic model-
ing for a wide variety of processes in physics (statistical mechanics, quantum fields,
etc), biology (e.g. population dynamics, migration, disease spreading), finance (e.g.
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common stock prices). BM enjoys beautiful nontrivial properties deeply linked with
various areas of mathematics. The general theory of modern stochastic process is
strongly rooted in BM and was largely developed by extensions of its remarkable
features. BM is simultaneously a continuous martingale, a Markov process, a Feller
process, a Lévy process, a Gaussian process and a stable process. Learning the ba-
sic properties of BM, its potential and limitation as a modeling tool, understanding its
place among general random processes and appreciating the methods of modern prob-
ability through its application to BM yields a handy entrance to the realm of modern
stochastic analysis.

A Brownian motion or a Wiener process (briefly BM) with variance o (and with-
out a drift) is defined as a Gaussian process B; (on a probability space (2, ¥, P))
satisfying the following conditions:

(1) Bp =0a.s.;

(ii) the increments B; — By have distribution N (0, 0%(t — s)) forall 0 < s < t;
(iii) ther.v. By, — By, and By, — By, are independent whenever 11 < tp < t3 < l4;
(iv) the trajectories t — B; are a.s. continuous.

Notice that this is not obvious that the object called BM actually exists. There
are several proofs of this existence, all of them quite ingenuous and each yielding
specific insights in the remarkable features of BM. In the next sections we present
four constructions and thus proofs of its existence. Yet another proof will appear from
Theorem 3.11.6 of the next chapter. In this section we shall briefly discuss the basic
sample path properties of BM.

Brownian motion with ¢ = 1 is called the standard Wiener process or Brownian
motion. The corresponding induced measure on the space of continuous paths ¢ +— By
is called the Wiener measure. Closely connected with BM is the so called Brownian
bridge, which is defined as a process on ¢ € [0, 1] distributed like X; = B; — tBj.
Loosely speaking, Brownian bridge is BM forced to return to the origin at time one.

Exercise 2.2.1. Show that for any n € N there exists a constant Cy, s.t. E|X —pu|?" =
C, %" for a random variable X with the normal distribution N(u,0?). Hint: in the
expression for the moments via the explicit normal density make the change of the
variable x to y = (x — u)/o.

Exercise 2.2.2 (Elementary transformations of BM). Let B; be a BM. Then so are
the processes

(i) Bf = JLEBct for any ¢ > 0 (scaling),

(i) —B; (symmetry),
(iiiy By — Br—¢,t € [0, T] for any T > 0 (time reversal),

(iv) tBy/; (time inversion).
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Hint: for (iv) in order to get continuity at the origin deduce from the law of large
numbers that B;/t — 0 a.s. ast — oo.

As a simple example of the application of the transformations from the above exer-
cise, let us show that a path B; of a BM on R is a.s. unbounded. In fact, assuming
that there exists a number a > 0 such that the subset A, of 2, where sup, |B;| < a,
has a positive measure p, it follows from transformation (i) that for any n € N the
set Ay/n C Ag has the same measure p. By passing to the limit n — oo, this would
imply that B; vanishes identically on a set of positive measure, which is absurd. Al-
ternatively, unboundedness of BM can be deduced from CLT applied to By, or from
a more precise Theorem 2.2.2.

Theorem 2.2.1 (Quadratic variation of BM.). Let B; be a standard Brownian motion.
Suppose a sequence of partitions

Ap ={0=1tn0 <tpg <-- < In gy = 1}
of a fixed interval [0, t] is given such that
hn = mlgx(ln,k —Ink—1) —> 0
asn — oo. Then

&n = Z(Btmk - Bt,,,k_l)z — 1
k

in L%, If > " hy < 00, then this convergence holds also a.s.

Proof. Clearly E&, = t for all n, so that E(§, — t)?> = Var(§,). By Exercise 2.2.1

Var(§,) = ZVar(Btn_k — Btn,kﬂ)z
k

= > [EBi,; — Bipyo)* = Une — tnp—1)’]
k

= (Ca—1)Y (tnj — tnj—1)* < (Ca— Dhnt,
k

which tends to zero, implying the required convergence in L2. Next, by Chebyshev’s
inequality
P(|&n — 1] > €) < € *(Cs — Dhnt,

and consequently, if Y/, < oo, the series

> P(lgn — 1] > €)
n=1



Section 2.2 Definition and basic properties of BM 65

converges for any €. Hence by the Borel-Cantelli Lemma, see Theorem 1.1.1, there
exists a.s. an N = N(e) such that |§, —¢| < € for all » > N. This implies the a.s.
convergence. m|

Corollary 3. BM has a.s. unbounded variation on every interval [s, t].

This implies that a Brownian path is a.s. nowhere differentiable (a detailed deduc-
tion of this fact can be found e.g. in [278]).

Exercise 2.2.3 (p-th order variation of BM). Let B; be a standard Brownian motion.
Suppose a sequence of partitions

Ap={0=tho<thg <-<lyg, =1}
of a fixed interval [0, 7] is given such that

hy = m]ilx(ln,k —tyk—1) >0

as n — oo. Then

En(P) =) |Bi, s — Bi iy |?
k

tends to 0 (resp. to infinity) in L' whenever p > 2 (resp. if p € [0,2)). If }_ h,, < o0,
this convergence holds also a.s. Hint: by Exercise 2.2.1,

Esn(p) = Z |ln,k - ln,k—l |p/2.
k

On the other hand, &,(p) < hE72£,(2) for p > 2 and &,(p) > hyy @ P&,(2) for
p €(0,2).

To complete this section let us say some words about the long time behavior of BM.
First we formulate the famous law of iterated logarithm. However, we shall neither
use nor prove it here. A standard proof (based on an ingenuous application of the
Borel-Cantelli lemma) can be found basically in all textbooks on stochastic analysis,
see e.g. Revuz and Yor [278] or Kallenberg [154].

Theorem 2.2.2. For a standard Brownian motion B a.s.

. Bt . Bt
lim sup =limsup —————= =1
t—0 +/2tloglog(1/t) t—oo +/2tloglogt
Sometimes it is also useful to know how quickly a Brownian path goes to infinity
(if it does), i.e. what is its rate of escape, see Section 5.10 for an application. The
same question makes sense also for the integrals of a Brownian path that describe the
movement of a particle with Brownian velocity.
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Theorem 2.2.3 (Rate of escape for BM). Ifd > 2, then forany f < 1/2—1/d
liminf |B; |t # = oo
t—00
almost surely.

This is a corollary of a more general result from Dvoretsky—Erd&s [105].
The same question makes sense also for the integral of a Brownian path that de-
scribes the movement of a particle with Brownian velocity.

Theorem 2.2.4 (Rate of escape for the integrated BM). If d > 1, then for any p <

3/2—1/d
t
/ B ds
0

This theorem is proved in Kolokoltsov [174]. Some extensions can be found in
Khoshnevisan [161]; see also Section 5.10.

liminf 7P =
—>00

almost surely.

2.3 Construction via broken-line approximation

We start here with arguably the most elementary and intuitively appealing construc-
tion of BM. The idea is to approximate a Brownian path by continuous piecewise-
linear curves and then to recover the original path as the limit of this broken-line
approximations.

In order to see how binary partitions are organized observe, that if B(¢) is the
standard BM on [0, 1], then one can write

B(t) = B(t/2) + B(t/2), (2.4)

where B(t/2) and B(t/2) = B(t) — B(t/2) are independent N (0, ¢/2) random vari-
ables. Hence

B(t)2) = %B(t) + (%B(I/Z) — %B(x/z)) .

But (1/2)[B(t/2) — B(t/2)] is a N(0,1/4) random variable independent of (2.4),
which follows from the following simple fact.

Exercise 2.3.1. Check that if A, B are independent N (0, 02) random variables, then
A+ B and A — B are independent N (0, 206?) random variables.

Exercise 2.3.2. This is a converse statement to the previous exercise. Let A, B be
i.i.d. random variables with a characteristic function of the form e?(?). Show that if
A + B and A — B are independent, then A and B are Gaussian. Hint: show that
the assumed independence implies the functional equation ¢(p + q) + ¢(p —¢q) =
2¢(p) + ¢(q) + ¢(—q), which in turn implies that ¢” (p) = 0.
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We conclude that B(z) given, the value B(7/2) can be obtained by adding an in-
dependent N(0,¢/4) random variable to (1/2)B(¢). This anticipates the following
construction.

Let Xy and Ynk, n=12...k=12,....2"1bea family of independent
random variables on some probability space such that Xy is N(0, 1) and each Ynk is
N(0,2~ (1),

Exercise 2.3.3. Point out a probability space (2, ¥, P), on which such a family can
be defined. Hint: use countable products of probability spaces.

Let Xo(¢) = tXo. Next set
1 1
X100)=0, Xi(1)=Xo, X, (5) = 5Xo + Y]

and define the path X;(¢) as a continuous function which is linear on the inter-
vals [0,1/2] and [1/2, 1], at the end of which it has the values prescribed above.
Next, define X»(¢) as a continuous function, which is linear on the intervals [0, 1/4],
[1/4,1/2],[1/2,3/4], [3/4, 1] and such that

1

X500 = X1(0) = Xo(0) =0, X» (%) - x, (5) ,

Xo(l) = X1(1) = Xo(1) = Xo, X5 (%) -~ X G) Ly,

X3—X3+Y2
24—14 2

Finally, define inductively X, (¢) as a continuous broken-line random path which is
linear between times k27", k = 0, ..., 2", coincides with X,_1(¢) at times k2—(n=1)
and has values

2%k — 1 koo 2%k — 1 .
X”( T )ZX”(zn_—l_z_")ZX"‘l( T )”"’

fork = 1,...,2""1. Thus the values of X, at the middle of the interval [(k—1)/2" 1,
k /2"~1] is the sum of the values of the previous step approximation X,_1 at this point
and an independent centered Gaussian random variable with an appropriate variance.

Theorem 2.3.1. The processes X (t) converge a.s. and in Ly to a process X(t) so
that

E sup |X,()—X(#) —>0, n— o0 (2.5)
tel0,1]
and also a.s.
sup |X,(t)—X(@¢) =0, n— oo. (2.6)
t€lo,1]

The limiting process X(t) is a standard BM on [0, 1].
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Proof. As clearly

k k
Xn+m(2_n) =Xy (2_")’ k=0,...,2”,m2n,

the sequence X, (¢) stabilizes after a finite number of steps and hence converges for all
binary times t = k27". Hence for these times the limiting trajectory X () is defined.
As the definition of X, clearly implies that

k 1 k—1 1 k k—1 i
0 (g 3) = (57) =3 (0 (5) = (7)) oo
k k 1 1 k k—1 i
4(71) = () =3 (0 (7)o (5) ) 8

it follows from Exercise 2.3.1 that the random variables

1 —1 1
on—1 on on—1 on—1 on—1 on

are independent, each having the law of N (0, 1/2"). This implies that generally for
the binary rational times the differences X () — X (s) are N(0, t —s) with X (¢4)— X (¢3)
and X (¢p) — X(#1) independent for 1 < tp, < 3 < t4, as required in the definition of
BM. Hence to complete the construction it is enough to show that the approximating
paths converge a.s. in the norm topology, since then the limiting path X (¢) will be
clearly continuous and will satisfy all the requirements.

But
X (6) — X1 (0)] ¥ 2k —1 ¥ 2k —1
su — Xn— =  max — Xy—
te[OF,)l] ! " k=1,..,2n~1 ! 2" el 2n
2n—1
1/4
— k k4
e Yol = ( 2 1] ) :
k=1
and hence by Jensen’s inequality and Exercise 2.2.1
2] Lo\ 1/4
E sup [X,(1) = X1 ()] < (E Y Y1)
t€[0,1] k=1

= (2n 1=+ o )1/4 — C21/42—(n+3)/4’

the sum
[o,]

E sup |X,(t) — Xu—1(1)|
n=1 1t€[0,1]

is finite, implying that there exists a limiting process X (¢) such that (2.5) and (2.6)
hold. O
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Corollary 4. Standard Brownian motion exists on {t > 0}.

Proof. By Theorem 2.3.1 there exists a sequence (2, %,,Pn), n = 1,2,..., of
probability spaces with Brownian motions W}, on each of them. Take the product
probability space €2 and define B on it recursively by

B =B, + W't n<t<n+1. o

t—n >

2.4 Construction via Hilbert-space methods
Here we give an alternative construction of BM leading to a new proof of its existence.

Remark 11. The approximations used in this and previous sections actually coincide,
only the methods of analysis are different. However, instead of the Haar functions
used below, one can use an arbitrary orthogonal system on a finite interval. This
would lead to different approximations (with a bit more involved calculations). For
instance, in the original construction of Wiener, the trigonometric basis kX was used,
see e.g. Paley and Wiener [263].

The main bricks for the construction of BM on [0, 1] via Hilbert space methods are
given by an orthogonal basis in L, ([0, 1]). In the simplest version one works with the
so called Haar functions H',n = 1,2,...,k = 0,1,...,2"71 — 1, on [0, 1]. By
definition,

2("—1)/2’ k/2"_1 <t<(k+ 1/2)/2n—1’
H(t) = 3 —20=D/2 (k4 1/2)/2" " <t < (k + 1)/2""t,  Q2.7)

0 otherwise.

The integrals S (1) = fot H}!(u) du are called the Schauder functions. The system
of Haar functions is known to be an orthonormal basis in £2[0, 1].

Exercise 2.4.1. Prove the latter statement in following steps. (a) Check the orthogo-
nality condition:

1
(H!', H") =/0 H(x)H™(x) dx = 815K

Hint: the supports of H;! and H;' do not intersect for k # /. Notice that orthogonality
implies linear independence.

(b) Comparing dimensions show that, for any N € N, the space generated by all
Haar functions H;! withn < N coincides with the space of piecewise-constant func-
tions with discontinuities at the points k /2", n < N. Conclude that the space of finite
linear combinations of Haar functions coincides with the space of piecewise-constant
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functions with discontinuities at binary-rational points. Hence any continuous func-
tion on [0, 1] is a limit of a uniformly converging sequence of functions from this
space.

(c) Conclude from (b) and the Stone—Weierstrass theorem that linear combinations
of Haar functions are dense in L2([0, 1]) and hence form an orthonormal basis.

Let EI’C‘, n=12,....k=0,1,....,2" 1 1 be mutually independent N (0, 1) r.v.
on a probability space (2, ¥, P). Such a family exists according to Exercise 2.3.3.
Consider the partial sums
m 2=l
Bl =) fult.w). fut.w)= D E@)SE). (2.8)
=1 k=0
The main technical ingredient of the construction is the following

Lemma 2.4.1. There exists a subset Qo C Q such that B]" converges as m — 0o
uniformly on [0, 1] for all € Qo and P(2p) = 1.

Proof. Let
My(@) = max{|§]| :0 < j <2"7' — 1}
Since
2" -l 1 o0 2
P(M, > a) < P(€7| > a) = 2"—/ e 2dx
" ;) J N2 Ja

1 *® x 2 1 2
<on___ ZeoTX /2dx — 2n_a—le—a /2
- \/27‘[/; a V2 '

one sees that

iP(Mn >n) < L i 2"16_”2/2 < 0.
n=1 a \/ﬂ n=1 n
Hence by Borel-Cantelli P(£2¢) = 1, where
Qo = {w : My(w) < nforlarge enoughn}.
Consequently for w € Q¢

2n—1—]

futo) <n Y SE() < n2” D2
k=0

for all large enough n, because max; S (t) = 2~(+1)/2 and the functions S © have
non-intersecting supports for different k. This implies that

o0
> max | f(t,0)| < o0
n=00§t§1

on €29, which clearly implies the claim of the lemma. m|
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Theorem 2.4.1. Let B; denote the limit of (2.8) for w € Qg and let us put By = 0
for w outside Q2. Then By is a standard Brownian motion on [0, 1].

Proof. Since By is continuous in ¢ as a uniform limit of continuous functions, the
conditions (i) and (iv) of the definition of BM hold. Moreover, the finite-dimensional
distributions are clearly Gaussian and EB; = 0. Next, since

D SH20) = ) (o, HP? = (Lo, 1jo,)) =1 < 00
(by Parseval) it follows that
2n—1q
E[B,— B =Y Y (S{1)*—0

n>m =0

as m — oo, and consequently B}* converge to B; also in L,. Hence one deduces that

00 2n—]_1
E(B:By) = lim EB/"B{") =7 > (.. H)(As. H}')
= (1[0,1‘]7 1[0’3]) = min([, S). O

BM on the whole line can be now constructed as in the previous section.

2.5 Construction via Kolmogorov’s continuity

Here we present yet another method of constructing BM, which together with its
existence yields also a remarkable property of the a.s. Holder continuity of its paths.

Theorem 2.5.1 (The Kolmogorov—Chentsov Continuity criterium). Suppose a pro-
cess X¢, t € [0, T), on a probability space (2, ¥, P) satisfies the condition

E|X; - X,|*<Clt—s|""8, 0<s1<T,
for some positive constants o, B, C. Then there exists a continuous modification X of

Xy, which is a.s. locally Hélder continuous with exponent y for every y € (0, B/),
ie.

X(w)— X
P|:a): sup | t(@) s(w)| < 5] — 1.
5,6€[0,T]:|t—s| <h(w) |t —s|”

where h(w) is an a.s. positive r.v. and § > 0 is a constant.
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Proof. Step 1. By the Chebyshev inequality,
P(|X; — Xs| > €) < € “E[X; — X,|* < Ce™®|r —s|' P,

and hence X; — X; in probability as s — ¢.
Step 2. Settingt = k/2",s = (k—1)/2", € = 277" in the above inequality yields

P(|Xijon — Xk—1yjan| = 277") < c27(HE—en),

Hence
P( max X n— X1 nl > 2_}/1’[
(max | Xpejzn = Xgemnyyor] 2 277
2”
= Z P(|Xg/2n — X(e—1)/2n]| = 277") < c27n(B=an),
k=1
By Borel-Cantelli (by the assumption  — oy > 0) there exists o with P(Qo) = 1

such that

max |Xk/2n — X(k—l)/2”| < 2_7”, Vn > n*(a)), (29)
1<k<2"

where n* (w) is a positive, integer-valued random variable.
Step 3. For each n > 1 define D, = {k/2" : k = 0,1,...,2"} and D =
Un=; Dy. Fora given w € Qg and n > n*(w) we shall show that Vim > n

m
1Xi(@) = Xs(@)| £2 Y 277, ViseDp:0<t—s<27"  (210)
j=n+1

For m = n 4+ 1 necessarily t — s = 2-(+1) apd (2.10) follows from (2.9) with n
replaced by n 4 1. Suppose inductively (2.10) is valid form =n +1,...,. M — 1.
Take s <t :s,t € Dys and define the numbers

Tmax = Max{u € Dpr—1 :u <t}, Tmin=min{u € Dps—1 :u > s},
so that
$ < Tomin < Tmax <13 MaX(Tmin — 5,7 — Tmax) < 27
Hence from (2.9)
| X 1 (@) = Xs(@)] <277 X, (@) — X ()] < 277M,
and from (2.10) with m = M — 1, completing the induction.

M-—-1
| Xy (@) = Xgp (@) <2 ) 277,
Jj=n+1

which implies (2.10) withm = M.
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Step 4. For s,t € D with
0<t—s<hiw)=2"©,

choose n > n*(w) s.t.
270D <4 5 <27,

By (2.10),

o0
Xi(@)—Xs(@)| <2 Y 277 <2127 127D <2(1-277) i —s
j=n+1

14

which implies the uniform continuity of X; with respecttot € D for w € Q.

Step 5. Define )Z, = limg_,; e X5 for w € Q¢ and zero otherwise. Then )Zt is
continuous and satisfies (1) with § = 2(1 —277)~!. Since Xy = X, fors € Q, it
follows that )f, = X; a.s. for all 7, because X; — X; in probability and X; — )f,
a.s. ]

Corollary 5. There exists a probability measure P on (R0 8(RI0:%))) and a
stochastic process Wy on it which is a BM under P. The trajectories of this process
are a.s. Holder continuous with any exponent y € (0, 1/2).

Proof. By Kolmogorov’s existence theorem 3 P such that co-ordinate process X; sat-
isfies all properties of BM, but for continuity. By Kolmogorov’s continuity theorem
and the Exercise 2.2.1, for each T there exists an a.s. y-Holder continuous modifica-
tion WZT of X; on [0, 7] with any y < (n — 1)/2n for a positive n, and hence with
any y € (0,1/2). Set

Qr ={o: W) =X/(0)V1 €[0.TINQ}. Qo= ) 2.
T=1

As WtT = WIS for ¢ € [0, min(7, )] (continuous modifications of each other), their
common values define a process on ¢t > 0 of the required type. m|

2.6 Construction via random walks and tightness

We shall start with the basic tightness criterion for distributions on the space of con-
tinuous functions C([0, T'], S), where (S, p) is a separable and complete metric space.
Recall that by Prohorov’s criterion tightness of a family of measures is equivalent to
its relative compactness in the weak topology.

Theorem 2.6.1 (Tightness criterion in C). Let X1, X»,... be a sequence of
C([0,T], S)-valued random variables for a separable and complete metric space
(S, p). Then this sequence is tight if
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(1) the sequence wsi(X,), n = 1,2,..., is tight in S for t from a dense subset
t =ty,ta,... of[0,T], and

(ii)
lim supP(w(X,, T, h) >¢€)=0 (2.11)
h—0 n
forall e.

Proof. Assuming (2.11) and given an € > 0, there exists a sequence hy, hy,... of
positive numbers such that for all &

supP(w(X,, T, hy) > 2_k) < k=1,
n

From the tightness of the families s, (X}), one can choose a sequence of compact
subsets Cq, Ca, ... from S such that for all k

sup P(Xn(tx) € (S \ Cp)) < 27% e,

Then sup, P(X, € C([0,T],S) \ B) <€ for

B =[x e C(0.T].8) : x(tx) € Cp. w(x. T.hg) <275},
k

and by the Arzela—Ascoli theorem B is relatively compact. m|

Exercise 2.6.1. Condition (2.11) is equivalent to

lim sup Emin(1l, w(X,,T,h)) =0. (2.12)

h—0n—o0
Hint: use the same argument as in Proposition 1.1.1.

For our construction we shall need also the following auxiliary result.

Theorem 2.6.2 (Ottaviani’s maximal inequality). Let &1, &z, ... be i.i.d. random vari-
ables with mean 0 and variance 1. Let Sy, = §1 4+ &, and S;; = maxg—;,.__, Sk.
Then for any r > 2

P(|S,| >
P(S; = 2r/n) < ('1'——_2@ (2.13)
—r
and
lim 72 limsup P(S;} > 2r+/n) = 0. (2.14)
r—00

n—o0
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Proof. Lett = min{k : |Sk| > 2r/n}, so that the events {t < n}and {S; > 2r/n}
coincide. Clearly

P(|Sp| = r/n) = P(ISy| = r/n. Sy = 2r+/n)
>P(t <n,[Sy — S| = ’"\/7_1) =Pt <n)P(|Sy — S| = ”\/7_1)

The last equation comes from the formula

n
P(t <n,|Sy — S¢| <rv/n) = Zp(f =k, [Sp — Si| < r/n)
k=1

= Y P(x = k)P(|S, — Sg| < r/n).

k=1

that follows from the independence of §;. Consequently
P(|Sp| = ra/n) = P(S; = 2r/n) kmsiEP“S” — Skl < r/n)
> P(S, > 2r/n) kmsigP(lSkl <r«/n).
This implies (2.13), as by Chebyshev’s inequality
min P(|S| < rvn) = min(1 —k/r*n) = 1= /r%
By the central limit theorem the laws of S, /+/n converge to the standard normal.

Hence (2.14) follows from (2.13). m|

The main result of this section is the following.

Theorem 2.6.3 (Functional CLT). Let &1, &z, ... bei.i.d. random variables with mean
0 and variance 1 and let

X0y =072 (Y Gt o = (0D ). €01 n e N,

k<nt

be the sequence of linearly interpolated partial sums. Then the sequence X" con-
verges weakly in C([0, 1], R) and its limit is standard Brownian motion.

Proof. Clearly the finite-dimensional distributions of X" () converge to the distribu-
tions of the Brownian motion (by the central limit theorem). Hence to prove tightness
one needs to establish (2.11). But (2.14) implies

limsupsupP( sup |X"( +r)—X"(t)| >€)=0(h), h—0,

n—00 t 0<r<h
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because

(Ozlrlgh X"t +r)— X"(1)] > €) = (s;;n > 2%%)

where S, is the same as in Theorem 2.6.2. Consequently, dividing the interval [0, 1]
in subintervals of length /4 yields (2.11). m|

Another way of proving Theorem 2.6.3 is via the following criterion of tightness in
terms of moments.

Theorem 2.6.4. Let X1, X2, ... be a sequence of C([0, T], S)-valued random vari-
ables for a separable and complete metric space (S, p). Then this sequence is tight
if the sequence wi(Xp), n = 1,2,..., is tight in S for t from a dense subset t =
f1,t2,... of [0, T] and for some a, B > 0

supEp% (X" (s), X" (1)) < c|s —1]**P. (2.15)
n

In this case the limiting process is a.s. y-Holder continuous with any y € (0, B/a).

A proof of this result could be obtained similarly to the proof of Theorem 2.5.1
taking into account Theorem 2.6.1; for details see e.g. Chapter 16 of Kallenberg [154].

2.7 Simplest applications of martingales

We shall discuss the important techniques arising from martingales and stopping times
in the next chapter. However, it seems instructive to anticipate this development by
illustrating the power of this technique on a simple example. To this end, we discuss
here the exit times of BM from a fixed interval. From the theory of martingales (men-
tioned in Section 2.1) we shall use only the following particular case of the general
optional sampling theorem proved in Section 3.10: if M; is a martingale and 7 is a
bounded stopping time (i.e. T < a a.s. for some constant a), then EM; = EMj.

To begin with let us notice that standard Brownian motion B; is a martingale with
respect to its natural filtration %;. In fact, if ¢ > s, then

E(B:|¥s) = E(B: — Bs|Fs) + E(Bs|¥5) = Bs

(the first term vanishes, because of the independence of increments of BM, and the
second equals By because BM is adapted to its natural filtration). Similarly, B t2 —tis
a martingale, since

E(B} —t|¥;) = E(B} — B — (t — 5)|F5) + E(B} — 5| F5)
= E((B; — By)® — (t —5) +2Bs(B; — By)|F5) + B} —5 = B} —s.
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Leta < 0 < b and 7 denote the exit time of a standard BM from the interval (a, b):
t=min{s : By ¢ (a,b)} = min{s : By € {a,b}}.

It is straightforward to see that 7 is a stopping time (according to the definition from
Section 2.1). Our objective is to calculate the expectation Et together with the prob-
abilities p, = P(B; = a) and p, = P(B; = b) that B; exits the interval (a, b) via a
and b respectively. To this end, let us show that

EB. =0, Er=EB2. (2.16)

Since BM is a.s. unbounded (see Section 2.2), t is a.s. finite, but possibly not
uniformly bounded, so that the above-mentioned property of martingales cannot be
applied directly to 7. To circumvent this problem, one applies it first to the bounded
stopping times t A ¢ (for arbitrary ¢ > 0), yielding the following equations:

EBpine.r) =0, E(min(t, 7)) = EB2

min(z,7)°
From these equations (2.16) is obtained by dominated and monotone convergence as
t — oo.

Since 7 is a.s. finite, we have EB; = ap, + bpp and p, + pp = 1. Consequently,
the first equation in (2.16) implies that

b _al
b—a T4

Pa = 2.17)
And from the second equation in (2.16) we deduce that Et = a?p, + b?pp, and
hence

Et = blal. (2.18)

In Section 4.2 we shall learn a systematic way of estimating exit times via Markov
processes — the link with PDE. In the next section we apply equations (2.17), (2.18)
to introduce the celebrated Skorohod embedding, that allows one to embed general
random walks into BM by suitable stopping of the latter.

Exercise 2.7.1. Show that the following processes are martingales: (i) Bz3 — 3t By,
B} —6tB? +3t? and M = exp{uB; —u?t/2}, u > 0 being an arbitrary parameter,
for a standard BM By; (ii) |B(t)|?> — tr(A)t for a d-dimensional Brownian motion
B(t) with covariance A.

Solution for M}'.

E(M}'|F;) = E(exp{u(B: — By) —u’t/2)e"%| %)
Using Theorem 1.3.2 and the definition of BM this rewrites as

e#Bsg1t/2 exp{uB;—s},
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which, applying the well known characteristic function or the moment generating
function for the centered normal N(0, ¢ — s)) random variable B;_g, rewrites in turn
as

—y2 2(t—
euBse u HZeu (t—s)/2 ::AJg.

2.8 Skorohod embedding and the invariance principle

We discuss here the method of embedding the arbitrary sums of i.i.d. random variables
into BM by choosing appropriate stopping times. Eventually it allows one to deduce
properties of such sums from properties of BM. We shall demonstrate this idea by
deducing a functional central limit for sums of i.i.d. random variables.
Fora < 0 < b, let v, 5 be the unique probability measure on the two-point set
{a, b} with mean zero so that v, 5, = 8o for ab = 0 and
by = Pda =% (2.19)
’ b—a

otherwise.

Proposition 2.8.1 (Randomization lemma). For any distribution it on R of zero mean,
denote by 4 its restriction on Ry = {x > 0} and R_ = {x < 0} respectively and
putc = [ xp4(dx) = — [ xp—(dx). Then

n= / a(dx dy)vy,y, (2.20)
x=<0<y

where the distribution [iL on R_ x R+ is given by

fu(dx dy) = p({0)o,0(dx dy) + ¢~ (y = x)p—(dx) pt (dy).

Proof. For a continuous function f

(ﬂ[ fudx dy)vx,y) = f(O)u({0}) +/ fi(dx dy) X =2/ 0)
{x<0=<y} {x<0<y} y—-x

— FORUOD+ 5 [y r- @ (@)

x<0<y

! / X () (dx) s (dy)
{x<0<y}

c

= FOR(0) + /

{x<0

() + /

{o<y

} SOp+(dy) = (f ).

Proposition 2.8.2 (Embedding of random variables). For a probability measure i
on R with mean zero choose a random pair (a, b) with distribution [i from Proposi-
tion 2.8.1 and an independent BM B;. Then

O
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(1) the random variable
T =min{t : B € {a,b}} = inf{t : B; ¢ (a,b)}

is a stopping time for filtration o{a, b; Bg,s < t},
(i1) the law of BT is .,

(iii) the expectation of T coincides with the second moment (variance) of L.

Proof. By (2.17) the random variable B, for fixed a, b would have the distribution
(2.19). Hence

E/f(Br) = EE(f(Br)la.b) = [/ F(@ vy (d2)i(dx dy) = / Feu(dx).
yielding (ii). Then (iii) follows from (2.16). O

Theorem 2.8.1 (Skorohod embedding). Let &1, &z, ... bei.i.d. random variables with
mean O and S,, = &1 + --- + &,. Then there exist a filtered probability space with a
BM B; and stopping times 0 = Ty < Ty < ... s.t. the differences AT, = T,, — Ty—1
are i.i.d. with EAT, = EEIZ and Br, are distributed like Sy for all n.

Remark 12. ¢, = inf{t > 1,1 : By = S,} would give a trivial solution if the
moment requirement were not imposed.

Proof. Let p denote the common law of §;. Take i.i.d. pairs (a,,b,),n = 1,2,...,
with the distribution & from Proposition 2.8.1 and an independent BM. Everything
follows from the recursive definition of random times 0 = Ty < 77 < T < --- by

T, =inf{t > T,—1 : By — Br,_, € {an,bn}}. O

The following result is similar to Theorem 2.6.3, where we used linearly interpo-
lated random walks to be able to work in the space of continuous functions only.

Theorem 2.8.2 (Functional CLT). Let &y, &2, ... bei.i.d. random variables with mean
0 and variance 1, and let S, = &1 + --- + &,. Then there exists a BM B; s.t. X; =
112 SUps<; |S[s] — Bs| converges to zero in probability as t — oo ([s] denotes the
integer part of s).

Proof. Choose T, and B as in Theorem 2.8.1. We then can take S, = Br, in the
definition of X; (as we are interested in the distribution of S, its realization is not
relevant). Then T, /n — 1 a.s. as n — oo by the law of large numbers (LLN). Hence
Tjp/t — las.ast — oo. Consequently 6;/t — O a.s., where §; = sups, |T[5] —5|.
In fact, because a.s. there exists M > 0 such that 7,,/n < M for all n, we have

8—t =< sup —T[s] —? + sup —T[s] -7 = @ + sup —T[s] _S,

t s<K t K<s<t t ! s>K
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and this can be made arbitrary small by first choosing a large enough K and then a
large t. Finally, for any ¢, h, €

P(Xt > 6) = P(Xt > 6,8; > [l’l) +P(Xt > 6,8; < th)
<P(8; > th) + P( sup |By — By| > €/1),

u—v<th,u,v<t+th
which by the scaling property of BM equals
)
:P(—t>h)+P( sup | By, — By| > ¢€).
t u—v<h,u,v<l+h
This can be made arbitrary small by choosing small / and large ¢. m|

Corollary 6 (Functional CLT and invariance principle). (i) For all C,e > 0 there
exists N s.t. for alln > N there exists a BM By (depending on n) s.t.
—unl _ B,

P| sup >C)<e.
(tsl NG

(ii) Let F be a uniformly continuous function on the space D|0, 1] of cadlag func-

Sien]
it ) converges

Sien)

tions on [0, 1] equipped with the sup-norm topology. Then F(
in distribution to F(B) with B = B; standard BM.

Proof. (i) Applying Theorem 2.8.2 with t = n yields
P(n_l/2 sup |Sfg) — Bs| > C) — 0
s<n

as n — oo for any C. With s = tn this rewrites as

) _ Bin

( S
P| sup|—=
t<1

n ﬁ>C)—>O.

But by scaling By, /+/n is again a BM, and (i) follows.
(i1) One has to show that

E(g(F(S[ﬁ])) - g(F(B.))) =0 221)

as n — 0 for any bounded uniformly continuous g. Choosing for each n a version of
B from (i), one decomposes (2.21) into the sum of two terms with the function under
the expectation multiplied by the indicators 1y, ~¢ and 1y, <c respectively, where

Sien]
Jn

Then the first term is small by (i) for any C and n large enough, and the second term
is small for small C by the uniform continuity of F and g. m|

Y, = sup
t<1

— B,
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Examples. 1. Applying statement (i) with # = 1 yields the usual CLT for random
walks.
2. Applying (ii) with F(h(.)) = sup;¢[o,1]/(?) and taking into account the dis-
tribution of the maximum of BM (obtained by the reflection principle in Theo-
rem 3.12.1) yields

. <
p (S k=ny Y L opv <), x>0
N

where N is a standard normal random variable.

2.9 More advanced Hilbert space methods: Wiener chaos
and stochastic integral

Here we develop a more abstract version of the construction from Section 2.4 leading
to new advanced insights. In particular, this development represents a starting-point
for the celebrated Malliavin calculus. We shall use it in Section 9.6 to give a rigorous
representation of the Feynman integral in terms of Wiener measure.

We start with the following fundamental definition. Let H be a separable real
Hilbert space. An isonormal Gaussian process on H is a linear mapping from h € H
to centered (i.e. with vanishing mean) Gaussian random variables W (h) defined on a
probability space (2, ¥, P) such that

Cov(W(h), W(g)) = E(W(R)W(g)) = (h.g). (2.22)

In other words, each W(h) is normal N(0, ||k||?) and W(h) is an isometric linear
inclusion of H into Lz(Q, F,P).

Existence of such a process is almost evident. In fact, choosing a basis (e, €2, ...)
in H and a family of i.i.d. N(0, 1) random variables &1, &>, ... one sees straightfor-
wardly that the mapping

W(ihiei) - ihi&, (2.23)

i=1 i=1

satisfies all the requirements.

A closely related notion is that of a Gaussian random measure. Namely, let (S, G, i)
be a measure space. A family of Gaussian random variables M(A), A € &, defined
on a certain probability space (2, ¥, P), is called a Gaussian random measure or a
Gaussian white noise on (S, §) with the control measure p it Cov(M(A), M(B)) =
E(M(A)M(B)) = n(ANB) (in particular, each M (A) isa N(0, u(A)), M(A), M(B)
are independent for A N B = @) and M is an additive function of A. Let us empha-
size (to avoid possible confusion that may arise from the use of the term ‘measure’)
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that the function M(A) is neither supposed to be positive, nor of finite variation, so
that it is not a measure, or even not a signed measure of finite variation as defined
in Section 1.1. Nevertheless, copying the standard method of the construction of
the Lebesgue integral one can define the stochastic integral with respect to M as a
(unique) continuous extension of the mapping

I(Xn:ailAi) = iaiM(Ai)

i=1 i=1

from finite linear combinations of indicators to the linear mapping I(h),h € L?(S,
G, ). Since the definition of the Gaussian measure implies that E(/(h)I(g)) =
(h, g) for h, g being linear combinations of indicator functions, this extension is well
defined and constitutes an isonormal Gaussian process on L2(S,§, ). Thus any
Gaussian random measure on (S,¥%) with control measure p defines a isonormal
Gaussian process on L2(S,§, 1) via stochastic integration. Conversely, if W(h) is
an isonormal Gaussian process on L2(S,§, i), then the mapping A — W(ly) is
obviously a Gaussian random measure with control measure . In particular such
Gaussian measure always exists.

Remark 13. Not only Gaussian random measures are of interest. In Section 3.1 we
shall introduce Poisson random measures.

Choosing an isonormal Gaussian process W on the Hilbert space H = L2([0, 1])
(with Lebesgue measure) leads to the family of random variables By = W(1jg ),
which satisfies all the properties of the Brownian motion, but for (possibly) continuity.
To see how the construction of Section 2.4 fits to the present more abstract setting,

notice that if ey, e,, . .. is a basis in L?([0, 1]), then
o0 o0 t
o= > (e =Y [ e dse,
j=1 j=1"0
and according to (2.23)

00 t
B = Wy, = Z/O ej(s)dsé;,
j=1

which is precisely (2.8) in case of the Haar basis for L2([0, 1]) used in Section 2.4.
Similarly one can defined BM on L2([0, 00)) by choosing an orthonormal basis
there. Of course to complete the construction of BM by the present more abstract
approach one still has to show the existence of a continuous modification, using either
the method of Section 2.4 or Kolmogorov’s continuity theorem. But what we have got
here additionally is the stochastic integral / (%), which in case of Brownian motion B;
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is usually denoted by [ h(s)dBs. It is an isometric mapping from L?([0, 00)) to
Gaussian random variables measurable with respect to o (B;),t € R4, so that

Cov (/0 h(S)st,/O g(s)st) =/0 h(s)g(s)ds = (h, g).

It is instructive to observe that the integral fé h(s)d Bg cannot be defined in the usual
Lebesgue—Stieltjes) sense, because B; has unbounded variation (see Corollary 3).

Exercise 2.9.1. Show that equivalently the integral [ (s)d By can be constructed in
the following way. If 7 € C!(R ), then one can use the integration-by-parts formula
to define

/ooh(s)st = _/oo B(s)h'(s) ds.
0 0

Observing that the integral so defined is an isometry, one extends it to the whole
L?([0, 00)).

Exercise 2.9.2. Find Eexp{fot h(s)dBs}, h € L*([0,¢]). Hint: use the generating (or
characteristic) function for the N (0, fé h?(s) ds) normal law.

The stochastic integral constructed above has a more or less straightforward mul-
tiple extension. Namely, let again M(A), A € §, be a Gaussian random measure on
(S, ) with control measure z. Let us say that a function f,, in L2(S", %" u") is
simple if it has the form

N

Sa@rxn) = Y i g, (x1) - gy, (xn),

[15eeesin=1

where Ay,..., Ay is a collection of pairwise disjoint elements of the o-algebra §
and the only restriction on the coefficients a;, .. ;, is that a;, . ;, = 0 whenever at least
two indices in the collection {i; ..., } coincide. For f, of these form one defines the
multiple stochastic integral by the formula

In(fy) = / FuGete e ) M(dx1) -~ M(dxy)

N
= Z ai]...inM(Ail)'“M(Ain)'

I1yeeesin=1

The key assumption that a;,. ;, = 0 whenever at least two indices coincide clearly
implies that this integral is centered, that is E[1,,( f;;)] = 0 for any simple function .

It turns out that the integral does not change if the variables are permuted. To
make this property precise, let us introduce the operator P, that projects the space
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of functions of n variables on the space of symmetric functions (whose values do not
change under any permutation of their arguments):

1
Py fu(x1,....xn) = ] an(xnu),-“ X (n))s
4

where the sum is taken over all permutations of the set {1,...,n}. Clearly P, f, is
symmetric for any f, and P, P, = P,. Since

In(Lg;, -+ 1a;,) = M(Ai)) - M(4i,)
does not depend on the order of {iy, ..., i}, it follows that

for any simple f},.
The possibility of extending the multiple stochastic integral to more general func-
tions depends crucially on its following isometry property.

Proposition 2.9.1. For any symmetric simple fy,, gm,

E(Ly(fn)Im(gm)) = ‘ann!(fn,gn)’ (2.24)

where 81, is the Kronecker symbol (1 for m = n and zero otherwise) and ( fn., gn) is
the scalar product in L*>(S™, §%®", u"):

(o) = [ g xmpeldn) - ()

Proof. For simple functions f, g, defined via families of subsets A/, ..., A/N, and
Af...., A%, one can equivalently represent them via the single family Ay,..., Ax
containing all possible nonempty intersections A; N A7. Itis clear that

Elln(La, -~ La, ) Im(Lay, -+1a,,)] = 0

if n % m and each of the families {i1,...,in} and {J1,..., jm} has no repeated
indices. Hence it remains to prove (2.24) for m = n.
Next, if the sets {i1,...,in} and {j1,..., jn} do not coincide as unordered sets,

then clearly
lAil X"'XAin 1A/1 )(...)(Aj-n - O

and

E[In (lAl'1 X"'XAin )In (IA_/'] X---XA_/n )]

= E[M(4;,)--- M(A;,)M(A;y) --- M(A,)] = 0.

iﬂ
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Finally, let the n-tuple {ji,..., jn} be a permutation of the n-tuple {iy,...,in}.
Then

1
(Pi’llA[1 XX Ajpy s Pi’tlAj1 x--.xAjn) = —',LL(A”) T /’L(Ain)7
n!
and
E[l,((P, lAil scx Aj, Mn (Pn lAjl sx A, ) = W(Aiy) -+ (A,
which completes the proof. O
It is not difficult to see that simple functions of n variables defined above are dense
in L2(S™, %" u") for any n. Consequently Proposition 2.9.1 allows one to ex-

tend the stochastic integral to the isometric mappings I, : L2(S",§%", u") —
L*(Q, ¥ ,P), called the multiple stochastic integral and denoted by

fn(fn>=[S FoGeto e xn)d We, - d W,

whose images for different n are orthogonal. Let us denote these images #,,. The
space #,, is called the Wiener chaos of order n.

Let us now define the Fock space built on the Hilbert space L?(S, ¢, 1) as the
direct sum

F=C®L*S.9.n)®L*(S2,8%%2, 1) -,

where the norm is defined by

[e.e]
2 2
”(fO? flv f27 .. )”F = Z n!||fn||L2(Sn,g®n,Mn)‘
n=0

Proposition 2.9.1 implies that multiple stochastic integration defines an isometric lin-
ear inclusion F — LZ(Q, F.,P).

Recall that we previously denoted the mapping /; by W. The following celebrated
result is called the Wiener chaos decomposition.

Theorem 2.9.1. (i) Linear combinations of {e"W' ™ h e HY are dense in L*(Q,
o(W),P).

(ii) The space L*(Q,0(W),P) is the orthogonal sum of Hy:

L*(Q.0(W).P) = P Ha.

n=0

Proof. (i) Let X € L%(Q2,0(W),P) and E(Xe" ") = 0 forall h € H. Hence

B(x exp{éz,.W(h,.)}) ~E(x exp{W(ét,.hi)}) ~0
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forany ty,...,.t,m € R, hy,...,hy € H. Hence by Exercise 1.1.2

0= E(X exp { itiw(hi)}) = /Rd exp { itiyi}v(dy),
i=1 i=1

where v(B) = E[X15(W(hy), ..., W(hn))]. Hence v vanishes, as its Laplace trans-
form vanishes. Consequently E(X137) = O forany M € o (W), implying X = 0.
(i) The spaces #;, and #,, are orthogonal for n # m, by Proposition 2.9.1. Hence
one only needs to show that if X € L?(Q,0(W),P) and E(XH,(W(h))) = 0 for
any n € N and & € H (and hence E(X(W(h))") = Oforanyn € Nand h € H),
then X = 0. But this follows from (i). O

Corollary 7. The space L*(2,0(W),P) is isometric to the symmetric Fock space F.

Finally, let us indicate some useful modifications, which are available when the
space S reflects the structure of time. As an example, let us consider the basic BM
and the corresponding Fock space built upon the Hilbert space L?(R ). In this case,
the symmetric? functions on R’} are in one-to-one correspondence with the functions
on the simplex

Sym” = {(x1, ... x™) eRY xl<xy, <. < xd},
so that
/ fu(s1,...,8p)dsy - -ds, = n! fu(s1, ..., 8p)dsy - dsy
R% Sym”
00 pSp so
=/ / / In(S1,...,Sp)dsy -+ dsy,
o Jo 0
and

() = [ oGt sy, -dB,
7

=n! Ja(S1,....8n)dBs, ---dBs, = nJn(fn),
Sym’?

where the iterated stochastic integral

In(fn) = nf"(sl""’sﬂ)stl ---dBsy,

ym

S
00 Sy 52
:/ / "'/ fn(sl,...,Sn)stl"'stn
0 0 0

Zactually, as well as anti-symmetric
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is defined by
In(fn) = In(ntSym")-

Instead of (2.24) we now get the simpler isometry relation

En(f) Imn(gm)) = 80 (fo gn) = 80 [ fugn) (51 sw)dsy - ds
Sym”?
' (2.25)
Hence, defining the Fock space

Fsym = C @ L*(R4) ® L*(Sym*) & - -+,

with the square norm
o0
|G- fr fo o3 = 3 1 falZaeymy:
n=0

the mapping f, + J,( f) extends to an isometry Fsyy, — L%(Q,0(B),P).
Restricting the BM to a bounded interval [0, ¢] leads similarly to the isometry of the
corresponding space L2(2, 0 (By<;), P) with the Fock space

Fim = C & L*([0,1]) & L*(Sym}) & -

where Sym” = {x € Sym" : x¢ <1}.

The Fock space turns out to be a meeting point for a remarkably wide variety of
ideas and methods from classical and quantum probability, infinite-dimensional anal-
ysis and quantum and statistical physics.

2.10 Fock spaces, Hermite polynomials and Malliavin
calculus

This section is an addendum to the previous one. It

(i) clarifies the structure of the Wiener chaos spaces, yielding its natural orthogonal
basis via Hermite polynomials, and

(i1) introduces the Malliavin derivative as the image of the annihilation operator in
Fock space.’

The Hermite polynomials H,(x), x € R,n =0, 1,..., are defined as

Hy(x) = - 1) 2/2d n(e_xz/z),

3The results of this section will not be used elsewhere in this book.
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so that in particular Ho(x) = 1, H1(x) = x, Ha(x) = (x> — 1)/2, and in general
H,, is a polynomial of order n. These polynomials can be equivalently defined as the
coefficients of the expansion in powers of ¢ of the function F(z, x) = exp{tx —t2/2},
because by Taylor’s formula
x2 1
P = epl S - )
(t,x) = exp 73
X n n
_ 2 (4 e

The basic identities

(x =12}

o0
=Y " Hy(x).
=0 n=0

t

H,(x) = Hp—1(x),
(n+ D Hpy1(x) = xHp(x) — Hp—1(x), (2.26)
Hp(=x) = (=1)" Hp(x),
valid for all n > 1, follow respectively from the obvious equations %—I; =1tF, %—I; =

(x —0)F, F(t,—x) = F(—t,x).
Finally, if X, Y are N(0, 1) random variables that are jointly Gaussian, then clearly

E(exp (sX — ;) exp (tY — ;)) = exp{stE(XY)}

for all real s,7. Comparing the coefficients of the expansions of both sides of this
equation in powers of ¢,s yields

07 n;ém’

227
LEXY), n=m. (227)

E(Hn(X)Hn(Y)) = {

In particular by choosing X = Y, this implies that H,(x) form an orthonormal
system in L2(R, e_xz/z/«/ﬂ).

Let H be a separable (real) Hilbert space with an orthonormal basis ey, ez, . ...
The tensor power H ®n = 1,2,... can be defined as the Hilbert space with the
orthonormal basis ¢;, .. ;,, i1,12,...,in € N, denoted by

€,y = €i] D & ej,.
It is more or less obvious that the mapping
ej X+ Xej, e ®--Qej,
extends to the n-linear (i.e. linear with respect to each of its n arguments) mapping

H'=H x---x H — H®"
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as
o0 o0
(fl,n-,fn)'_)fl ®®f’l — ZZQ}] ___a?neil ®...®€i"
i1 in

for
0 .
fj:Zai]ei, j=1...,n,
i=1
called the fensor product of fi,...,f,. The orthogonal sum Hy & Hy & H, & ---,
where Hy = R, equipped with the product

((for f1.-- ). (80- 810 ) = Y 0! fu gn).

n=0

is called the Fock space based on H. Of course it extends the definition given above
for H realized as a function space to the abstract setting. Namely, if H = L?(S, ¢, ),
then H ®" can be clearly identified with the space of functions of n variables: H®" =
L%(S", 6%, 1®"). In that case the tensor product ! ® --- ® f" is identified with
the function f1(x1)--- f™(xn).

For any ¢;, ® --- ® e;,, one defines the symmetric tensor product as

1
symm(e;, ® -+ ® ej,) = o Zeirr(l) ® Q€ (2.28)
s

where the sum is taken over all permutations 7 of {1,...,n}. The image H®" of
H ®" under this symmetrization operator is called the symmetric tensor product of H .

Exercise 2.10.1. Show that

Leeony!
symm(e!' ® -+ ® e}k 22111—. 2.29
Jsymm(e} R T (2.29)

Hint. In the sum on the r.h.s. of (2.28) there are only

(ny+ -+ np)!
nyl---ng!

different terms, so that
[symm(e]' ® -+ ® eZ")H2

_ 1 (ny 4+ -4+ ng)!
[((n1 4+ -4+ n)?  nyl---nyg!

yielding (2.29).

||n1!...nk!e}11l ® e ®ezk”2’
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Let us return to the general isonormal Gaussian process W : H — L?(Q, ¥ ,P)ona
Hilbert space H to construct a natural orthogonal basis for the space L?*(Q,0(W),P).
Namely, let #,, denote the closed subspace of L2(2, o (W), P) generated by

{Hn(W(h)). h € H, |[h]| = 1.

In particular, J¢\ coincides with the image of H under W and #y = C is the space of
constants.

Proposition 2.10.1. Each space JH, coincides with the Wiener chaos J, of order n.

Proof. The spaces J, are orthogonal for different n, by (2.27). Next, it is easy to see
that y y y
Ho® H1 @@ Hyp = Ho® H1 DD Hy,

for any n € N. The proof is then completed by trivial induction on #. m|

Exercise 2.10.2. Observe that in the case of a one-dimensional H generated by a
standard normal N (0, 1) the previous result reduces to the well-known fact from anal-
ysis that linear combinations of Hermite polynomials form a complete orthonormal
system in L2(R, v), v being the law of N(0, 1).

We shall give now the infinite-dimensional version of this fact. Let e1,e5,... be
an orthonormal basis of the Hilbert space H .

Theorem 2.10.1. (i) For any n € N, the family of random variables

k
{]_[ Vil Hy, (W(ei)), ny + - +ng =n,ni €{0.1,...}. k N} (2.30)
i=1
form an orthonormal basis in ¥,.
(i1) The mapping
k

I (symm( 1_[ e?nf>) = ﬁ ni'Hy;(W(e;)), ni+---+ng=n

i=1 i=1

is an isometry between the symmetric tensor product H®" equipped with the
norm N n!||.||gen and the Wiener chaos .

Proof. (i) The family (2.30) is orthonormal by (2.27). Its linear combinations are
dense, because any polynomial in W(h) can be approximated by polynomials in
W(ej)vj =1,2,....

(i1) This follows (2.29) and (1). O
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Finally let us introduce the Malliavin derivative from the Fock-space setting. The
Fock spaces form the basic scenery for the analysis of interacting particles, both clas-
sical and quantum. The main role in this analysis is played by the so called cre-
ation and annihilation operators, which for the Fock space F constructed from the
Hilbert space L?(S, ¢, ) are defined as the operators a4 : L?*(S,F) — F and
a_ : F — L?(S, F) (where L?(S, F) means the space of square-integrable func-
tions from S to F) given by the formulas

1
(@4 fDn(xr, .o xn) = ;anx_ll(xl,-~~yxi—1,xi+1»-~7xn),

i=1
@ f)p(x1seoxn) = 0+ 1) fag1 (X1, Xns ).

It is straightforward to see that the operators a— and a are dual in the sense that
Jnnnt [ @ g o) )

=(n+ 1)!/S B for1(x1, - Xnp )@y 8) (X1, Xpg )Xy - dxp g,

or, in more concise notations,

/S (a—f)' . gV () = (f: (asg"Dr.

and that the product aa_ equals the so called number of particles operator N that
acts as (N f)n = nfy,. The operator —N clearly generates a semigroup in F given by
the formula (e ™V ), = e f,.

The isomorphism between the Fock space F and the space L?(Q2,0(W),P) al-
lows one to transfer the operators a+,a— and N from F to L?(Q2,0(W),P), where
they start playing a new role as the basic operators of the infinite-dimensional calcu-
lus of variations. The image of the annihilation operator a_ is called the Malliavin
derivative, and the image of the creation operator a_ is called the divergence opera-
tor, which turns out to represent a natural extension of the It stochastic integral. The
image of the semigroup e V7 is called the Ornstein—Uhlenbeck semigroup. For this
development we refer to books on Malliavin calculus, e.g. Nualart [257] or [258], see
also Applebaum [22].

2.11 Stationarity: OU processes and Holtzmark fields

Stationarity of a process, which means roughly speaking that its statistical charac-
teristics do not change in time, is a crucial property for practical applications, as it
allows one to estimate the parameters of the process by statistical methods applied to
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observed data evolving in time (time-series analysis). We give here only a basic defi-
nition and a couple of examples related to BM. One is the usual Ornstein—Uhlenbeck
(OU) process, and the other a less standard example of moving Holtzmark fields.

A process &; in R?, ¢t € R is called stationary in the narrow sense if E&; = 0 for
all ¢ and the covariance Cov(&;, ;1) does not depend on ¢ for s > 0.

Of course BM is not stationary. But can we make it stationary by an appropriate
change of time? More precisely, can we find monotone functions f : R — R4 and
g : R — Ry such that the process F; = g(t) By, is stationary? Assume f is
increasing. Since EF; = 0, we need to check only that

Cov(Fi Frys) = g(1)gt +5) f (1)

does not depend on ¢ for s > 0. Equivalently, this means that In g(¢) + Ing(¢t + s) +
In f(¢) is a function of s only. Differentiating with respect to ¢ leads to the requirement
that the derivative (In g)’(¢ + s) does not depend on s, which means that the function
In g(¢) is a constant. Hence there exists a € R such that

gty=e  f@t) =,

If @ = 1, the corresponding process F;y = e~ B,z is called the standard Ornstein—
Uhlenbeck (OU) process in R. It is clearly a stationary Gaussian process.

As another example of stationarity we consider a slightly more nontrivial process,
arising naturally from the Holtzmark distributions discussed in Section 1.5. At some
moment of time, let the points in R4 be distributed like a Poisson point process with
intensity A > 0, i.e. in any bounded measurable M C R¢ the number of points has the
Poisson distribution with parameter |M | (Lebesgue volume of M) and are indepen-
dently and uniformly distributed in M (see Section 1.5 for a particular construction
of this distribution and Chapter 3 for generalities). Each point acts on the origin with
force (1.36), that is

|—m—1

F(x) = yx|x

’

where d/m < 2. The total force equals the sum of forces arising from all points.
Assuming now that each point moves according to an independent BM, we get the
process ®; of the total force, which is zero mean, i.e. E®; = 0 for all ¢, and at each
time the distribution of ®; is the Holtzmark distribution described in Section 1.5.
Let us calculate the covariance matrix Cov(®; ®; ). Following the same approach
as in Section 1.5, and using the independence of all points that cancels the correlations
between different points, we can write (upper index stands for the coordinate)

xt(x/ —I—Btj)
|x|m+1|x+Bs|m+1’

Ajj(s) = Cov(®Ld], ) = Jim A|Vg|E

where the expectation arises from the uniform distribution of x in the ball Br and
an independent BM By in R?. Thus A;j(s) do not depend on ¢, as expected for a
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stationary process. It is easy to calculate this covariance. Namely, we have
- X/ +y7) »?
Aii(s) = A 2s)”4/? exp | — dxd
4() /de( T eyt P T [ Y

xizd |z — x|?
[Tz | p 2y

=A (27rs)_“’/2 }dx dz.
R2d

Choosing z/+/s and x/ /s as the new variables of integration, this rewrites finally as

Ajj(s) = Cijs~@m=D/2, (2.31)
where
i/ —A(2n)_d/2/ UGN (—|z — x[2/2V dx dz (2.32)
v R2d |x|m+1|Z|m+1 p : )

Exercise 2.11.1. Check that the constants C;; are finite for m < d < 2m. Hints:
(i) Condition m < d is needed to integrate the singularity at the origin.

(i) To estimate the integral for large x, z, return to the variables x, y = z — x and
decompose the domain of integration into the two parts, where |y| < |x|# for
sufficiently small 8 > 0 and otherwise.

Hence the covariance matrix A(s) of the stationary process ®; is finite for all s > 0
whenever m < d < 2m (which includes the classical case with d = 3,m = 2), and
has a power singularity as s — O.

Remark 14. A model of this kind can be used as an intermediate regime between
stationary (not moving) particles and very quick ones that are classical objects of
studies in plasma diagnostics; see e.g. Lisitsa [223].



Chapter 3
Markov processes and martingales

This chapter discusses the two broad classes of random processes, where we can han-
dle dependence well, that is martingales and Markov processes. Each lends itself to
widespread use in stochastic modeling. We start slowly with Lévy processes, which
are nothing else but spatially homogeneous Markov processes. More expanded intro-
ductions to the latter can be found e.g. in the recent books Applebaum [20], Kyprianou
[215] or Sato [289]. Then we describe in some detail analytic and probabilistic facets
or representations of Markov process. Interplay between these representations is cen-
tral to this book. Afterwards the theory of martingales and stopping times is devel-
oped, the crucial link with Markov processes being supplied by Dynkin’s martingales.
We then turn to the strong Markov property, and conclude with several basic examples
of the application of the methods developed to Brownian motion. Books on general
Markov processes and martingales are numerous. To mention but a few: Dellacherie
and Meyer [98], Chung and Walsh [87], Dynkin [106], Rogers and Williams [280],
[281], Sharpe [292], Harlamov [126], Doob [102], Liptser and Shiryayev [222].

3.1 Definition of Lévy processes

Here we introduce the basic definitions related to the notion of a Lévy process.

A process X = X; in ]Rd, t > 0, is said to have independent increments if for
any collection of times 0 < 71 < -++ < fp41 the random variables Xy, , — Xy,
Jj = 1,...,n are independent, and stationary increments if X; — X is distributed
like X;—s — Xo for any ¢t > s. A process X; is called stochastically continuous, or
continuous in probability, if X; converges to X in probability as t — s for any s, i.e.
ifVa>0,5s>0

lim P(| X; — X5| > a) = 0.
r—>s

A process X = Xy, t > 0, is called a Lévy process if Xo = 0 a.s., X has stationary
and independent increments and X is stochastically continuous.

If all other conditions are fulfilled, stochastic continuity is obviously equivalent to
lims—o P(|X¢| > @) = 0 for all a > 0. By Proposition 1.1.2, this is equivalent to the
weak continuity of X; at# = 0. By Glivenko’s theorem, this holds if the characteristic
function ¢y, (1) is continuous in ¢ for each u.

To check the independence of increments, one usually shows that for all s < ¢ the
random variable X; — X is independent of the o-algebra generated by all X, with
T <.
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An alternative version of the definition of the Lévy processes requires the a.s. right-
continuity of paths instead of stochastic continuity. At the end of the day this leads
to the same class of processes, because, on the one hand, a.s. right continuity implies
stochastic continuity (since convergence a.s. implies convergence in probability), and
on the other hand, any Lévy process as defined above has a right-continuous mod-
ification, as we shall see later. So we shall usually consider the right-continuous
modifications of the Lévy processes.

Of course, Brownian motion is a Lévy process.

Remark 15. Note that our definition of BM required only the independence of pairs
B; — By and By — B, for r < s < t. However since all distributions are Gaussian, a
stronger version of independence in above definition follows easily.

In order to reveal the structure of Lévy processes we shall now exploit their connec-
tion with infinitely divisible distributions, and consequently with the Lévy—Khintchine
formula.

Exercise 3.1.1. Let a right-continuous function f : Ry +— C satisfy f(tr 4+ 5) =
f()f(s) and f(0) = 1. Show that f(t) = e'® with some «. Hint: consider first
t € N, thent € Q, then use continuity.

Proposition 3.1.1. If X is a Lévy process, then X; is infinitely divisible for all t and
ox, (1) = e ywhere n(u) is the Lévy symbol of X :

) = 10,0 = 30,6+ [ 60 10 ), D). G

Proof. ¢x,,,(u) = ¢x,(u)éx, (u) and ¢x,(u) = 1. Hence by the previous exercise
ox, = exp{ta(u)}. But ¢y, = exp{n(u)}, by the Lévy—Khintchine formula (1.18).
O

It is worth noting that the mollifier 15, used in (3.1) can be replaced by any other
measurable bounded function y that equals one in a neighborhood of the origin and
decreases at least linearly at infinity. For instance, another popular choice is y(y) =
1/(1 4+ y?). The change of mollifier leads of course to a change in the drift b. If a
Lévy measure has a finite outer first moment, i.e. if fl yI>1 |y|v(dy) < oo, one can
clearly rewrite the characteristic exponent n without a mollifier (by adjusting the drift
b if necessary) in the form

n(u) :i(b,u)—%(u,Gu)+/Rd[ei(”’y)—l—i(u,y)]v(dy). (3.2)

Exercise 3.1.2. (i) Show that if ﬁy|>1 |y|kv(dy) < 00, then E|Yt|k = O(t) for
any integer k > 1 and small ¢.
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(i1) Let Y; be a Lévy process with the characteristic exponent of the form (3.2).
Show that

E(E +Y)? = (£ +1b)* + t(trG + /yzv(dy)) (3.3)

for any & € R,
Hint: use characteristic functions.

A Lévy process X; with characteristic exponent
1
() =i(b,u) — 5 (u. Gu) (3.4)

(where G is a positive definite d x d-matrix, b € R4 ) and with a.s. continuous paths
is called the d-dimensional Brownian motion with covariance G and drift b. Recall
that it is called standard if G = I, b = 0. Clearly if B; is standard BM, then
B,G’b = bt + /G B; is BM with covariance G and drift b.

3.2 Poisson processes and integrals

This section is devoted to Poisson random measures, compound Poisson processes
and related integration.

Apart from BM, another basic example of a Lévy process is the Poisson process of
intensity ¢ > 0, defined as a right-continuous Lévy process N; such that each random
variable N; is Poisson with parameter fc. We shall give two constructions (and thus
two proofs of the existence) of a Poisson process.

The first method will be based on the notion of a Poisson random measure, which
we introduce now and which plays a crucial rule also in the theory of the general Lévy
processes.

Let i be a o-finite measure on a metric space S (we need only the case of S a Borel
subset of R9). A random measure on S, i.e. the collection of random variables ¢(B)
parametrized by Borel subsets of S and such that ¢ (B) is a measure as a function of B,
is called a Poisson random measure with intensity measure i if each ¢(B) is Poisson
with parameter p(B) whenever u(B) < oo and ¢(Bq),...,¢(By) are independent
whenever By, ..., B, are disjoint.

As it is often more convenient to work with centralized distributions, one defines the
compensated Poisson random measure by ¢(B) = ¢(B) — iu(B), i.e. by subtracting
from each ¢ (B) its mean. Clearly the (random) integrals of (deterministic) functions
with respect to a compensated Poisson measure (defined in the sense of Lebesgue)
always have zero mean.

Proposition 3.2.1. For any o-finite measure |1 on a metric space S there exists a
Poisson random measure with intensity |L.
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Proof. First assume that u is finite. Let &1,&5,... be a sequence of i.i.d. random
variables with the common law w /| 1t]|, and let N be a Poisson random variable with
intensity | x|l independent of the sequence &;. Then the random measure

N
= Z 8§j
j=1

(where 8, denotes as usual the Dirac point measure at the point x) is Poisson with
intensity . In fact, v(B) counts the number of points £; lying in B, and its charac-
teristic function is

o0

n=0

Eexplip[1g(§1) +--- + 1) JP(N = n)

e

3
Il
S

Eeia@yn I
n!

e

n=0
T, B B)1" n .
n=0 :

which is the characteristic function of a Poisson random variable with parameter
w(B). Similarly, one shows that

k
EeiP1V(BD)++ipcv(Bk) _ 1‘[ exp{(e'?/ — 1)u(Bj)}
j=1

for disjoint collection of sets B;, showing the required independence of v(B;).
Assume now that p is o-finite, so that there exist disjoint sets {A4; };";1 such that

S=U i Aj and n(A4;) < oo for every j. If ¢, are independent Poisson random

measures with the intensities 14, i, then ¢ = Z;‘;l ¢; is a Poisson random measure

with intensity p. m|

Corollary 8. A Poisson process of any given intensity ¢ > 0 exists.

Proof. Let ¢ be a Poisson random measure on R with the intensity being Lebesgue
measure multiplied by ¢. Then Ny = ¢([0,¢]) is a Poisson process with the inten-
sity c. O

Alternatively, Poisson processes can be obtained by the following explicit construc-
tion. Let 71, 72, ... be a sequence of i.i.d. exponential random variables with parame-
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terc > 0,i.e. P(t; > 5) = ¢~ %, s > 0. Introduce the partial sums S, = t1+---+15.
These sums have the Gamma (c, n) distributions

Cn

(n—1)!

(which follows by induction, observing that the distribution of S, is the convolution
of the distributions S,—; and 7). Define N; as the right-continuous inverse to S,
that is

P(S, € ds) = s" e dg

Ny =sup{n e N : S, <t},
so that P(S; <t) = P(N; > k) and
P(N; =n) =P(S, <t,Sp41>1)

— /t c" Sn—le—cse—c(t—s) ds = e ¢t (C[)n_
o (m—=1) n!

Exercise 3.2.1. Prove that the process N; constructed above is in fact a Lévy process
by showing that

P(N¢yr — Ny > n, Ny = k) = P(N; > n)P(N; = k) = P(S, <r)P(N; = k).
3.5)
Hint: take, say, n > 1 (the cases with n = 0 or 1 are even simpler) and observe that
the Lh.s. of (3.5) is the probability of the event

(Sg <t,Skq1 >t Spqx <t +r)
=Sk =511 =T>1 =8 S4k —Skt1 =v =0 +71)— (s + 7)),

so that by independence the 1.h.s. of (3.5) equals

t ck o (t+r)—(t+s) o1
/ sk=1e=es gy / ce “Tdt / V"2V gy,
o (k—=1)! 1—s 0 !

which changing t to T 4 s and denoting it again by t rewrites as

t ck o) t+r—t Cn—l
/ sk—1 ds/ ce “T dr/ "2 du.
o (k—1)! ‘ 0 (n—2)!

By calculating the integral over ds and changing the order of v and t this in turn
rewrites as

k r .n—1 t+r—v
ct
G / ¢ 2T dv/ ce “Tdr
K)o =2 .

—ct(Ct)k r Cn—l
k' Jo (n—2)!

vn—Z(e—cv _ e—cr) dv.
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It remains to see that by integration by parts the integral in this expression equals

r o
/ Sn—le—cs ds,
0 (I’l — 1)'

and (3.5) follows.

Exercise 3.2.2 (Law of large numbers for Poisson processes). Prove the law of large
number for a Poisson process N; of intensity c¢: N;/t — ¢ a.s. as t — oo. Hint:
use the construction of N; given above and the fact that S,/n — 1/c asn — o0
according to the usual law of large numbers.

The next exercise shows that the standard Stieltjes integrals of the right and left
modifications of a process should not coincide.

Exercise 3.2.3 (Poisson integrals). Recall first that right-continuous functions of
bounded variation on R4 (or equivalently the differences of increasing functions)
are in one-to-one correspondence with signed Radon measures on R according to
the formulas f; = w([0,1]), u((s,t]) = f¢ — fs, and the Stieltjes integral of a locally

bounded Borel function g
t
/ gsdfs = / gs dfs
0 (0,7]

s

is defined as the Lebesgue integral of g with respect to the corresponding measure
. Let N; be a Poisson process of intensity ¢ > 0 with respect to a right-continuous
filtration ;. Show that

! 1 t 1
/ Nsts = _Nt(Nt + 1)7 / Ns—st = _Nt(Nt - 1)
0 2 0 2

(integration in the sense of Stieltjes).

The rest of this section is devoted to compound Poisson processes and related inte-
gration. Let Z(n), n € N, be a sequence of R?-valued i.i.d. random variables with
law wz. The compound Poisson process (with distribution of jumps |tz and intensity
A) is defined as

Y = Z(1) 4+ Z(Ny), (3.6)

where N; is a Poisson process of intensity A. The corresponding compensated com-
pound Poisson process is defined as

Y, =Y —tAE(Z(1)).

From (1.17) it follows that Y; is a Lévy process with Lévy exponent

ny () = / (@@ 1)z (dy) 3.7)
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and Y; is a Lévy process with Lévy exponent
7 ) = [ =1 iGu )iz (). (33)

Remark 16. To check the stochastic continuity of Y;, one can write
o0
P(|Y:| > a) =) P(Z(1) + -+ Z(n)| > a)P(N; = n)
n=0

and use dominated convergence. Alternatively, this follows from the obvious right
continuity of Y;.

Consequently

. d
Var(Y;) = EY? = -
u

B g0 =t [Yauzdy). (39
0

u=

Let Y; be the compound Poisson process (3.6). This process specifies a Poisson
random measure on Ry x R< by the following prescription. N((s, 7] x A) is defined
as the number of jumps

AY[k = Ytk — Ytk_ = Z(k)

of the processes Y; of size Z(k) € A that occurred in the interval (s, ¢]. In other words,
N(dt dx) is the sum of Dirac delta masses at the points 7 x Z (k) (and there are a.s.
only finite number of them in any compact set), so that for a bounded measurable f
on R4 x R

/Ot/f(s,z)N(ds dz) =Y f(ti. Z(i)). (3.10)

ti<t

If f does not depend explicitly on ¢ one can write also

/0 t / f(s,2)N(dsdz) = / f(2)N(t, dz),

where

N(t. A) =/Ot/AN(dsdx)

is a random measure on R? for any fixed ¢. In particular,

Y; =/OZ/ZN(dst) =/ZN(l,dZ).

By Proposition 3.2.1, the measure N(¢, dz) is a Poisson measure on R4 with intensity
Atiz. Moreover, as one proves in the same way as Proposition 3.2.1, N(dt dz) is a
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Poisson measure on R4 x R4 with intensity the product of the Lebesgue measure on
R4 and Apz on R,

Corresponding compensated Poisson random measure N is

N ((s.1] x A) = N((s, 1] x A) — A(t —s)puz(A),
so that for a bounded measurable f(s, y) on Ry x R¥,

/Ot/f(s,Z)N(dS dz) = /Ot/f(s,Z)N(dsdz)—A/()t/f(s’y)dsﬂz(dy)_

In particular,
t
Y, :/ /zN(dsdz).
0

Let us stress again that the integrals with respect to a compensated Poisson measure
have zero mean, implying that

E /0 t [ reonasan =2 [0 t | 76 3)dszan)

(whenever the r.h.s. is well defined) and consequently that

d t
EE /0 / f(s.2)N(dsdz) = A / S, y)pnz(dy)

when f depends continuously on s.

(3.11)

The following important statement is a direct consequence of the fact that N(dt dz)
is a Poisson measure.

Proposition 3.2.2. Let Y; be a compound Poisson process with Lévy exponent

ny () = / ()~ 1)u(dy)

for some bounded measure v on R4, and let R? be decomposed into the union of k
non-intersecting Borel subsets Ay,

., Ag. Then Y; can be represented as the sum
Y = Yzl + -+ Y,k of k independent compound Poisson processes with Lévy expo-
nents

n’y'(u>=fA ™) —u(dy). j=1... .k
J

Clearly for a measurable bounded f on R the process

/O l [ rewasan = [ rone.

=Y f(Z@) = f(ZW) + -+ f(Z(Ny))
i<t
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is a compound Poisson process with distribution of jumps f(Z(i)) given by the prob-
ability law

n(A) = pz(f 7N (A) = uziy s f() € 4},
which is the push forward of pz by the mapping f. The corresponding compensated
process is given by

t ~
[ [ rofasan = ¥ rzin - ks,
ti <t
In particular, as follows from (3.9),

2

Var ( / f(z)N(tdz)) :E' / f(2)N(t dz)

=0 [ vl =i [ Pouzan. G

For a process X; let a nonlinear random integral based on the noise d X; be defined
as a limit in probability

n

t
| raxo = tmo S G -Xen) G13)

max; (§; +1—5;)—0 P

(the limit is over finite partitions 0 = s9 < §7 < .... < §, = ¢ of the interval
[0,¢]). In particular, fot (dYs)? is called the quadratic variation of Y . More generally,

fé (dYs)P is called the p-th order variation of Y .

Exercise 3.2.4. Let Y, Y , N, N be as above. Show that

(i) if the integral (3.13) is defined (as a finite or infinite limit) for X = Y and a
measurable f (in particular this is the case for either bounded or positive f),
then

/ £y, = / / FEN@sdz) = f(ZA) + -+ FZND): (B.14)
0 0

in particular, the quadratic variation of a compound Poisson process equals the
sum of the squares of its jumps;
(i) if f € CY(R?), then
t _ t
| rato= [ [ renara: - 0.8z (3.15)
0 0

t
- /0 / FEN (At dz) + (AES(Z () — (V £(0). EZ(D)].
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Hint: since the number of jumps of Y (7) is a.s. finite on each finite time interval,
for partitions with small enough max; (s;+1 — §;), any interval s;4+1 — s; will contain
not more than one jump, implying that fé £(dY) will equal fot f(dY) plus the limit
of the sums > 7_; f(=AEZ(1)(si+1) — (5i))).

3.3 Construction of Lévy processes

Here we explain the basic construction of the Lévy processes, revealing the celebrated
Lévy-Ito6 decomposition that presents an arbitrary Lévy process as the sum of a scaled
BM, a compound Poisson process and a centered Lévy process with bounded jumps
and moments.

By AX; = X; — X;— we shall denote the jumps of X;.

Theorem 3.3.1 (Lévy-It6 decomposition and existence). For any function n(u) of
form

) = 1.0 = 5060 + [ 10 <1 =i g () G168

(where of course v is a Lévy measure and G is a non-negative matrix), there exists a
Lévy process X; with characteristic exponent 1. Moreover, Xy can be represented as
the sum of three independent Lévy processes X; = X} + X2 + X2, where X} is BM
with drift specified by Lévy exponent (3.4),

X7 =Y AXiljax, -1

sS<t

is a compound Poisson process with exponent
= [ - 1@y (3.17)
R4\ By
obtained by summing the jumps of X; of size exceeding 1, and X ,3 has exponent
120 = [ 1~ 1= i (@)
B

and is the limit, as n — oo, of compensated compound Poisson processes X t3 (n) with
exponents

B = [ @ @ - [ @, @)
Bl\Bl/n Bl\Bl/n
The process X t3 has jumps only of size not exceeding 1 and has all moments E| X z3 |'?
finite, m > 0.
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Proof. 1If X i j=1,2,3, are independent Lévy processes, as described above, then
their sum is a Lévy process with exponent (3.16). Since we know already that the
processes X1 and X, exist (they are BM with a drift and a compound Poisson process),
we only have to show the existence (and the required properties) of the process X3
with exponent 73.

To show the existence of X ,3 one needs to show the existence of the limit of the
compensated compound Poisson processes X (n) with exponents (3.18). To this end,
let Y, ll, Ytz, ... be independent compound Poisson processes (defined on the same
probability space) with intensities

en = / v(dy)
271 <ly|<2—n=D

and distributions of jumps given by the laws

1
— 11 r—-01(¥)v(dy)
Cn

(for the probability space one can take, say, a product of probability spaces where Y
are defined). Then
Z;l = Ytl + -4 Ytn

are again compound Poisson processes, with intensities

oy = / v(dy)
27<|y|<1

and distributions of jumps given by the law

1
—1(2—",1]()’)‘)(61)’)-
Zn

The compensated Poisson processes

zi—zp-t | yu(dy)
27 <|y|<1

clearly have Lévy exponents (3.18) (i.e. they are versions of processes X (1) defined
on the same probability space).
Now
n . .
Z;’—Z;” = Z (YZJ —f’t]), n>m,
j=m+1
are again compound Poisson processes, so that by (3.9)

Var(z} = Z7) = B2} 27 =1 | ey PV,
“r<lyl=27tm
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implying that the sequence of random variables Z} is Cauchy in the L?-sense for
any ¢ (as [ y?v(dy) < o0o) and hence has a limit. However, one needs slightly
more, namely convergence of the distributions on paths. From the above estimate
for Var(Z" — Z™) one obtains

1
E/ |Z!—Z™M 2 ds < t/supE|Z;1—Z§"|2 <tE(Z'-Z"™? >0, m,n— oo,
0

s<t

implying the existence of a limit with respect to the norm (E fé Y52 ds)'/2. The
limiting process is stochastically continuous, because the characteristic function de-
pends continuously on ¢.

Finally, the moments of X t3 are given by

EIX [P = ] exp {t Bl[e"“’y)—1—i(u,y)]v(dy)},

u=0

so that

E|X?? = /B Iy Po(dy)
1

and (as follows by induction)
BIGP = [ P fa. k=12
B

with constants ¢ depending on the moments | B, |V "v(dy), 1 <2k —1. |

Remark 17. The above proof does not yield a cadlag modification for the limiting
process. The simplest way to obtain this is via martingale methods reviewed later
in Section 3.9. These methods can be used in a variety of ways. For instance, from
the regularity of martingales one can conclude that the limiting process X t3 (which
is obviously a martingale as L, limit of martingales X7) has a cadlag modification.
Alternatively, one can exploit the Doob maximum inequality. Namely, applying it to
the martingales Z} yields the estimate

Esup|Z" — Z™|? <4E|Z} — Z"™*> >0, m.n — oo,
s<t
and hence the processes Z ¢ converge with respect to the norm (E sup,, || ¥s (%12,
This convergence clearly preserves cadlag paths (each Z” has cadlag paths as a com-
pensated compound Poisson process), implying that the limiting process is cadlag.

Remark 18. Later on, we shall give an alternative proof of the existence of (right-
continuous modification of) a Lévy process with given exponent by a more general
procedure (applied to all Feller processes) in three steps:
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(i) building finite-dimensional distributions via the Markov property,
(i1) using Kolmogorov’s existence of a canonical process,

(iii) defining a right-continuous modification by martingale methods.

Corollary 9. The only continuous Lévy processes are BM with drifts or deterministic
processes (pure drifts).

Corollary 10. For any collection of disjoint Borel sets A;, i = 1,...,n not contain-
ing zero in their closures the processes

XM =3 AXdax,eq,

s<t

are independent compound Poisson process with characteristic exponents
) = [ (@) = Doay), (3.19)
Aj

and X —Z}’zl X tA ’"is a Lévy process independent of all X A/ with Jjumps only outside
Uj Aj. Moreover, the processes N(t, A;) that count the number of jumps of X; or

X tA "in A; up to time t are independent Poisson processes of intensity v(A;).

Corollary 11. The collection of random variables N((s,t], A) = N(t, A) — N(s, A)
(notations from the previous corollary) counting the number of jumps of X; of size A
that occur in the time interval (s, t] specifies a Poisson random measure on (0, 00) X
(R9 \ {0}) with intensity dt & v.

The following corollary shows that one can extend the integral (3.11) to the case of
the Poisson random measure with unbounded intensity arising from a Lévy process.

Proposition 3.3.1. Ler f(x)/| x| be a bounded Borel function and N be a Poisson
random measure from Corollary 11 with the corresponding compensated measure
defined by

N((s.1], A) = N((s.1], A) —EN((s,t]. A) = N((s.1], A) — (¢ —s)/Av(dy)

for the Borel sets A bounded below. Then the integral

t
N(dsdx) = Na.d
/Of{lel}f(x) (dsdx) /{|x|51}f(x) (t,dx)

is well-defined as the L>-limit of the approximations

/ot /{E<|x|51} f(x)N (dsdx)
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in the sense of the Hilbert norm (E sup,, |Zs[2)1/2

with Lévy exponent

, and represents a Lévy process

7 () = / [ 1 i, )1, ) (dy)

- [| T i, SO, (3.20)
yi=

where v/ is the push forward of v by the mapping f. Finally,

! t
N (dsd S (dsd
([ [ st [[ [ sosisin)

=Z/ Ff()gx)v(dx). (3.21)
{Ix|=<1}

Proof. By (3.12), one has for the difference between two approximations that

t 2
V (dsd - 2 d).
E(/O /{€]<|x|562} f(x)N(ds x)) t/{€]<|x|562}f (x)v(dx)

implying the L?-convergence uniformly for bounded ¢ and (3.21) for f = g. The
required stronger convergence is obtained as in the proof of the above theorem by
Doob’s maximum inequality. The form of the limiting exponent is straightforward
from the exponents of the approximating compound Poisson processes. Finally, equa-
tion (3.21) is obtained by differentiation of the characteristic function of the Lévy
process

/ / (af(x) + bg(x))N (dsdx). O
0 Jix|<1}

One can also define the nonlinear random integral fé f(dX32) as a limit of the
integrals over the Poisson processes fé fdx S3 (n)) described in Exercise 3.2.4.

Exercise 3.3.1. Deduce from (3.15) that if f € C2(R?), then
t t
| raxd = pim [ axion
0 n—o0 Jo

= [ R+ [ [0 - @ @y, 62
|x|<1} B
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3.4 Subordinators

We introduce here the non-decreasing Lévy processes with values in R, called sub-
ordinators. Their applications in stochastic analysis are numerous. Most importantly
they are used as random time changes. In Chapter 8 we shall use their inverses as a
time change.

Theorem 3.4.1. A real-valued Lévy process X; is a subordinator if its characteristic
exponent has the form

n(u) = ibu + /oo(e""y — Dv(dy), (3.23)
0

where b > 0 and the Lévy measure v has support in R and satisfies the additional
condition

1
/ xv(dx) < oo. (3.24)
0

Moreover

X, =th+ Y (AXy).

s<t

Proof. First, if X is positive, then it can only increase from Xo = 0. Hence by the
i.i.d. property it is a non-decreasing process and consequently the Lévy measure has
support in R4 and X contains no Brownian part, e.g. A = 0 in (3.16). Next,

D (AX)Lx <1 = ) |AX [ x, <1 < X2,
S<t sS<t

where the notation X t3 is taken from Theorem 3.3.1, implying (by Theorem 3.3.1, X t3
has finite moments) that

E) (AX)lx, <1 <EX} < oco.

s<t
But .
B Y (Xl 1 = lim E Y (AX0ecir o = [ xv(av),
s<t s<t
implying (3.24). m|
Clearly for a subordinator X; the Laplace transform is well-defined and
Ee Xt = exp{—1®(1)}, (3.25)
where
o0
D(A) = n(id) = —bA +/ (1—e*)(dy) (3.26)
0

is called the Laplace exponent or cumulant.
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A subordinator X; is called a one-sided stable process or one-sided stable Lévy
motion if to each a > 0 there corresponds a constant b(a) > 0 such that a X; and
Xtb(a) have the same law.

Exercise 3.4.1 (Exponents of stable subordinators). 1. Show that b(a) in this def-
inition is continuous and satisfies the equation b(ac) = b(a)b(c), hence deduce
that b(a) = a® with some o > 0, called the index of stability or stability expo-
nent.

2. Deduce further that ®(a) = b(a)®(1), and hence
Ee %Xt = exp{—tru®} (3.27)

with a constant > 0, called the rate. Taking into account that ® from (3.26) is
concave, deduce that necessarily @ € (0, 1).

© _ dy r'ia—ow
uy o
/(; (1-e )yH—a o u

3. From the equation

that holds for o € (0, 1), deduce that stable subordinators with index « and rate
r described by (3.27) have the Laplace exponent (3.26) with Lévy measure

__wr —(1+a)
v(dy) = my . (3.28)

Stable subordinators represent a particular case of a class of Lévy processes called
stable Lévy motions. A comprehensive presentation of this class is given in Samorod-
nitski and Taqqu [288]. The importance of these processes is due to the fact that these
processes describe the limits of homogeneous random walks.

For simplicity, in dimension d > 1 we shall work mostly with symmetric stable
Lévy motions, defined via their exponents of the form

1) = — / 60 )*u(ds), € (0.2),

where p is an arbitrary centrally symmetric Borel measure on .S d=1 or simply
n(u) = —oful”

with a constant o in case of the uniform . Scaling properties of their distributions
and the connection with the Lévy—Khintchine representation were discussed in Sec-
tion 1.4. The properties of the corresponding stable densities

S(x,a,01) = / exp{—ot|p|*}e™P* dp (3.29)
R4

1
(2n)4

will be studied later.
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3.5 Markov processes, semigroups and propagators

In this section we introduce Markov processes, the main object of analysis in this
book. We also discuss various formulations of Markovianity and the fundamental
connection with the theory of semigroups.

Let us start by defining transition kernels. A transition kernel from a measurable
space (X, ¥) to a measurable space (Y, %) is a function of two variables u(x, A),
x € X, A € §, which is ¥ -measurable as a function of x for any A and is a measure
in (Y, §) for any x. A transition kernel is said to be bounded if sup, ||p(x,.)|| < oo.
It is then called a transition probability kernel or simply a probability kernel or a
stochastic kernel if all measures j(x, .) are probability measures. In particular, a ran-
dom measure on a measurable space (X, ¥) is a transition kernel from a probability
space to (X, ). We shall distinguish also the Lévy kernels from a measurable space
(X, F) to R?, which are defined as above, but with each (x,.) being a Lévy mea-
sure on R, i.e. a (possibly unbounded) Borel measure such that (x, {0}) = 0 and
[ min(1, y?)p(x,dy) < oco. In Section 9.1 we shall extend the notion of a kernel to
complex measures.

The following definition is fundamental. An adapted process X = X; on a filtered
probability space (2, ¥, F;, P) with values in a metric space S (our main example is
S = R9) is said to satisfy the Markov property, if

E(f(X)|Fs) = E(f(X0)|X;)  as. (3.30)

forall f € B(S),0 < s < t. If the filtration is not specified one means the filtration
generated by the process itself.

For instance, a deterministic curve X; in S enjoys this property.

Let us define a Markov process in S as a family of processes X;**, 1 > s > 0,
depending on s € R* and x € S as parameters (starting point x at time s) if there
exists a family of probability kernels ps;(x, A) from S to S, ¢ > s > 0, called
transition probabilities, such that

E(f(X])| %) = E(f(X )X = /S SO pur (X", dy) as.  (3.31)
forall f € B(S),0 <s <u <t. The operator
& f(x) = /S SO psa(x. dy) (3.32)

from the r.h.s. of (3.31) is called the transition operator of the Markov process X;**.
Of course, transition probabilities are expressed in terms of the transition operators as

Psa(x, 4) = (O™ Ly)(x).
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One can also start this process from any initial law p by defining
XM= / X5 u(dx).
S

To shorten the formulas, the upper indices for X;** are often omitted if their particular
values are not relevant.

A Markov process is called (time) homogeneous if ' and py;(x, A) depend on
the difference 7 —s only. If this is the case we shall write ®;_ for ®** and p;_s(x, A)
for psr(x, A).

Theorem 3.5.1. Any Lévy process X (e.g. Brownian motion) is a time-homogeneous
Markov with respect to its natural filtration. Moreover

BUCOIT) = [ f(X+ 2 pimstd) (3.33)
for f € BR?),0 < s < t, where p; is the law of X;.

Proof. By the properties of conditioning (see formula (1.12))
E(f(X)IF¥) = E(f(X: — X; + X,)|F) = G (Xy).

where
Gr(y) = E(f(Xs = Xs + 1)) = E(f (Xs—s + ) = / £+ ) pi—s(d2).

and (3.33) follows. Similarly the r.h.s. of (3.31) equals the r.h.s. of (3.33) implying
(3.31) with respect to the filtration 37tX . O

A Lévy process X; on a probability space (2, ¥ ,P) equipped with a filtration
Fr is called an F;-Lévy process if it is F;-adapted and the increments X; — X are
independent of ¥ forall 0 < s < ¢.

Let us point out some properties of the transition operators ®**/. For this purpose
it is convenient to introduce the general concept of a Markov propagator.

A linear operator L on a functional space (e.g. B(S) or C(S)) is called positive
if f >0 = Lf > 0. Recall that a linear contraction is a linear operator in a
Banach space with a norm not exceeding 1. A backward propagator (respectively a
semigroup) of positive linear contractions in either B(S), or C(S), or L, (R?) is said
to be a sub-Markov backward propagator (resp. a sub-Markov semigroup). It is called
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a Markov backward propagator (resp. a Markov semigroup), if additionally all these
contractions are conservative, i.e. they take any constant function to itself.

Theorem 3.5.2. The family of the transition operators ®*' of a Markov process in S
defined by (3.32) forms a Markov propagator in B(S). In particular, if this Markov
process is time-homogeneous, the family

®; f(x) = Ex f(X:) (3.34)
forms a Markov semigroup.

Proof. Only the propagator equation (1.77) is not obvious. But by (3.30)

"™ f(x) = E(f(X0)|Xr = x)
= EE(f(X)|F)|Xr = x) = EE(f (X)) Xs)|X; = x)
= E(®" f(Xs)|Xr = x) = (@"(D™ f)) (). m

A Markov process in R¢ is said to have transition densities whenever the measures
Ds,:(x,.) have densities, say ps,;(x, y), so that ps;(x, A) = fA psi(x,y)dy.

Proposition 3.5.1 (The Chapman—Kolmogorov equation). If X is a Markov process,
then for any Borel A

Pri(x, A) = /Sps,t(y’ A)Pr,s(xde)-

Proof. Apply the propagator equation ®"*®%! = ®" to the indicator function 14.
O

If a Markov process in R4 has transition densities, the Chapman—Kolmogorov
equation clearly rewrites as

pro(.2) = [ prsr »puay.2)dy.

A family of probability kernels {ps; : 0 < s <t < oo} from S to § is called a
Markov transition family if the Chapman—Kolmogorov equation hold.

Theorem 3.5.3 (Markov property in terms of transition families). A process X is
Markov with a Markov transition family ps; if and only if for any 0 = tg < t; <
.... <t and positive Borel f;,i =0, ...k,

k
BT A1) = fotxo) [ oy Gcodr) fi) -+ [ pucya (et dxe) fw)
i=0
(3.35)
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Proof. Let X be Markov with Markov transition family pg ;. Then

k k—1
E[T /iXe) = B( [T (X0 Ei(X i)
i=0 i=0

k—1
= EB( [T A" fe(Xy, )
i=0

k—1

:E(l_[ fi(Xz,-)/sz_l,tk(th_ladxk)fk(xk))»
i=0

and repeating this inductively one arrives at the r.h.s. of (3.35). Conversely, since F;
is generated by the sets ]_[f-czl le,- €d;» 1 < -+ < Ix < s, and taking into account
(3.32), to prove that X is Markov one has to show that forany 1} < --- <1t <s <t
and Borel functions fy,..., fi, &

k k
([ AiXag(xn) =E( [ fixa) e g(xn).
i=0 i=0

But this follows from (3.35). O

When a kernel is given, we can naturally define the process X; = X ;) H started
from any probability law p via its distributions given by the equation

k
E,[] /X0 = /H(dXO)fO(XO)/pO,ll(-x()vdxl)fl(-xl)“'
i=0

X /ptk_l,zk (Xk—1,dxg) fre(xk)- (3.36)

Theorem 3.5.4 (Existence of Markov processes). Let {ps; : 0 < s <t < oo} be a
transition family and @ a probability measure on a complete metric space S. Then

there exists a probability measure P on the measure space S R+ equipped with its
canonical filtration ?,0 = o(Xy : u < t) generated by the co-ordinate process X;
such that the co-ordinate process X; is Markov with initial distribution v and Markov
transition family ps ;.

Proof. On cylinder sets, define

Pto,t1,...otn (Ag x Ay x -+ x Ay)

=/ M(dxo)/ Po,n(xoydxl)/ Dty (X1.dx2) -+
AO A1 A2

X /A Dty tn (Xn—1,dxp). (3.37)
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The Chapman—Kolmogorov equation implies consistency, which implies (Kolmogo-
rov’s theorem) the existence of a process X; with such finite-dimensional distribu-
tions. Clearly X has law pu and X; is adapted to its natural filtration. Theorem 3.5.3
ensures that this process is Markov. m|

A Markov process constructed in the above theorem is called the canonical process
corresponding to transition family p; ;.

Remark 19. It is important to stress that canonical Markov processes built from the
same transition family but with different initial points live on different probability
spaces (even if you combine the underlying measurable spaces for processes start-
ing at various points in a common joint space of all paths, the probability measure
would be different). Hence it makes no sense to compare the trajectories X;* starting
at various points x, say, the expression E| X} — X7 | is not defined. This constitutes a
crucial difference with the case of Lévy processes, where trajectories starting at var-
ious points are deterministically related (they are linked by a shift). A big advantage
of constructing Markov processes via SDE driven by a certain given process of noise
lies mostly in the fact that such a construction yields a natural coupling for trajectories
with different initial data.

Remark 20. It is natural to ask when a Markov propagator gives rise to a Markov
process. Let us recall that a sequence of measurable functions f;, is said to converge
to a function f, as n — o0, in bp-topology (bp stands for bounded pointwise) if
the family f, is uniformly bounded and f,(x) — f(x) for any x € S. One easily
sees that a positive linear functional F on B(S) is given by an integral with respect
to a measure if and only if it is bp-continuous (bp-continuity allows one to obtain
the o-additivity property of the corresponding function F(14) on the Borel subsets
A € B(S)). Consequently, a Markov backward propagator ®*-' in B(S) is given by
equation (3.32) with a certain Markov transition family py, if and only if the linear
functionals f + (®%! f)(x) are bp-continuous.

Exercise 3.5.1. Assume X is a canonical Markov process and Z is a 2 -measurable

bounded (or positive) function on (Rd )R+ Then the map x — Ex(Z) is (Borel)
measurable and

E,(Z) = / v(dx)Ex(2)

for any probability measure v (initial distribution of X'). Hint: extend by the monotone
class theorem from the mappings Z being indicators of cylinders, for which this is
equivalent to (3.37).

Theorem 3.5.5 (Markov property via shifts). The coordinate process on ((Rd)ﬂ?ﬂ
FOP) is Markov <= for any bounded (or positive) random variable Z on (RE)R+
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every t > 0 and a initial measure v
E,(Z 0 6;|F°) = Ex,(Z) Py-as.,
where 0 is the canonical shift operator Xs(0;(w)) = Xi45().
Proof. One needs to show that
E,((Z 0 6,)Y) =E,(Ex, (2)Y)

for arbitrary ?,O—measurable r.v. Y (see (1.11)). By the usual extension arguments it
is enough to do it for ¥ = [*_, f;(X,,) and Z = [17=1 8/ (Xs;), where ; < ¢ and
/i, g; are positive Borel. Thus one has to show that

([T & (o0 I fiXe)) = Eu (Ex, ( H g (Xs) ﬁ fiXe))-

j=1 i=1 j=1 i=1

But the L.h.s. equals

E, (E(,lj &/ (Xs, )| 77) ﬁ fiXn)).

i=1

which coincides with the r.h.s. by the homogeneous Markov property. m|

3.6 Feller processes and conditionally positive operators

In this section we introduce Feller processes and semigroups, stressing the interplay
between analytic (semigroups as solutions to certain evolution equations) and proba-
bilistic (semigroups as expectations of averages over random paths) interpretations.

A strongly continuous semigroup of positive linear contractions on Cso(.S), where
S is a locally compact metric space, is called a Feller semigroup.

A (homogeneous) Markov process in a locally compact metric space S is called a
Feller process if its Markov semigroup reduced to C () is a Feller semigroup, i.e.
it preserves Coo(.S) and is strongly continuous there.

Theorem 3.6.1. For an arbitrary Feller semigroup ®; in Coo(S) there exists a
(uniquely defined) family of positive Borel measures p;(x,dy) on S with norm not
exceeding one, depending vaguely continuous on Xx, i.e.

Jim [ F0Ipindn) = [ SOy, S € CoS),

and such that

B, f(x) = / peGeudy) f(9). (3.38)
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Proof. Representation (3.38) follows from the Riesz—Markov theorem. Other men-
tioned properties of p;(x, dy) follow directly from the definition of a Feller semi-
group. m|

Formula (3.38) allows us to extend the operators ®; to contraction operators in
B(S). This extension clearly forms a sub-Markov semigroup in B(S).

Let K1 C K, C --- be an increasing sequence of compact subsets of S exhausting
S,ie. S =, Kn. Let y, be any sequence of functions from C.(S) with values
in [0, 1] and such that y(x) = 1 for |x| € K. Then for any f € B(S) one has (by
monotone or dominated convergence)

B, f(x) = / peCeady) ()

= Jim [ (. dn 0 10) = im @M G39)

(for positive f the limit is actually the supremum over 7). This simple equation is
important, as it allows one to define the minimal extension of ®; to B(S) directly via
®; by-passing the explicit reference to p;(x, dy).

Theorem 3.6.2. If ©; is a Feller semigroup, then uniformly for x from a compact set
lim &, f(x) = f(x), feCRY),
1—0

where ®; denote the extension (3.39).

Proof. By linearity and positivity it is enough to show this for 0 < f < 1. In this
case, for any compact set K and a nonnegative function ¢ € Cx (Rd) that equals 1
in K
(f =@ )k = (f¢ — :(f )1k,
and similarly
(I—=f == fNIx = (A= )¢ — D:((1 = f)¢)1k.
The second inequality implies
(@1 f — )lg = (P 1 -1+1—f—0((1 - f)P))1k
= (A=) —2((0 - fH)lk.

Consequently

|f =@ fllk = |fo—P:(fP)lk + (1 = [l — @:((1 — f)) 1k,

which implies the required convergence on the compact set K by the strong continuity
of ® t- O
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Corollary 12. If ® is a Feller semigroup, then the dual semigroup ®; on M(X) is a
positivity-preserving semigroup of contractions depending continuously on t in both
vague and weak topologies.

Proof. Everything is straightforward from definitions except weak continuity, which
follows from the previous theorem, since

([ @i —p) = (P f — fipn)
- / (@ f — /)p(dx) + f (@ f — 1)),
[x|<K |x|>K

and for f € C(R?) the second integral can be made arbitrarily small by choosing
large enough K, and then the first integral is small for small # by Theorem 3.6.2. O

A Feller semigroup ®; is called conservative if all measures p;(x,.) in the repre-
sentation (3.38) are probability measures, or equivalently if the natural extension of
®; to B(S) given by (3.39) preserves constants and hence forms a Markov semigroup
in B(S).

Apart from the Feller property, another useful link between Markovianity and conti-
nuity is stressed in the following modification of this property. A C-Feller semigroup
in C(S) is a sub-Markov semigroup in C(S), i.e. it is a semigroup of contractions ®;,
in C(S) such that 0 < u < 1 implies 0 < ®,u < 1. Note that, on the one hand, this
definition does not include the strong continuity, and on the other hand, it applies to
any topological space S, not necessarily locally compact or even metric. Of course,
a Feller semigroup ®; is C-Feller, if the space C(S) is invariant under the natural
extension (3.39), and a C-Feller semigroup ®; is Feller if Coo(S) is invariant under
all ®; and the corresponding restriction is strongly continuous. It is worth stressing
that a Feller semigroup may not be C-Feller and vice versa; see examples at the end
of Section 4.1.

Feller semigroups arising from Markov processes are obviously conservative. Con-
versely, any conservative Feller semigroup is the semigroup of a certain Markov pro-
cess, which follows from representation (3.38) for the kernels p; and a basic construc-
tion of Markov processes based on Kolmogorov’s existence theorem.

Proposition 3.6.1. A Feller semigroup is C-Feller if and only if ®; applied to a con-
stant is a continuous function. In particular, any conservative Feller semigroup is
C-Feller.

Proof. By Proposition 1.7.3 the vague and weak continuity of p;(x, dy) with respect
to x coincide under the condition of continuous dependence of the total mass p;(x, S)
on x. O
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Theorem 3.6.3. If X[ is a Feller process in R4 with starting point x, then
i X — le weakly as x — y for any t, and

(il) X7 — x in probability as t — 0.

Proof. Statement (i) follows from Proposition 1.7.3, and (ii) follows from the last bit
of Proposition 1.1.2. o

Theorem 3.6.4. Let X; be a Lévy process with characteristic exponent

) = 10,0 = 30,6+ [ 60 1= iG0 )L, ). (40

Then X; is a Feller process with semigroup ®; s.t.

© /) = [ S+ npan. fec@d), (341)
where p; is the law of X;. This semigroup is translation-invariant, i.e.

(@ f)(x +2) = (P f(+2)(x).

Proof. Formula (3.41) follows from the definition of Lévy processes as time-homo-
geneous and translation-invariant Markov process. Notice that any f € C (]Rd) is
uniformly continuous. For any such f

B f(x) — f(x) = / (Gt 3) — FC)peldy)
- / (G + ) — () peldy)
ly|>K
4 / (/G + ) = £(0) pe(dy).
ly|l<=K

and the first (resp. the second) term is small for small ¢ and any K by stochastic
continuity of X (resp. for small K and arbitrary ¢ by uniform continuity of f). Hence
|®; f— |l = 0ast — 0. Tosee that ®; f € Coo(R?) for f € Coo(R¥) one writes
similarly

® /() = |

[y|>K

£+ Y pedy) + /

S+ y)p:(dy)
ly|I<K

and observes that the second term clearly belongs to Co (Rd) for any K and the first
one can be made arbitrarily small by choosing K large enough. m|
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Remark 21. The Fourier transform takes the semigroup ®; to a multiplication semi-
group:
O f(x) = FTHFf).  f e SRY),

because

1 —ipXx
(PO )0 = s [ €7 [ fe s yoptay)

1 . .
= Gy | [ [ 1@mian = Enwen,

This yields another proof of the Feller property of the semigroup ®;.

Theorem 3.6.5. If X; is a Lévy process with characteristic exponent (3.40), its gen-
erator (that is, the generator of the corresponding Feller semigroup) is given by

Xj0xg

49 92
Lf()—zb; f+ Z kg /
=1

of
[ [feen-rw- >, Lig0)]pdn). G4
R4 = )Cj
on the Schwartz space S of rapidly decreasing smooth functions. Moreover, the Lévy
exponent is expressed via the generator by the formula
n(u) = e WF Le'¥¥, (3.43)
Each space Cg‘o (R?) with k > 2 is an invariant core for L.

Proof. Let us first check (3.42) on the exponential functions. Namely, for f(x) =

ei(u,x)

@0 f0) = [ F0x o Dpilay) =0 [ 0 pi(ay) = T

Hence

@, f(x) = nu)e @
t=0

Lf(x) =5

is given by (3.42) due to the elementary properties of the exponent. By linearity this
extends to functions of the form f(x) = fei(”’x)g(u)du with g € S. But this
class coincides with S, by Fourier’s theorem. To see that Cé‘o (R?) is invariant under
®, for any k € N it is enough to observe that the derivative V;®; f for a function
f e Céo (R?) satisfies the same equation as ®; f itself. Finally Lf € Coo(R%) for
any f € Cozo(]Rd). i
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By a straightforward change of variable one obtains that the operator L* given by

d d
. 0 1 02
L f(x)z— E bj_&)){ +§ E ij f

j=1 J k=1

0x;j0xg

Y
L B ECE RN ED S PCo) (SRR
j=1

0x;
is adjoint to (3.42), in the sense that

[ Lrwswax = [ reorree dx
for f, g from the Schwartz space S.

Remark 22. Operator (3.42) is a WDO (see Section 1.8) with symbol 7n(p), where
n is the characteristic exponent (3.40). In fact, by (1.75) one has to check that

(FLf)(p) = n(p)(Ff)(p). Since

(FLf)(p) = (e7'7,Lf) = (L*e™'P-, f),

1
(2m)d/2 (2m)d/2

this follows from the equation
L*e—ipx — n(p)e—ipx’
which in turn is a direct consequence of the properties of exponents.
The following are the basic definitions related to the generators of Markov pro-
cesses. One says that an operator 4 in C(R?) defined on a domain D4
(1) is conditionally positive, if Af(x) > 0 for any f € Dy st. f(x) = 0 =
miny, f(y);
(ii) satisfies the positive maximum principle (PMP), if Af(x) < 0forany f € Dy
s.t. f(x) = max, f(y) > 0;
(iii) is dissipative if ||[(A — A) f|| = A|| f| for A > 0, f € Dgy;

(iv) is local if Af(x) = 0 whenever f € D4 N Cq(R?) vanishes in a neighborhood
of x;

(v) is locally conditionally positive if Af(x) > 0 whenever f(x) = 0 and has a
local minimum there;

(vi) satisfies a local PMP,if Af(x) < Oforany f € D4 having alocal non-negative
maximum at x.
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For example, the operator of multiplication u(x) + c(x)u(x) on a function ¢ €
C (]Rd) is always conditionally positive, but it satisfies PMP only in the case of non-
negative c.

The importance of these notions lie in the following fact.

Theorem 3.6.6. Let A be a generator of a Feller semigroup ®;. Then
(i) A is conditionally positive,
(1) satisfies the PMP on D 4,
(ii1) is dissipative.
If moreover A is local and D 4 contains C°, then it is locally conditionally positive
and satisfies the local PMP on C2°.

Proof. This is very simple. For (i), note that

Af(x) = }'%w i 2

i

1—> t—0 t
by positivity preservation. For (ii) note that if f(x) = max, f(y), then ®; f(x) <
f(x) for all ¢ implying Af(x) < 0. For (iii) choose x to be the maximum point of

| f]. By passing to — /" if necessary we can consider f(x) to be positive. Then

(A=A = Al = Af(x) = Af(x) = Af(x)
by PMP. o

Let us observe that if S is compact and a Feller semigroup in C(S) is conservative,
then obviously the constant unit function 1 belongs to the domain of its generator
A and A1 = 0. Hence it is natural to call such generators conservative. In case
of noncompact § = R4, we shall say that a generator of a Feller semigroup A is
conservative if Ag,(x) — 0 for any x as n — oo, where ¢,(x) = ¢(x/n) and ¢
is an arbitrary function from C?2 (R?) that equals one in a neighborhood of the origin
and has values in [0, 1]. We shall see at the end of the next section, that conservativity
of a semigroup implies the conservativity of the generator with partial inverse being
given in Theorem 4.1.3.

We shall recall now the basic structural result about the generators of Feller pro-
cesses by formulating the following fundamental fact, due to Courrege.

Theorem 3.6.7. If the domain of a conditionally positive operator L (in particular,
the generator of a Feller semigroup) in Coo(R?) contains the space c? (R2), then it
has the following Lévy—Khintchine form with variable coefficients:

Lf(x) = %(G(X)V, V) (x) + (b(x), V f(x)) + ¢(x) f(x) (3.45)

+/[f(x +3) = [ = (V) )1, MIv(x.dy).  f € CZRY),
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with G(x) being a symmetric non-negative matrix and v(x,.) being a Lévy measure
d
on R% je.

/ min(1, [y[®)v(x.dy) < oo, v({0}) =0, (3.46)
Rn

depending measurably on x. If additionally L satisfies PMP, then c(x) < 0 every-
where.

The proof of this theorem is based only on standard calculus, though requires some
ingenuity (the last statement being of course obvious). It can be found in [90], [63]
[143] and will not be reproduced here. Let us only indicate the main strategy, showing
how the Lévy kernel comes into play. Namely, as follows from conditional positivity,
L f(x), for any x, is a positive linear functional on the space of continuous functions
with support in R? \ {0}, hence by the Riesz—Markov theorem for these functions

LFG) = Lf(x) = / FO)o(x.dy) = / £+ y)v(x.dy)

with some kernel v such that v(x, {x}) = 0. Next one deduces from conditional
positivity that L should be continuous as a mapping from C?2 (R?) to bounded Borel
functions. This in turn allows us to deduce the basic moment condition (3.46) on
v. One then observes that the difference between L and L should be a second-order
differential operator. Finally one shows that this differential operator should be also
conditionally positive.

Remark 23. Actually when proving Theorem 3.6.7 (see Bony, Courrege and Priouret
[63]) one obtains the characterization not only for conditionally positive operators,
but also for conditionally positive linear functionals obtained by fixing the arguments.
Namely, it is shown that if a linear functional (Ag)(x) : Cc2 — R is conditionally
positive at x, i.e. if Ag(x) > 0 whenever a non-negative g vanishes at x, then Ag(x)
is continuous and has form (3.45) (irrespectively of the properties of Ag(y) at other
points y).

Corollary 13. Ifthe domain of the generator L of a conservative Feller semigroup ®;
in Coo(R?) contains C2, then it has form (3.45) with vanishing ¢(x). In particular,
L is conservative.

Proof. By Theorems 3.6.6 and 3.6.7 L has form (3.45) on CC2 (R?) with non-positive
c(x). Conservativity of L means that L¢,(x) — O for any x as n — oo, where
¢n(x) = ¢(x/n) and ¢ is an arbitrary function from Cf(Rd ) that equals one in a
neighborhood of the origin and has values in [0, 1]. Clearly lim,, o0 L, (x) = c(x).
So conservativity is equivalent to ¢(x) = 0 identically. Since ®; is a conservative
Feller semigroup it corresponds to a certain Markov (actually Feller) process X;. O
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The inverse question of whether a given operator of form (3.45) (or its closure)
actually generates a Feller semigroup, which roughly speaking means the possibility
to have regular solutions to the equation f = Lf (see the next section), is nontrivial
and has attracted much attention. We shall deal with it in the next few chapters.

Remark 24. C-Feller semigroups 7; are usually not strongly continuous in C(S).
There are several reasonable ways to define the generator in such a case. One approach
is to introduce the subspace By C C(S) of those functions f that |7, f — f| — O
ast — 0. It is straightforward to see that Bg is 7y invariant and closed in C(S), so
that one can define the generator of 7} in the usual way. The second approach is by
introducing the generalized generator of Ty as A; f = lim[(Ty f — f)/t], where the
limit is understood in the sense of uniform convergence on compact sets. Probabilis-
tically, the most natural way to link the infinitesimal operator with a process is via the
concept of the martingale problem solution, see Section 3.9.

Exercise 3.6.1. This exercise is meant to demonstrate why strong continuity of the
semigroups of contractions, and not continuity in the Banach norm, is natural. Show
that if 7, is a Feller semigroup with a transition density, i.e. such that T; f(x) =
[ f(»)p(x,y) dy with some measurable p(x, y), then || T; — 1| = 2 for all ¢, where
1 is the identity operator. (Hint: the total variance norm between any Dirac measure
and any probability measure with a density always equals 2.) Note however, that if
T; is regularizing enough, for instance, if this is the semigroup of Brownian motion,
then || Ts+; — Ts|| — O as ¢ — O for any s > 0.

Exercise 3.6.2. (i) Show that the resolvent of the standard BM is given by the for-

mula
00 1 0 Sl
Rif) = [ RiGr=Dsmdy = = [ V).
—o0 V22X ) oo
_ (3.47)
Hint: Check this identity for the exponential functions f(x) = e'%* using the

known ch.f. of the normal r.v. N(0, 7).
(ii) Show that for standard BM in R3

1 — —x
Ry f(x) = / R(x — DS dy = [ Ly ay.
- ws 27x — ]
(3.48)
Hint: observe that
3 e —3/2 —|z]2/(21) 1 N
Ry (Iz]) = e M (Q2nt) e dt = ———(R}) (|z]).
0 2m|z|

Finally let us describe how Markov processes and their generators are transformed
under homeomorphisms (continuous bijections with a continuous inverse) of a state
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space. Let S be a locally compact space, X; a C-Feller process in S with the semi-
group ®; and 2; a family (depending continuously on time) of homeomorphisms of
S. Then the transformed process Y; = Q;(X;) is of course also Markov, though not
time-homogeneous any more. The corresponding averaging operators

U f(y) =E(f(Y)|Ys =y), s=t,

form a backward Markov propagator, each US"! being a conservative contraction in
C(S) that can be expressed in terms of ®; as

US' £() = E(f(Q(ZF)Q(ZF) = y) = D[ f 0 (25 ().

Lifting the transformations €2; to functions as the operators

Qif() = (f o)) = f(Q:(»),

we can write equivalently that
US f =Q710 Qi f. feCQu(S). s=t. (3.49)

Exercise 3.6.3. Suppose S = R4, the semigroup ®; is Feller with a generator A and
€2, 1s linear:

Q(z) = (z—-&1)/a,

where a # 0 is a constant and &; a given differentiable curve in R¥. Show that the
propagator (3.49) is generated (in the sense of the definition given before Theorem
1.9.3) by the family of operators

~ ~ 1 .
Acf = Q7 AQf =~V S) (3.50)
(so that equations (1.80) hold).
Hint:
d ~ d 1 . 1 ~ -
EQtf(Y) = Ef(Qz(y)) = V(Q() = —=[Q:E. VOI).
a a
Consequently
diU”f = 0710 AR, [ — 070, B0 V),
t a
and
d

TUS =07 A9 QS Q1 (5. V(D521 f)).

implying equations (1.80).
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If, in particular,

Af(x) = / LG+ ) — FOOIv(x.dy)

in the above exercise, then

Af = / [F(Q:(Q7 () + ») — fOI(Q (x). dy) — é(éz» v

= [[r(x+2) - reo]var +gan 16w sy

3.7 Diffusions and jump-type Markov processes

In this section we consider in more detail two classes of conditionally positive opera-
tors, namely local and bounded, leading to the two basic classes of Markov processes,
respectively diffusions and pure jump processes.

Theorem 3.7.1. (i) If L is a locally conditionally positive operator C Cz(Rd) —
C(R?), then for f € C®
d d
af 1 2 f
Lf() =) f()+ Y bj(05—+5 D ap)z——. feC2RY,
j=1 Y% k= AR

3.52)
with certain ¢, b;, a;jj € C (R?) such that A = (a; ) is a positive definite m(atrix.
(ii) If additionally L satisfies local PMP, then c(x) < 0 in (3.52).
(iii) If L is local and generates a conservative Feller semigroup ®; with transition
family ps(x, dy), then it has representation (3.52) with vanishing c(x).

Proof. (i) To shorten the formulas, assume d = 1. Let y be a smooth function
R +— [0, 1] that equals 1 (resp. 0) for [x| < I (resp. [x| > 2). Foran f € C° one
can write

1
fy) = (f(x) + 1) —x) + Ef”(X)(y - X)z) Xy —x) + gx(y).
where gx(y) = o(1)(y — x)? as y — x. Hence

Lf(x) = c(x)f(x) +b(x)f'(x) + %a(X)f”(X) + (Lgx)(x)
with

bx) = L= x)x( =00 = fim - [ 0= 020 =) puCr. ).

a() = LI =32 =) = i+ [ (= 0200 = pa. ).
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However, g, (y) + €(y — x)? vanishes at y = x and has a local minimum there for
any € so that
L[£gx() +e(. = x)*](x) = 0

for any € and hence Lgx(x) = 0.

(ii) Applying PMP to a non-negative f € Cc2 (Rd) that equals one in a neighbor-
hood of x yields ¢(x) < 0.

(iii) By (1), (i1) and Theorem 3.6.6 L has form (3.52) with non-positive c¢. Choosing
f asin (i) and using conservativity yields

) = Lf ) = lim o+ [ (F) = F@) i)

This integral taken over a neighborhood of x, where f equals one, obviously vanishes.
And the integral over the compliment to any neighborhood of x tends to zero ast — 0
by locality. m|

A Feller process with a generator of type (3.52) is called a (Feller) diffusion. Later
on we shall address the question of the existence of a Feller process specified by a
generator of form (3.52).

Exercise 3.7.1. Show that the coefficients b; and a;; can be defined as
1
bj(x) = tll_rg}) n (y = x)j1{jy—x|<ey (V) e (x,dy), (3.53)

1
() = fim & [ 0= 00 =01y za WP dy) G5

for any € > 0. Conversely, if these limits exist and are independent of €, then the
generator is local, so that the process is a diffusion.

Exercise 3.7.2. If the generator L of a (conservative) Feller semigroup ®; with tran-
sition family p;(x, dy) is such that C>® C Dy, and

pe(x{y:ly—x|=€}) =0@), -0,
for any € > 0, then L is local (and hence of diffusion type).
Corollary 14. A BM (possibly with drift) can be characterized as

(1) a diffusion with i.i.d. increments or as

(i1) a Lévy process with a local generator.

The next important class of Markov processes is that of pure jump processes, which
can be defined as Markov processes with bounded generators.
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Proposition 3.7.1. Let S be a locally compact metric space and L be a bounded
conditionally positive operator from Coo(S) to B(S). Then there exists a bounded
transition kernel v(x, dy) in S with v(x,{x}) = 0 for all x, and a function a(x) €
B(S) such that

Lf(x) =/Sf(2)v(x,dz)—a(x)f(x)- (3.55)

Conversely, if L is of this form, then it is a bounded conditionally positive operator

C(S) — B(S).

Proof. If L is conditionally positive in Coo(SS), then L f(x) is a positive functional
on Coo(S \ {x}), and hence by the Riesz—Markov theorem there exists a measure
v(x,dy) on S\ {x} such that Lf(x) = [ f(z)v(x,dz) for f € Coo(S \ {x}). As
L is bounded, these measures are uniformly bounded. As any f € Cxo(S) can be
written as f = f(x)y + (f — f(x)x) with y an arbitrary function with a compact
support and with y(x) = 1, it follows that

LIG) = FOLe) + [ (f = Fon @i, d2)
which clearly has the form (3.55). The inverse statement is obvious. O

Remark 25. Condition v(x, {x}) = 0 is natural for the probabilistic interpretation
(see below). From the analytic point of view it makes representation (3.55) unique.

We shall now describe analytic and probabilistic constructions of pure jump pro-
cesses, reducing attention to the most important case of continuous kernels.

Theorem 3.7.2. Let v(x,dy) be a weakly continuous uniformly bounded transition
kernel in a complete metric space S such that v(x,{x}) = 0and a € C(S). Then op-
erator (3.55) has C(S) as its domain and generates a strongly continuous semigroup
Ty in C(S) that preserves positivity and is given by transition kernels ps(x, dy):

T, f(x) = / peCe.dy) ().

In particular, if a(x) = ||[v(x,.)|, then Tt1 = 1 and Ty is the semigroup of a Markov
process that we shall call a pure jump or jump-type Markov process.

Proof. Since L is bounded, it generates a strongly continuous semigroup. As it can
be written in the integral form

Lf(x) = /S F()P(x. d2)

with the signed measure V(x,.) coinciding with v outside {x} and with V(x, {x}) =
—a(x), it follow from the convergence in norm of the exponential series for 7; = e’
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that all 7; are integral operators. To see that these operators are positive we ob-
serve that 7y are bounded below by the resolving operators of the equation f (x) =
—a(x) f(x) which are positive. Application of the standard construction of Markov
process (via Kolmogorov’s existence theorem) yields the existence of the correspond-
ing Markov process. o

Remark 26. An alternative analytic proof can be given by perturbation theory (The-
orem 1.9.2) when considering the integral part of (3.55) as a perturbation. This ap-
proach leads directly to the representation (3.58) obtained below probabilistically.
From this approach the positivity is straightforward.

A characteristic feature of pure jump processes is the property that their paths are
a.s. piecewise constant, as the following result on a probabilistic interpretation of these
processes shows.

Theorem 3.7.3. Let v(x,dy) be a weakly continuous uniformly bounded transition
kernel on S (S being a metric space) such that v(x,{x}) = 0. Let a(x) = v(x, S).
Define the following process X*. Starting at a point x it stays there a random a(x)-
exponential time t (i.e. distributed according to P(t > t) = exp(—ta(x))) and then
Jjumps to a point y € S distributed according to the probability law v(x,.)/a(x).
Then the same repeats starting from y, etc. Let N;* denote the number of jumps of
this process during the time t when starting from a point x. Then

PN =k) = / /S eIy dy) (3.56)

0<s| <--<s§) <t

x e 4Ok=1)(k=sk—1) . o=@ 6275 ), (x dy1)e 19N ggy L dgy,

PV >0 = [ [ = o0y (3.57)
<§| < <Si <t

x ¢~ ¥ Vk—1)(sk—Sk—1) ,,,e_a(YI)(SZ_Sl)v(x7 dyl)e_sla(x)dsl e dsy,

and N} is a.s. finite. Moreover, for a bounded measurable f

Ef(X") =) Ef(X)yr=k

k=0
00
_ Z/ / e AORESy (3 ) -
ko’ 0<s1<w<sp<t JSK
% e—a(yl)(sz—sl)v(x’ dyl)e—sla(x)f(yk)dsl .. 'dSk, (358)

and there exists (in the sense of the sup norm) the derivative

d

dt

Ef(XF) = fS FEv(x.dz) — a(x) £().

t=0
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Proof. Let 11, 12, ... denote the (random) sequence of the jump times. By the defini-
tion of the exponential waiting time,

P(NF =0) =P(t; > 1) = e 4O,
Next, by conditioning,
P(Nx =1)=P(y>t—11,711 <1)

t
= / P(Tz > — f1|‘[_’1 — s)a(x)e—sa(x) dS
0
t
= / / P(ty >t —s|t1 =5, X(s) = y)v(x,dy)e_”(x) ds
0 JS

'
:/ /e_“(y)(t_s)v(x,dy)e_s“(x) ds,
0 JS

and
t

PINF > 1) =Py <t—1.711<1) = / / (1= 7DDy (x, dy)e 4™ ds,
0o JS

and similarly one obtains (3.56), (3.57) with arbitrary k. Denoting M = sup, a(x)
and taking into account the elementary inequality 1 — e™% < a, a > 0, one obtains
from (3.57)

P(NF > k) < Mk+1z// dsi--dsg < (M) k),

0<s| <--<sp <t

implying the convergence of the series Y yooP(NF > k). Hence by the Borel-
Cantelli lemma N/ is a.s. finite. In particular, the first equation in (3.58) holds. Next,

t
Ef(XF)lys_; = / / FOI (e dy)e 4 OPry > 1 — s|Xs = y)ds
0 S

t
=/ /e_”(y)(t_s)f(y)v(x,dy)e_s“(x)ds.
0 JS

Similarly one computes the other terms of the series (3.58). The equation for the
derivative then follows straightforwardly as only the first two terms of series (3.58)
contribute to the derivative (other terms being of order at least ¢2). O

Exercise 3.7.3. If S in Theorem 3.7.2 is locally compact and a bounded v (depending
weakly continuous on x) is such that limy oo | x V(x,dy) = 0 for any compact set
K, then L of form (3.55) preserves the space Coo(S) and hence generates a Feller
semigroup.
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Finally, let us put into the general context the usual Markov chains, defined as
Markov processes with finite (or more generally denumerable) state spaces. Any
Markov process with a finite state space is of course pure jump and Feller. Let us de-
scribe its generator. A d xd-matrix Q = (Qmn) is called an infinitesimally stochastic
matrix or Q-matrix if Qy, > 0form # n and

Qnn == Onm (3.59)
m#n

for all n. To any such matrix there corresponds a linear operator in R¥ (which we
denote by the same letter) acting as

Taking into account the properties of Q, one can rewrite this in two other useful forms:

(Qf)n = Z Onm(fm — fn) = Z Onm(fm — fn)- (3.60)

m#n m

It is easy to see that any such Q generates a (unique) Feller semigroup in R4 that
defines a Markov chain on a finite state space of d points. Conversely, any Markov
process with a finite state space has a generator of this form. Markov chains represent
the simplest examples of pure jump Markov processes described above. The intensity
of jumps from a site n equals | Q|-

3.8 Markov processes on quotient spaces and reflections

One is often interested in whether the Markov property of a process is preserved un-
der a transformation reducing the state space. Let us start with the following typical
problem. Given a Markov process X} in R, is the magnitude process | X tlx‘| again
Markov? Clearly this is not always the case, as one sees already looking at the deter-
ministic process |x — ¢|. This process is not Markov, as its position x > 0 does not
tell us whether we are moving right (that is, before reflection) or left (after reflection).

To proceed, let us say that a function f on R4 is invariant under rotations, if
f(Ox) = f(x) for any x € R and any orthogonal d x d-matrix O, or equivalently,
if f(x) = h(|x]|) for some function 42 on R .

Proposition 3.8.1. Let X;* be a Markov process in R4 with semigroup of transition
operators ®;. Then the process Y = |X}|, y = |x|, in R4 is Markov if and only
if the semigroup {®;} preserves the space of functions invariant under rotations. The
latter property holds, in particular, if all ®; commute with rotations, that is ®; 0=
0%, forallt > 0 and all orthogonal d xd-matrix O, where the operator O is defined
via the formula O f(x) = f(Ox).
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Proof. For a bounded measurable f

E((X7y DIFs) = E(f(XT)IXS) = @ f(XT).

where f(z) = h(|z]). The operators ®; preserve the space of functions that are
invariant under rotations if and only if ®; f(X) depend only on the magnitude of
X, that is

E(h (Y] )| Fs) = E((Y )Y,

which is precisely the Markov property for Y. The last statement is obvious. |

Another typical example of a transformation is a reflection. Namely, let R; : RY —
R4 denote the reflection of the i-th coordinate, that is
Ri(xl,...,xd) = (xl,...,xi_l,—xi,xi+1,...,xd),
and let R; be the corresponding linear transformation on functions: R; flx) =
S(R;(x)). A function f on R? will be called invariant under the reflection R; if
Rif=Ff.

Let Rld denote the half-space
RY = {(x!,....x¥) e R : x' > 0}

and Rfl its closure. And let the transformation R; : R? — Rl‘-i be defined by the
formula

Rixt, . ..x®y = (' X L L x9).

For a process X, the process R; (X;) is said to be obtained from X by the reflection
at the ith coordinate hyperplane {x* = 0} (or shortly R;(X;) is the reflected process
of X;). Similarly to Proposition 3.8.1 one obtains the following.

Proposition 3.8.2. Let X[ be a Markov process in Rd_ with the semigroup of transi-
tion operators ®,. Then the reflected process Y; = R;(X}), y = Ri(x), in Rl‘.i is
Markov whenever all ®; commute with the operator R;.

One can easily modify this result to include several reflections. But let us instead
formulate a more general fact, whose proof is a straightforward extension of the proof
of Proposition 3.8.1. Let us recall that if G is a compact topological group of continu-
ous transformations of a metric space .S, then one defines the corresponding guotient
space Sg of S as the collection of the orbits of the action of G, where the orbit of
x € S is defined as the subset Gy = {g(x) : g € G} of S. It is easy to see that Sg
has a natural structure as a metric space and the projection Pg : § — Sg that assigns
to each x € S its orbit is a continuous mapping.
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Proposition 3.8.3. Let X[ be a Markov process in a metric space S, and let G be
a compact topological group of continuous transformations of S. Then the process
Y} = Pg(X}), y = Pg(x), in Sg is Markov whenever ®,§ = §®, forall g € G,
t > 0, where the linear transformation g on C(S) is defined by (g )(x) = f(g(x)).

In Propositions 3.8.1 and 3.8.2 we dealt with the case of S = R4 and the groups
of transformations generated respectively by all rotations and by the reflection R;.
Other natural examples are given by the group generated by all reflections R; in R4,
i =1,...,d,yielding reflected processes in the octant RZ, or by the group generated
by the reflections with respect to all hyper-planes {x’ = 0} and {x’ = 1}, yielding
reflected processes in the box of vectors in R4 with all coordinates from the interval
[0, 1].

Finally, if a reflected process is not Markov it can be lifted to a Markov one by
adding orientation as an additional state parameter. For instance, as we mentioned
above, the deterministic process |x — ¢| in R is not Markov. But we can define the
new state space as the collection of pairs (x, +) or (x, —), x > 0, where =+ indicates
the direction of the movement, and the corresponding Markov semigroup acting on
the pairs (fi, f_) of functions from C(R ) with values coinciding at the boundary
by the formulas

[T: (f)]+(x) = fr(x +1)
and
fo(x—=1), x>t,

fr(@—x), x<t.

[Tt (f)]-(x) = {

3.9 Martingales

An adapted integrable process on a filtered probability space is called a submartingale
if, forall0 <s <1t < o0,

E(X:|¥s) = X,

a supermartingale, if the reverse inequality holds, and a martingale if
E(X t|37s) = Xs.

A filtration ¥ is said to satisfy the usual hypotheses (or usual conditions) if (i)
(completeness) Fo contains all sets of P-measure zero (all P-negligible sets), (ii)
(right continuity) ¥; = F,4+ = (\c=o Fr+e. Adding to all F; (of an arbitrary filtra-
tion) all P-negligible sets leads to a new filtration called the augmented filtration.

The following fact about martingales is fundamental.
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Theorem 3.9.1 (Regularity of submartingales). Let M be a submartingale.
(1) The following left and right limits exist and are a.s. finite for each t > 0:

M;— = lim Mg, My = lim M.

s€EQ,s—>t,s<t SEQ,s—>t,5>t

(1) If the filtration satisfies the usual hypotheses and if the map t — EM; is right-
continuous, then M has a cadlag (right-continuous with finite left limits every-
where) modification.

Let us quote also the following convergence result.

Theorem 3.9.2. Let X; be a right-continuous non-negative supermartingale. Then
a.s. there exists a limit limy— oo X;.

The proof of the above two theorems can be found in any text on martingale theory
and will be omitted here as it is not much relevant to the content of this book.

Theorem 3.9.3. If X is a Lévy process with Lévy symbol 1, then Yu € R4, the
process

My (1) = expli(u, X¢) —tn(u)}
o X

is a complex ¥/ -martingale.
Proof. E|My(t)] = exp{—tn(u)} < oo for each ¢. Next, for s <
My, (1) = My (s) expli (u, X; — X5) — (1 — s)n(u)}.
Then
E(My(1)|F,%) = Mu($)E(expli (u, X(t = ))}) exp{—(t — s)n(u)} = My(s). O

Exercise 3.9.1. Show that the following processes are martingales:

(1) exp{(u, B(t)) —t(u, Au)/2} for d-dimensional Brownian motion B(¢) with co-
variance A and any u;

(ii) the compensated Poisson process 1\7, = N; — At with an intensity A and the
process N2 — At.

As an instructive example let us describe the transformation of martingales by the
multiplication on deterministic functions.

Proposition 3.9.1. Let M; be a cadlag ¥;-martingale and f; a continuously differ-
entiable function. Then

B, fy — Mo 170 = (= foMs = ( [ a5 fear]m) - on



134 Chapter 3 Markov processes and martingales

for any s < t. In particular, the process

d d
Mtft_[ Mrd—ffdl'
0 T
is also an ¥;-martingale.
Proof. Writing

Mtft - Msfs = (Mt - Ms)ft + Ms(ft - fs)
yields the first equation in (3.61). Writing

n—1

E(Mq f; = Ms f5l55) = B( Y My e S e = M e for 0)| %)
j=0
n—1
= E( Z M+ je(fs+Gi+1)e — Ss+i7) 3‘7s)
j=0

with T = (¢ — 5)/n and passing to the limit n — oo yields the second equation in
(3.61). The last statement is a direct consequence of this equation. O

We turn now to the basic connection between martingales and Markov processes.

Theorem 3.9.4 (Dynkin’s formula). Let f € D, the domain of a Feller process X;.
Then the process
t

Mtf:f(Xt)_f(XO)—/O Af(Xy)ds, t>0, (3.62)

is a martingale (with respect to the same filtration, for which X; is a Markov process)
under any initial distribution v. It is often called Dynkin’s martingale.

Proof.

EM/,,|7) - M/

t+h
— E(f(xt+h) - [0 Af(Xy) ds

37) - (f(Xt) - CAF (X ds)

t+h
=y f(X) — E( /t AF(X) dsm) X

h
— Oy f(X)) — f(X) — /0 ADy f(X,)ds = 0. 0
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Theorem 3.9.5. A Feller process X; admits a cadlag modification.

Remark 27. (i) Unlike martingales, we do not need the right continuity of the
filtration here.

(i) Proving the result for Lévy processes only one often utilizes the special martin-
gales My, (t) = exp{i(u, X;) —tn(u)} instead of Dynkin’s one used in the proof
below.

Proof. Let f, be a sequence in C, that separates points. By Dynkin’s formula and
the regularity of martingales, there exists a set 2 of full measure s.t. f;,(X¢) has right
and left limits on it for all n along all rational numbers Q. Hence X; has right and left
limits on €2. Define

Xl‘ = lim XS .
s—t,5>1,5€Q
Then X; — X; a.s. and Xs — X; weakly (by Feller property) and in probability (by
Theorem 3.6.3). Hence X; = X; a.s. O

The previous two theorems motivate the following important definition. Let L be a
linear operator L : D + B(S), D € C(S) with a metric space S. One says that a S-
valued process X; with cadlag paths (or the corresponding probability distribution on
the Skorohod space) solves the (L, D)-martingale problem with the initial distribution
w if Xo is distributed according to p and processes (3.62) are martingales for any
f € D with respect to its own filtration. If ¥; is a given filtration and processes
(3.62) are F;-martingales, we say that X; solves the (L, D)-martingale problem with
respect to ;. The (L, D)-martingale problem is called well posed if for any initial p
there exists a unique X; solving it. We shall say that the (L, D)-martingale problem is
measurably well posed if the distribution of the unique solution with the Dirac initial
law 8y depends measurably on x. If the (L, D)-martingale problem is measurably
well posed, then clearly the solution depends linearly on the initial measure in the
sense that the measure P, solving the problem with initial law p can be expressed
as P, = [ Pxu(dx) in terms of the solutions with the Dirac initial conditions. In
the most reasonable situations well posedness implies measurable well posedness, see
Theorem 4.10.2. The following result is a direct consequence of Theorems 3.9.4 and
3.9.5. It will be used later for the constructions of Markov semigroups.

Remark 28. Some authors define solutions to the martingale problem without requir-
ing the paths to be cadlag, but in the most examples of interest these solutions have
cadlag modifications anyway, which justifies the definition adopted here.

Proposition 3.9.2. (i) A Feller process on a locally compact metric space Xy solves
the (L, D)-martingale problem, where L is the generator of Xy and D is any
subspace of its domain.



136 Chapter 3 Markov processes and martingales

(ii) Ifthe (L, D)-martingale problem is well posed, there can exist no more than one
Feller process with a generator being an extension of L.

The next result suggests a more general form of Dynkin’s martingale, which will
be used in Section 4.10.

Proposition 3.9.3. Let X; solve the (L, D)-martingale problem and ¢ be a bounded
continuously differentiable function. Then

'Td
50 = 10000~ [ | f-e 10+ x| s

is a martingale for any f € D. In particular, choosing ¢s = e with = A > 0
vields the martingale

S(Xpe ™ — /Ot e (= L) f(Xs)ds.

Proof. Integration by parts implies that

t t 5
d
5= | st = [ Lrecods|on= [ s = [ Lroaan] s
0 0 0
which is a martingale by Proposition 3.9.1. O

The following technical result shows that the usual hypotheses for a filtration are in
fact natural for the analysis of Feller processes.

Theorem 3.9.6. Let X; be a canonical Feller process (see Theorem 3.5.4) on the
measure space (Rd )R+ equipped with its canonical filtration ?to =o0(Xy:u=<t).
Then the augmented filtration ¥ of the canonical filtration 3‘7,0 (augmented with
respect to the probability measure P, of this process started with an arbitrary initial
distribution v) is right-continuous.

Proof. Because ¥, and ¥ t‘jr are P,,-complete, it is enough to show
E,(Z|F") = Eu(Z|F)) Py-as.

for fo%—measurable and positive Z. By the monotone class theorem, it suffices to
show this for Z = []/_; fi(X,) with f € Coo and 1; < -++ < 1,,. We shall use the
observation that

E,(Z|7)) = E,(Z|F?) P,-as.
Forat > 0 choose an integer k: t;_1 <t <ty sothatforh <t —t

k—1
Ey(Z|F)) =[] fiX)en(Xisn) Po-as.,

i=1
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where

gh(x) = / Doyt (6. o) fie (i)

X/ptk+1—tk(xk’dxk+1)fk+1(xk+1)"'/ptn—tn_1(xn—l’dxn)fn(xn)-

As h — 0, g5, converges uniformly (Feller!) to
8 = [ psCr.dxe) fi)

x / Pt -t (ke s ) figr (o) - / Dot ot ) fo ().

Moreover, X, — X; a.s. (right continuity!), and by Theorem 1.3.3
k—1
E,(Z|F}Y) = lim Ey(Z|F7),,) = [ | ilX)g(X) =Eu(Z|F)). O
h—0 im1
Remark 29. The Markov property is preserved by augmentation (we shall not ad-
dress this important but technical issue in detail).

Exercise 3.9.2. Show that if a random process X; is left-continuous (e.g. is a Brown-
ian motion), then its natural filtration %X is left-continuous. Hint: X is generated
by thesets I' = {(X;,....X;,) € B},0<t1 <--- <ty =1.

Exercise 3.9.3. Let X; be a Markov chain on {1, ..., n} with transition probabilities
gij > 0, i # j, which can be defined via the semigroup of stochastic matrices ®,
with generator
(Af)i =Y (S5 = fi)dij-
J#i

Let Ny = N;(i) denote the number of transitions during time ¢ of a process starting
at some point . Show that N; — fé q(Xs) ds is a martingale, where ¢g(I) = Zj# q1j
denote the intensity of the jumps. Hint: to check that EN; = E fot q(Xs) ds show that
the function EN; is differentiable and

d

BN = P(X; = j)g;.

j=1

Exercise 3.9.4 (Further Poisson integrals). Let N; be a Poisson process of intensity
¢ > 0 with respect to a right-continuous filtration ¥; and let H be a left-continuous
bounded adapted process. Show that the processes

t t t
M, =/ H, st—c/ H, ds, M,z—c/ HZds (3.63)
0 0 0
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are martingales. Hint: check this first for simple left-continuous processes Hy =
£(w)1(4,p)(s), where from adaptedness £ is F;-measurable for any ¢ € (a,b] and
hence ¥,-measurable by right continuity. Then, say

M = §[(Nmin(1,p) — Na) — c(min(z,b) —a)], 1 =a,

and one concludes that EM; = 0 by the independence of & and N4y, — N, and the
properties of the latter.

3.10 Stopping times and optional sampling

We discuss here in more detail the notion of stopping times introduced briefly in
Section 2.1. Let (2, ¥, F;,P) be a filtered probability space. A stopping time (re-
spectively optional time) is defined as a random variable 7 :  +> [0, co] such that
Yt >0, (T <t)e F (respectively (T < t) € F;). Equivalently, T : Q2 +— [0, o]
is a stopping time (respectively optional time) if the step random process 17 ) is
Fi-adapted. Loosely speaking, stopping times mark the events whose occurrence
or nonoccurrence until any given time can be judged from this time. Clearly, if 7
is a stopping time, then so is the random variable T 4 a for any a > 0, because
(T+a<t)=(T <t—a) e Fi—yz € F; (at any given time we can say whether the
event occurred or not, say, a minutes ago), but not for a < 0 (at a given time we can
predict whether the event will occur @ minutes).

Proposition 3.10.1. (i) T is a stopping time = T is an optional time.
(ii) if F; is right-continuous, the two notions coincide.

Proof. WAT <ty =Use{T <t—1/n} € F1_1/, C F1.
)T <t} =ney{T <t +1/n} € Fyi1)m. Hence {T <1} € Fy+. m]

Hitting time is defined as the random variable T4 = inf{t > 0 : X; € A}, where
X; is a process and A is a Borel set.

Exercise 3.10.1. Show that if X is a ¥;-adapted and right-continuous and A is (i)
open, or (ii) closed, then T4 is (i) an optional or (ii) a stopping time respectively.
Hint:

(i) r<n= |J X eaycr.
s<t,s€Q
(ii) {T>0= (] X ¢4)C 7

s<t,s€Q
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Proposition 3.10.2. [f T, S are stopping times, then so are
(i) min(7, S),
(i) max(7, S) and
(i) T + S.
Proof. (i) {min(T,S) <t} ={T <t} U{S <t}.
(i) {max(7, S) <t} ={T <1} N{S <1}.
(iii) Observe that
{T+S>t}={T=0,5S>t}U{T >1t,5 =0}
U{T >¢t,S>0U{0<T <t, T+ S >t}

The first three events are in F; trivially or by Proposition 3.10.1 see that the same
holds for the last one, which can be written as

U {t>T>r,S>t—r}. i
re(0,6)NQ
If T is a stopping time and X is a adapted process, the stopped o-algebra Fr (of
events determined prior to 7°) is defined by
Fr={AeF :AN{T <t} e F. VYt >0}
and the stopped r.v. X1 is X1(®) = X7 (0)-

Exercise 3.10.2. (i) Convince yourself that 7 is a o-algebra.
(ii) Show that if S, T are stopping times s.t. § < T a.s., then 5 C Fr.

Exercise 3.10.3. If X is an adapted process and T a stopping time taking finitely
many values, then X7 is Fr-measurable. Hint: if the range of T is t; < .-+ < ty,
then

J
{Xr € By {T <1;} = | J{Xr € B} 0 {T =1}
k=1

J
k=1

Exercise 3.10.4. (i) If 7, is a sequence of ¥; stopping times, then sup, 7, is a
stopping time. Hint: {sup 7, <t} = [ {Tn <1}.

(ii) If F; is right-continuous, then infy, 7, is a stopping time. Hint: {inf 7, < ¢t} =
\{T,, <t} € F; and use Proposition 3.10.1 (ii).

(iii) If additionally T}, is decreasing and converging to 7', then 1 = (), ¥7,,.
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The following fact characterizes predictability in terms of stopping times:

Exercise 3.10.5. Let F; satisfy the usual hypothesis. Show that the predictable o-
algebra is generated by each of the following collections of sets:

(1) Fo x R4 and the sets A x (¢, 00) with A € Fy;
(i) Fo x R4 and the intervals (7, oo) with stopping times 7;

Hint: It is shown when proving Proposition 2.1.1 that the first collection generates the
predictable o-algebra. It remains to observe that any set of the first collection belongs
to the second one, because for given t > 0 and 4 € F;

Ax(t,00) ={(w,s):58 >t,w € A} = (14,00),
where 14 is the stopping time that equals ¢ on A and oo outside it.

Proposition 3.10.3. If X is progressive and T is a stopping time, then the stopped r.v.
Xt is Fr-measurable on {T < oco}.

Proof. Ther.v. (s,w) — Xs(w) is B([0, ]) ® F; measurable, and the mapping @
(T(w), w) is Fz, B(]0, t]) ® F; measurable, and so is its restriction on the set {7 < ¢}.
Hence the composition X7 (w) of these maps is F;-measurable on the set {T < ¢},
which means {w : X7(w) € B,T <t} € ¥; for a Borel set B, as required. m]

It is often easier to work with stopping times that may take only discrete values.
Hence a problem of approximation arises. This should be done with a certain care, as
say the most natural discrete approximation to a stopping time 7" would be [T] (the
integer part of 7), but this need not to be a stopping time. However, if for an optional
time 7" we define the sequence (7), n € N, of decreasing random times as

00, if T(w) = oo,

. (3.64)
k/21, if (k — 1)/2" < T(w) < k/2",

Th(w) = {

then all 7}, are stopping times converging monotonically to 7.

Anticipating further construction of stochastic integrals, let us introduce now its
simplified discrete version. Even this elementary notion turns out to be useful. We
shall use it to prove Doob’s optional sampling theorem. We start with the discrete
analog of predictability. A process H,,n = 1,2, ... is called predictable with respect
to a discrete filtration %, n = 0,1, ..., if H, is ¥,_1-measurable for all n. Let
(Xn),n =0,1,... be astochastic process adapted to ¥, and H, a positive bounded
predictable process. The process H o X defined inductively by

(HoX)o=Xo, (HoX)y,=(HoX)y—1+ Hy( Xy, — Xn—1)

is called the transform of X by H and a martingale transform if X is a martingale.
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Proposition 3.10.4. (H o X) is a (sub)martingale whenever X so is.
Proof. Follows from
E((H o X)n|Fn—1) = (H 0 X)n—1 + HoE(Xp — Xn—1[Fn—1). O
Exercise 3.10.6. Let 7, S be bounded stopping times s.t. S < T < M. Let
H, = 1ngT - lnss = 1S<n5T-
Show that H is predictable and (H o X), — X9 = X7 — Xg forn > M. Hint:
(HoX)p—Xo=1s<1<7(X1 — Xo) + - + Ls<n<7 (X — Xo).

Proposition 3.10.5 (Discrete optional sampling and martingale characterization). Let
(Xn), n = 0,1,... be a F,-adapted integrable process. The following three state-
ments are equivalent:

1. X; is a submartingale (respectively a martingale),

2. for any bounded stopping times S < T
E(Xs) < E(X7) (3.65)

(respectively with the equality sign),
3. for any bounded stopping times S < T

Xs <EX7|F5) as. (3.66)
(respectively with equality).

Proof. (3) = (1) is obvious. (1) = (2) follows from Exercise 3.10.6 and Proposi-
tion 3.10.4. Finally, to get (2) == (3) one applies (3.65) to the stopping times

SB =S1p+M1—-1p), TP =T1p+ M1 -1p)
with B € Fg (check they are stopping times!) yielding
E(Xslp + XM (1 —1p)) < E(X71p + XM (1 —1p)),
which implies E(Xs1p) < E(X71p) and hence (3.66). m|

As an easy application one gets the following fundamental estimates, which are
called Doob’s maximum inequalities:

Proposition 3.10.6. (i) If X}, is a submartingale,n = 1,..., N, then

AP(sup | Xp| > A) < E(|XN [Lsup, 1x,121) < E(IXN]).
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(i) If X; is a right-continuous submartingale ont € [0, T] ort > 0, then

AP(sup |X;| = A) < supE(|X/]).
t t

Proof. (i) As | X}| is again a submartingale, it is enough to consider the case of posi-
tive X. Define a stopping time S being equal to N if sup, X, < A and S = inf{n :
X, > A} otherwise. Then

E(Xy) = E(Xs) = E(Xs1gyp, 1x,21) + E(Xs1gp, x,1<2)

> AP(sup X > 1) + E(Xleupn |X,,|</l),

and the required estimate follows by subtraction.
(i1) From a finite index set one directly extends it to a countable index set, and then
uses right continuity to obtain the general estimate. |

Theorem 3.10.1 (Doob’s optional stopping (or sampling) theorem). If X is a right-
continuous (sub)martingale, S < T are two stopping times and either

(i) T is bounded or

(1) the family X with t running through all stopping times is uniformly integrable
(the latter occurs e.g. if X; = E(Xoo|F3) for some integrable X ),

then Xg and Xt are integrable with
Xs < E(X7|¥Fs),
with equality in case X is a martingale.

Proof. Let S, < T, be a sequences of decreasing stopping times with countably
many values converging to S and 7. Then

/ Xs,dP < / Xr,dP (3.67)
A A

for all A € ¥g,, and in particular for A € Fg. By right continuity X7, (respectively
X, ) converge to X (respectively Xg) point-wise and by uniform integrability also
in L' (use Theorem 1.3.3 in case (i)). Hence (3.67) implies

/XsdefXTdP
A A

for A € ¥y, i.e. the required result. O
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Example (Violation of optional sampling). Suppose (1), n € N, are i.i.d. Bernoulli
random variables such that 7, equals 1 (success) or —1 (loss) with probability p
and ¢ = 1 — p. The player’s stake at n-th turn is V},. Naturally V}, is ¥, =
o(n1,....,NMn—1)-measurable. Then the total gain is

n n
Xy =) Vini=) ViAY; = (VoY)
i=1 i=1
where Y, = n1+---+n,. The game is fair (or favorable, or unfavorable) if p = ¢ (or
p>q,orp <q)<s (X,, Fp)is amartingale (or submartingale, or supermartingale).
Consider a strategy V (called the martingale strategy) s.t. V1 = 1 and further

n—1 1 = e — ] = —
yo= )2 it = -1 = —1, (3.68)
0, otherwise.
Thusifn; = --- = 5, = —1, the total loss after n turns will be Y7, 271 = 27—

and if then n,41 = 1, Xp41 = 2" — (2" — 1) = 1. Denoting T = inf{n : X,, = 1}
and assuming p = ¢ = 1/2 yields P(T = n) = (1/2)", and hence P(T < o0) = 1,
by the Borel-Cantelli lemma. Consequently

EXT =P Xr=1)=1> Xo =0,

though X, is a martingale and EX,, = O for all n.

3.11 Strong Markov property; diffusions as Feller
processes with continuous paths

The following definition is fundamental. A time-homogeneous Markov process with
transition family p; is called strong Markov if

E,(f(Xs4+0)|Fs) = (P [)(Xs) Py-as. on{S < oo} (3.69)
for any {¥; }-stopping time S, initial distribution v and positive Borel f.

Exercise 3.11.1. (i) If (3.69) holds for bounded stopping times, then it holds for
all stopping times. Hint: For any » and a stopping time S

Ev(f(Xmin(S,n)+t)|37min(S,n)) = (q)tf)(xmin(S,n)) P,-as.

Hence by locality (Theorem 1.3.5)
E)(f(Xs40)|Fs) = (P f)(Xs) Py-as. on{S <nj.

To complete the proof take n — oo thus exhausting the set {S < oo}.
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(il) A Markov process X; is strong Markov <= for all a.s. finite stopping time
T the process Y; = X4 is a Markov process with respect to F74; with the
same transition family. Hint: strong Markov <=

Ey(f(XT+14)|F7+1) = (P /) (X74:) Py-as.

(iii)) A Markov process X; is strong Markov <= for arbitrary times 1 < --+ < tp,
bounded measurable functions fi,..., f, and stopping times T’

Eu( [T fiXr+0)|#7) = Exy [ fiXe). (3.70)

i=1 i=1

Hint: for n = 1 this coincides with the definition of the strong Markovianity.
Use conditioning and induction to complete the proof.

(iv) A canonical Markov process is strong Markov <
E,(Z 0 0;|Fs) =Exs(Z) Py-as.

for any {¥;}-optional time S, initial distribution v and ¥oo-measurable r.v. Z,
where 6 is the canonical shift. Hint: see Theorem 3.5.5.

Theorem 3.11.1. Any Feller process X; is strong Markov.

Proof. Let T take values on a countable set D. Then

E,(f(X740)|F7) = Y Ir—aBy [(Xa10)|Fa)
deD

= D 17— ® f(Xg) = @, f(XT).

deD

For a general T take a decreasing sequence of 7; with only finitely many values
converging to 7. Then

E,(f(XT,+)|¥1,) = @1 f(XT,,).

for all n, i.e.
/ F(X1,+0)P(dw) = / ®, (X7, P(dw)
A A

for all A € ¥7,, in particular for A € ¥, as ¥ C Fr,. Hence, by right continuity
of X; and dominated convergence, passing to the limit n — oo yields

/ F(Xr10)P(dw) = [ ®, f(X7)P(dw)
A A

for all A € ¥, as required. O
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Theorem 3.11.2. If X is a Lévy process and T is a stopping time, then the process
X7(t) = X174+ — X7 is again a Lévy process, which is independent of ¥, and its
law under P, is the same as that of X under Py.

Proof. First method (as a corollary of the strong Markov property of Feller pro-
cesses). For a positive Borel functions f;, by (3.70)

By ([T At s, = X0)|77) = Ex, (] X, = Xo).

but this is a constant not depending on X7.
Second method (direct using special martingales My (t) = exp{i(u, X;) —tn(u)}).
Assume T is bounded. Let A € 7, u; € RY,0 = to <t <---<ty. Then

E(lA exp {i Xn:(uj, Xr(t;) — XT(tj—l))})

ji=1
n n
M, (T + [j)
= E(IA ’—) Gtj—t;_1 (),
where ¢; (1) = Ee!®-X1) = 1) By conditioning for s < ¢,
My (T + l)) ( 14 )
E(ly—— | = E| —————EWM, (T +1)|¥ = P(A).
(n3r s ) = B BT +01770) = P
Repeating this argument yields

n

E(Laexp {i Y. X7 (t7) = X1(t5-1)} ) = P(A) [ b1, 0)),

7=1 j=1
which implies the statement of the Theorem by means of the following fact. |
Exercise 3.11.2. Suppose X isar.v.on (2, ¥,P), § is a sub-o-algebra of ¥ and
E(e' ™ 1y) = ¢p()P(4)

forany A € G, where ¢,, is the ch.f. of a probability law p. Then X is independent of
§ and the distribution of X is p.

Theorem 3.11.3 (Blumenthal’s zero-one law). Let X; be a Feller process in RY de-
fined on a filtered probability space with a filtration ¥; satisfying the usual hypothesis.
Then Py (A) = 0 or 1 for any x € R and A € Fy. In particular, Px(t = 0) = 0 or
1 for a ¥ -stopping time t.
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Proof. Ass. 14 = E(1|50) = Px(A). m|
Denote
(x) =inf{t > 0:|X; —x|>h}, h>0.

A point x is called absorbing if 75, = oo a.s. for every h.

Theorem 3.11.4. Let X[ be a Feller process with a transition family p;(x, dy).
(1) Then Ex(ty) > 0 for all x and h.
(ii) If x is not absorbing, then Ex(t3) < oo for all sufficiently small h.

Proof. Statement (i) follows from stochastic continuity of X; (Theorem 3.6.3). As-
sume X is not absorbing. Then p;(x, B¢(x)) < p < 1 for some #, €, where B¢(x) is
the ball centered at x of radius €. By weak continuity of the family p;, there exists a
small & < € such that

Pt(y, By(x)) < pe(y, Be(x)) < p
for y € Bj(x). Then
P(xh(x) = nt) < B[ () (X, € By(x))] < p"
k<n

for all natural n. Finally,

Et,(x) = /OOOP(rh(x) >0)dt <t P(r(x) = nt) < ﬁ <oco. O

n=0

Theorem 3.11.5 (Dynkin’s formula for generators). Let X be a Feller process with a
generator A and [ € Dy. Then

Ex f(Xy,) — f(x)

3.71
.o, (3.71)

Af(x) = lim
h—0
if x is not absorbing, and Af(x) = 0 otherwise.

Proof. By Dynkin’s martingale and optional stopping,

min(¢,77)
Ex fXmintr.ony) — () = Ex / Af(Xy)ds, t.h> 0.
0

As Ex 1, < oo for small 4, this extends to ¢ = oo by dominated convergence. This
implies (3.71) by continuity of A f, taking also into account that Ex (z3) > 0. m]

The next beautiful result designates the distinguished place of diffusions among
other Feller processes.
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Theorem 3.11.6. Let A be a generator of a Feller process X; s. t. CZ° C Dy. Then
X; is a.s. continuous P, for every v if and only if A is local on CZ° and hence X; is
a diffusion.

Proof. In one direction, namely that continuity implies locality, the statement is a
consequence of (3.71). Assume that A is local. Choose arbitrarily small 4. Then
Af(y) = 0 for y € By(x) whenever the support of f does not contain By (x). For
such f it follows that f(Xpin(z,z,)) is @ martingale for each ¢, and hence by dominated
convergence Ey f(Xz,) = 0. Consequently Py (| X, — x| < h) = 1 (otherwise one
would be able to find a non-negative f € C°, vanishing in By (x), but with positive
E, f(X,)). By the Markov property,

Py(sup [Xiqr,x,) — Xel =h) =1,
teQ

and hence by right continuity,

Pv(SIle | X i 4o, x) — Xel <h) =1,

implying
Py(sup |[X;+ — Xi—| <h) = 1.
t

As this holds for any /2 > 0, the trajectories X, are a.s. continuous. O

Remark 30. Theorem 3.11.6 yields another proof that BM (possibly with drift) is
the only Lévy process with continuous paths. It also implies another construction and
proof of the existence of BM (additional to the four methods exposed in Chapter 2):
define it as a Markov process with required Gaussian transition probabilities, deduce
that it is Feller with a local generator, hence the trajectories are continuous.

3.12 Reflection principle and passage times

This section presents some basic applications of the strong Markov property to the
analysis of BM. They are given as an illustration of the general theory and will not be
used further.

Let B be a Brownian motion on (2, ¥, P). The passage time or the hitting time Ty,
to a level b is defined as

Tp(w) = inf{t > 0: B;(w) = b}. (3.72)
The (intuitively clear) equation

P(Ty <t,B: >b) =P(Ty <t,B; <b)
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for b > 0 is called the reflection principle. Since
P(Ty, <t)=P(Ty <t,B; >b)+P(Ty <t,B; <Db),

and P(T, < t, By > b) = P(B; > b), this implies

o0 00
P(Tp <1) =2P(B, = b) = \/2/(l7f)/ e ¥ 2 gy = 2/n/ e /2 gx.
b bt—1/2
Differentiating yields the density
P(Ty € di) = —I2_ b2/
(T € dt) = 5 z3e dt. (3.73)
V2w

The necessity to justify the reflection principle and hence these calculations was
one reason to introduce the strong Markov property.

Theorem 3.12.1 (Reflection principle). For a BM By
P(Tp <t) =P(M; = b) =2P(B; = b) = P(|B/| = b), (3.74)

where My = inf{b : T, >t} = sup{Bs : s < t}. In particular, formula (3.73) holds
true.

Proof.
P(M; > b, B; <b) =P(T <t,Br,+¢-T1,) — Br, <0)
= P(T}, < P(B; < 0) = SP(Ty < 1) = SP(M; > b)
and the result follows as
P(M; > b) =P(B; > b) +P(M; > b, By <b). |

Theorem 3.12.2. The process T, is a left-continuous non-decreasing Levy process
(i.e. it is a subordinator), and T,+ = inf{t : B; > a} is its right-continuous modifi-
cation.

Proof. Since T, —T, = inf{t > 0 : Bt,4+;—Bt, > b—a}, this difference is indepen-
dent of F7, by the strong Markov property of BM. Stochastic continuity follows from
the density (3.73). Clearly the process T, (respectively T,+) is non-decreasing and
left-continuous (respectively right continuous) and 7,+ = limg_s0 >0 Tq+s. Lastly,
it follows from the continuity of BM that 7, = T+ a.s. |
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Theorem 3.12.3. For the process T,

Ee #Ta — p=av2u, (3.75)

which implies by (3.27), (3.28) that T, is a stable subordinator with index o = 1/2
and Lévy measure v(dx) = (2nx3)_1/2dx.

Proof. We shall give three proofs, as they all are instructive.

(a) Compute the 1.h.s. of (3.75) directly from density (3.73) using the integral cal-
culated in (3.48).

(b) As My(t) = exp{sB; — s?t/2} is a martingale, one concludes from optional
sampling that

1 = Eexp{sBr, — s%T4/2} = e**Eexp{—s>T,/2},

and (3.75) follows by substituting u = s2/2. (Remark. As Doob’s theorem is stated
for bounded stopping times, in order to be precise here one has to consider first the
stopping times min(n, T,) and then let n — o0.)

(c) For any a > 0 the process %Ta Jb is the first hitting time of the level a for the

process b_l/sz,. As by the scaling property of BM the latter is again a BM, %Ta 5
and T, are identically distributed, and thus the subordinator 7 is stable. Comparing
expectations one identifies the rate leading again to (3.75). |

Theorem 3.12.4. The joint distribution of By and M; is given by the density

2(2b — 2b —a)?
¢(t,a,b) = Mexp —& . (3.76)
N 21
Proof. Leta < b. Then
P(B; <a,M; > b) =P (M; > b, B, +(—1,) — Br, < —(b—a))
= P(Mt 2 b’ BTb+(I—Tb) - BT/, Z b _a)
= P(Mt > b,Bt > 2b—a) = P(Bt > 2b —a).
Hence (3.76) follows by differentiation, as
¢(t,a,b) o P(B; <a,M; > b) 9 2b ) (3.77)
,a, = TN a7 a, - = — —a), .
dadb " ’ ab "
where p; is a probability density function of BM at time ¢. m|

Theorem 3.12.5. The reflected Brownian motion | Bt| and the process Yy = My — By
are both Markov with the same probability density

P, y) = pi(x — ) + pi(x + y), (3.78)

where ps(x — ) is the transition density of the standard BM.
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Proof. For | B;| the claim follows from a more general result from Section 3.8. Turn-
ingto Y; letm = M; > 0,b = B; <mand r = m — b. Then, by the strong Markov
property,
P(M;ypn — Bryn <§|F1) =P(Myyp — Bryn <§|Be = b, My = m)
= E(lMt+h—Bt+h<S1Mt+h=m|Bt = ba M; = m)
+ E(lMt+h—Bt+h<E]-Mt+h>m|Bt = b» Mt = m)
=EW,_p,<¢lm,<r) + E(pg,— B, <My, >r)-

which is the integral of ¢ (¢, x, y) from (3.77) over the domainr —§ < x < y < x+§,
i.e. it equals

) x+§ o0 —
/ dx/ dyg(t,x,y) = —/ pt(2y — X)H:;;H_E'
r x r—§

—£
Hence
o0 o0
POy, = By < €170 = [ ) d - LEERE
r— r—
o0 [o,¢]
[ nwax- [ poray
r—§& r+é&
Differentiating with respect to & yields (3.78). |

The arcsin law is defined as the distribution of & = sin? X when X is U(0, 27)
(uniformly distributed on [0, 27]). Clearly

P <t} =P{sinX| < 1} = %arcsin Vi, telo1]. (3.79)
Theorem 3.12.6. Let B; be a Brownian motion on [0, 1], with maximum process Mj.
Then the random times v = inf{t : By = M1} (when By first attains its maximum,),
T = sup{t : By = My} (when By for the last time attains its maximum) and the
time 0 = sup{t : By = 0} of the last exit from the origin all obey the arcsin law. In
particular, as t < T this implies that T = T a.s.

Proof.
P(7 < 1) =P(r = 1) = P(sup(Bs — B;) = sup(Bs — B;)) = P(|B:| = |B1 — B:|)
s<t s>t

2

=P =(1—-0)n’) =P (%'ZUTUZ < t) =P(sin® X <1),
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where &, n are independent N (0, 1) r.v. and X is uniformly distributed on [0, 27r]. (Use
Theorems 3.12.1 and 3.12.5 to explain the reasoning behind all these equivalences!).
Also
P(6 < t) = P(sup By < 0) + P(inf By > 0) = 2P(sup(Bs — B;) < —B;)
s>t s>t s>t
=2P(|B1 — B/| < B;) =P(|B1 — B:| < |B;|) = P(r =1). o

Exercise 3.12.1. Show (either directly or by applying the scaling transformation to
(3.79)) that for t; = inf{s € (0,¢) : By = M;},

Pl < 1) /r dy 2 \/7
7 <r)= | ———— = —arcsin,/-.
o o Tyylt—y) 7 !



Chapter 4
SDE, Y DE and martingale problems

The evolution of the averages of functions over a random position of a Markov pro-
cess usually satisfies an evolution pseudo-differential equation (WDE) f = Lf with
a generator L of Lévy—Khintchine type. The global dynamics are then described by
a Markov or sub-Markov semigroup, while infinitesimal changes are specified by the
generator L, or equivalently by the corresponding bilinear form, called a Dirichlet
form. This dynamics can be analyzed in various functional spaces revealing the func-
tional analytic description of a Markov dynamics. One can also look at the random
trajectories themselves. Their dynamics can often be described by an appropriate
stochastic differential equation (SDE), yielding a probabilistic interpretation (and an
underlying probabilistic structure) for the dynamics given by a WDE. The solutions
to the corresponding stationary equations L f = 0 can be obtained probabilistically
via stopped or killed processes. This chapter is devoted to a closer look at these two
sides of analysis. Moreover, a very handy intermediate notion is that of a martingale
problem, which can be looked at as a kind of generalized solution for both SDE and
WDE, providing a convenient technical link between these two descriptions.

We start with a relatively elementary introduction to this circle of ideas on the
example of diffusion processes (Sections 4.1-4.4), followed by the analysis of Markov
processes that can be constructed from the usual SDE driven by Lévy processes and
Poisson random measures (Sections 4.5—4.6). Then, in Section 4.7, the theory of
stochastic integration for martingales with continuous predictable quadratic variation
(continuity in this sense being the main simplification as compared with the general
theory) is developed. Finally we plunge into the deep (and technically demanding)
general theory of the convergence of martingale problems, revealing the basic link
with Markov processes. Presenting this theory we used Ethier and Kurtz [110], Joffe
and Métivier [150], Kallenberg [154] and Stroock [300]. However, the proofs were
simplified and streamlined essentially.

4.1 Markov semigroups and evolution equations

This section can be considered as a continuation of Section 3.6. It details the link
between Feller semigroups and the solutions to the corresponding evolution WDE. In
particular, it reveals the crucial role played by positivity preservation in the analysis
of these WDE.

From the definition of the generator and the invariance of its domain it follows that
if ®; is the Feller semigroup of a process X; with a generator L and domain Dy , then
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®; f(x) solves the Cauchy problem

d
G0 = L. fo= 1. @)

whenever f € Dy, the derivative being taken in the sense of the sup-norm of C(R%).
Formula (3.34) yields the probabilistic interpretation of this solution and an explicit
formula.

In the theory of linear differential equations the solution G(z, x, xg) of (4.1) with
Jo = 8x, = 8(. — xp) (i.e. satisfying (4.1) for # > 0 and the limiting condition in the
weak form

EQ/G&LMM@Mx=ﬂm)

forany g € CX°), is called the Green function or (usually for parabolic type equations)
the heat kernel of the problem (4.1) (whenever it exists of course, which may not be
the case in general). In its probabilistic interpretation, the Green function G (¢, x, x¢)
represents the density at xq of the distribution of X started at x.!

In particular, if the distribution of a Lévy process X; has a density w(¢, y), then
D;6x,(x) = w(t, xp — x), as follows from (3.41), so that w(z, xo — x) is the Green
function G (, x, x¢) in this case.

For example, the Green function for the pseudo-differential (fractional parabolic)
equation

E;—b; = (A, Vu(x)) — a|Au|*/?

(see the end of Section 1.8 for fractional derivatives or Laplace operator) is given by
the stable density (see (3.29))

S(xo— At — x;a,at) = (2n)_d / exp{—at|p|* +ip(x + At — xo)} dp.
R4

Together with the existence of a solution one is usually interested in its uniqueness
and continuous dependence on initial data. The next statement shows how naturally
this issue is settled via the PMP.

Theorem 4.1.1. Let a subspace D C C(R?) contain constant functions, and let an
operator L : D + C(R?) satisfying PMP be given. Let T > 0 and u(t,x) €
C([0,T] x R2. Assume u(0, x) is everywhere non-negative, u(t,.) € Coo(R%) N D
forallt € [0, T), is differentiable in t fort > 0 and satisfies the evolutionary equation

ou
ot
INote the difference in the direction of time: X is the initial point for the evolution equation, but a

final point for the corresponding process. This difference is often not revealed in the analysis of time-
homogeneous processes, but becomes explicit for time-nonhomogeneous ones.

Lu, te(0,T].
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Then u(t, x) > 0 everywhere, and
max{u(t,x):t €[0,T],x € Rd} = max{u(0,x) : x € R9}. 4.2)
Proof. First suppose infu = —a < 0. Fora§ < o/ T consider the function
vs = u(t,x) + 6t.

Clearly this function also has a negative infimum. Since v tends to a positive constant
8t as x — o0, v has a global negative minimum at some point (9, x¢), which lies in
(0, T] x R¥. Hence (dv/d1)(t9, x0) < 0 (with equality if 7o < T'), and by the PMP
Lv(tg, x9) > 0. Consequently

v
(E — LU) (tg, x9) < 0.

On the other hand, from the evolution equation one deduces that

ov ou
(g — Lv) (t0, x0) = (E — Lu) (to, x0) + 6 = 6.

This contradiction completes the proof of the first statement. Similarly, assume that
max{u(t,x):t €[0,T],x € R4} > max{u(0, x) : x € R?}.

Then there exists a § > 0 such that the function vg = u(z, x) — 8¢ also attains its
maximum at a point (zo, xo) with zo > 0. Hence (dv/0dt)(tg, xo) > 0 (with equality if
to < T), and by the PMP Lv(tg, x9) < 0. Consequently,

av
(5 — LU) (t0, x0) > 0.

But from the evolution equation,

dv ou
(E - Lv) (to, x0) = (E - Lu) (to, x0) — 6 = —4.

This is again a contradiction. O

Corollary 15. Under the condition on D and L as in the above theorem, assume
feC(0,T] xRY), g € Coo(R?). Then the Cauchy problem

ou

FTi Lu+ f. u(0,x) = g(x), 4.3)
can have at most one solution u € C([0, T] x R?) such that u(t,.) € Coo(R?) for all
t €[0,T].
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We shall touch now upon the problem (developed extensively later on) of recon-
structing a Feller semigroup (and hence the corresponding process) from a rich enough
class of solutions to the Cauchy problem (4.1).

Theorem 4.1.2. Let L be a conditionally positive operator in Coo(Rd) satisfying
PMP, and let D be a dense subspace of Coo(R?) containing c? (R?) and belonging
to the domain of L. Let {U;}, t > 0, be a family of bounded (uniformly for t €
[0, T] for any T > 0) linear operators in Coo(R?) such that U; preserves D and
U; f for any f € D is a classical solution of (4.1) (i.e. it holds for all t > 0, the
derivative being taken in the sense of the sup-norm of C(R?)). Then {U,} is a strongly
continuous semigroup of positive operators in Coo defining a unique classical solution
U; € Coo(R?) of (4.1) forany f € D.

Proof. Uniqueness and positivity follows from the previous theorem, if one takes into
account that by Courrége’s Theorem 3.6.7 the operator L naturally extends to con-
stant functions preserving the PMP. On the other hand, uniqueness implies the semi-
group property, because U;4s and U;Us solves the same Cauchy problem. Finally,
to prove strong continuity, observe that if ¢ € D, then (as L and Us; commute by
Theorem 1.9.1)

t t
U,¢—¢=/0 LUsqbds:/O UsL¢ ds,

and
Ut — ¢l < tsup ||Us|l|L].
s<t

Since D is dense, arbitrary ¢ are dealt with by the standard approximation procedure.
O

The next result gives a simple analytic criterion for conservativity. It also introduces
a very important formula (4.4) for the solution of non-homogeneous equations that is
called sometimes the Duhamel principle.

Theorem 4.1.3. (i) Under the assumption of the previous theorem assume addi-
tionally that D is itself a Banach space under a certain norm ||¢||p > ||¢|| such
that L is a bounded operator D +— Cx (Rd) and the operators U; are bounded
(uniformly for t on compact sets) as operators in D. Then the function

t
u = Utg +/ Ut—sfs ds (44)
0

is the unique solution to equation (4.3) in Coo(R?).

(ii) Let L be uniformly conservative in the sense that |Lp| — 0 asn — oo
for ¢n(x) = ¢(x/n), n € N, and any ¢ € Ccz(Rd) that it equals one in a
neighborhood of the origin and has values in [0, 1]. Then Uy is a conservative
Feller semigroup.
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Proof. (i) Uniqueness follows from Theorem 4.1.1. Since U; are uniformly bounded
in D it follows that the function u of form (4.4) is well defined and belongs to D
for all #. Next, straightforward formal differentiation shows that u satisfies (4.3). To
prove the existence of the derivative one writes

g

. 1 t . 1 t+46
5 = LUf + 811—%_/0 (Ut+8—s —Ui—s)¢psds + Sh_r)%g/; Ut+8_s¢s ds.

The first limit here exists and equals L f Ot U;—s¢s ds. On the other hand,

t+6

1 1 t+6
lim — Ui 5_sPs ds = lim — U;i5_sps — ds,
SER) 5/, (+5—sPs ds = ¢ + 82}) 5 /t (Usys—sps — ¢r) ds

and the second limit vanishes.
(i1) Clearly the function ¢, solves the problem
0
8—? =Lu— L¢,, u(0,x)=¢(x),

and hence by (i)
t

¢n(x) = Ut¢n +/0 Ut—sL¢n ds.

As n — oo the integral on the r.h.s. of this equation tends to zero in Ce (Rd) and
¢n(x) tends to one for each x. Hence

lim U;pn(x) =1, xeR?,
n—>0o0

implying that in the representation of type (3.38) for U; (that exists due to the positiv-
ity of U;), all measures p;(x, dy) are probability measures. m]

We conclude this section with a couple of simple examples illustrating various ver-
sions of the Feller property.

Exercise 4.1.1. Let X; be a deterministic process in R solving the ODE % = x3.
Show that
(i) the solution to this equation with the initial condition X (0) = x is
1/2 1
Xx(t) =sgn(x)| ————— X< ==,
£ (0 g()(—2t+x%) < =
(ii) the corresponding semigroup has the form
X @), Ix] < 2=,
O fx)=1""" V2t (4.5)

0, |x| > —

V2t
in Coo(R) and is Feller,
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(iii) the corresponding measures from representation (3.38) are

B0 =) Ix] < .

1
> -
0, |x| > T

pr(x,dy) = (4.6)

implying that this Feller semigroup is not conservative, as its minimal extension
takes the constant one to the indicator function of the interval (—1/+/2¢,1/+/21).
(It is instructive to see where the criterion of conservativity of Theorem 4.1.3
breaks down in this example.)

Exercise 4.1.2. Let X, be a deterministic process in R solving the ODE x = —x3.
Show that

(i) the solution to this equation with initial condition X(0) = x is

1/2
X)) = sen (51 )

(i1) the corresponding semigroup is conservative and C -Feller, but not Feller, as it
does not preserve the space Coo(R?).

Exercise 4.1.3. Let X; be a deterministic process in R4 solving the ODE x = —1
and killed at the boundary {x = 0}, i.e. it vanishes at the boundary at the moment it
reaches it. Show that the corresponding semigroup on Coo (R4 ) (which is the space
of continuous functions on R4 tending to zero both for x — oo and x — 0) is given
by (3.38) with

e dy) = {S(x —t—y), x>t, @7

0, x <t

and is Feller, but not conservative, as its minimal extension to C (R4 ) (that stands for
killing at the boundary) takes the constant one to the indicator 1[; o). On the other
hand, if instead of a killed process, one defines the corresponding stopped process
that sticks to the boundary {x = 0} once it reaches it, the corresponding semigroup is
given on Coo(R4) by (3.38) with

pe(x.dy) = {S(X —my). x>t 4.8)
3(y), x <t.

This is a conservative Feller semigroup on Coo(R ) that is an extension (but not a
minimal one) of the previously constructed semigroup of the killed process.

Exercise 4.1.4. This exercise aims to show that the stopped process from the pre-
vious one does not give a unique extension of a Feller semigroup on Coo(R4) to
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Coo(R4). Namely, consider a mixed killed and stopped process, where a particle
moves according to the equation x = —1 until it reaches the boundary, where it stays
a f-exponential random time and then vanishes. Show that such a process specifies a
non-conservative Feller semigroup on Coo (R 1) given by

f(x—1), X >t,

F(0)e 0= x <y, 49

@, f(x) = {

Exercise 4.1.5. Consider the deterministic process X; = e~ 'x in R4. Clearly the
corresponding process stopped at the origin coincides with X = e~'x restricted
to R4 and also coincides with the reflected process |X;*|. Show that this process is
Feller in R 4, that is its semigroup is strongly continuous in Coo(R ) (the space of
continuous functions on R4 vanishing at the origin and at infinity), and the domain
of the generator consists of functions f from Coo(R ) such that f”/(x) exists and is
continuous for x > 0 and the function x f/(x) vanishes at the origin and at infinity.

4.2 The Dirichlet problem for diffusion operators

In this section we describe the crucial link between stationary equations and stopped
Markov processes for the example of diffusions. The “simplicity” used here is cru-
cially linked with the continuity of the diffusion trajectories.

Assume a;j, bj are continuous bounded function s.t. the matrix (a;;) is positive
definite and the operator

P f
0x; 0x

d of L a
Lf(0) =Y bj(0g—+ 5 D ap)
j=1 J jk=1

generates a Feller diffusion X;. Assume €2 is an open subset of R4 with the boundary
02 and closure 2. The Dirichlet problem for L in €2 consists of finding a u €
Cp(2) N CE(Q) st

Lu(x) = f(x),x €2, ulsgg =V (4.10)

for given f € Cp(R2), ¥ € Cp(0R2). A fundamental link between probability and
PDE is given by the following

Theorem 4.2.1. Let Q be bounded and Extg < oo for all x € €, w_here TQ =
inf{t >0: X; € 0Q} (e.g. if X is a BM, see Section 2.7), and letu € Cp(Q)NC?*(Q)
be a solution to (4.10). Then

um=E{w&y—AQﬂ&wﬂ. @11

In particular, such a solution u is unique.
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Proof. (i) Assume first that u can be extended to the whole RY as a function u €
C.(R% N Cbz(Rd). Then u € Dy, and applying the stopping time tg to Dynkin’s
martingale yields

E [u(X,Q) —u(x) — /Ofn Lu(Xy) dt] =0, (4.12)

implying (4.11).
(i1) In the general case choose an expanding sequence of domains €2, C 2 with
smooth boundaries tending to €2 as n — oo. Clearly the function u solves the problem

Lup(x) = f(x),x € Qu, Unlpg, =u

As it can be extended to R? as is required in (i), it is a unique solution given by

u(x) = uu(x) = Ex [M(Xrgn) _/(;tgn f(Xy) dti| ., X € Q.

Taking the limit as n — oo yields (4.11), because 1, — 7@ a.s., asn — oo, and
hence X, — X, by the continuity of diffusion paths (proved in Theorem 3.11.6).
O

For example, we can now extend the results of Section 2.7 on the exit times of BM
to arbitrary one-dimensional diffusions. Namely, let us take 2 = («, 8) C R and

a(x) 5+ b(x)—

with a,b € C(Q), a > 0. Then u(x) = Pyx(X,, = p) is the probability that X,
starting at a point x € («, ) reaches f before . By (4.11), this u represents a
solution to the problem

1 2

Salx )d “(x) +b(x )d”(x) 0, xe(@p), u@=0, uP)=1 (13)
On the other hand, u(x) = Ej g is the mean exit time from €2 that solves the problem

1 dzu X du(x

—a( ) ( ) b(x) di) =—-1, xe(a,B), u@) =u(B)=0. (414

Exercise 4.2.1. (i) Solve problem (4.13) analytically showing that

x B -1
P = ) = [ exp{g(y)}dy( / exp{g(y)}dy) L @)

where g(x) = — f; (2b/a)(y) dy. In particular, for a standard BM B; starting at x
this gives Py (B¢, = B) = (x —a) /(B — ).
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(ii) Solve (4.14) with b = 0 showing that in this case

x—a [Fp—y Yx—y

In particular, in case of BM this turns to (x — «)(f — x). Hint: show first that the
solution to the Cauchy problem

%a(x)u”(x) =—1, u(@)=0

is given by the formula

X

uw = ot -0) -2 [ x=yao)d
o
with a constant w.

Exercise 4.2.2. Check that A¢ = h”(|x|) + 4=L1(|x]) for ¢ (x) = h(|x|). Deduce

|x]
that if such ¢ is harmonic (i.e. satisfies the Laplace equation A¢ = 0) in R, then

A+ Br-@4-2  g>2
hr) = { o ~ (4.17)

A+ Blnr, d=2
for some constants A4, B.

Exercise 4.2.3. Solve the equation A¢ = 0 in the shell S, g = {x € RY :r <
|x] < R} subject to the following boundary conditions: ¢ (x) equals 1 (respectively
zero) on |x| = R (resp. |x| = r). Hence compute the probability that standard
Brownian motion started from a point x € S, r leaves the shell via the outer part of
the boundary. Hint: choosing appropriate A, B from (4.17) one finds

|x|2—d_r2—a' d > 2
p(x) = | R re” ’ (4.18)
InR—Inr > d=2.

This describes the required probability due to Theorem 4.2.1.

Exercise 4.2.4. Calculate the probability of the Brownian motion W; ever hitting the
ball B, if started at a distance @ > r from the origin. Hint: Let Tg (resp. 7;) be the
first time ||W;|| = R (resp. r). By letting R — oo in (4.18)

(r/a)d_z, d>2,

4.19
1, d=2. 19

1mn<m=£%mm<mﬁ{
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Exercise 4.2.5. Use the Borel-Cantelli lemma and the previous exercise to deduce
that for d > 2 and any starting point x # 0 there exists a.s. a positive r > 0 s.t. W/*
starting at x never hits the ball B,. Hint: For any r < a let A, be the event that W;*
ever hits the ball B, /,». Then )  P(Ay) < oo.

Exercise 4.2.6. Show that BM in dimension d > 2 is transient, i.e. that a.s.
lim; o0 ||[W¢|| = oo. Hint: As W; is a.s. unbounded (see Section 2.2), the event
that W; does not tend to infinity means that there exists a ball B, s.t. infinitely many
events A, occur, where A, means that the trajectory returns to B, after being outside
Byn,.. This leads to a contradiction by the Borel-Cantelli lemma and (4.19).

The next result is a more abstract version of Exercise 4.2.6.

Theorem 4.2.2. Let L be a generator of a Feller diffusion X;. Given a domain 2 C

R4, assume that there exists a twice continuously differentiable function f > 0 in
R4\ Q s.t. Lf(x) < 0 and for some a > 0 and a point xo € R \ Q one has

f(xo) <a <inf{f(x):x € 0Q}.

Then for the process X; started at x¢ there is a positive probability of never hitting
Q. (this actually means that the diffusion X; is transient).

Remark 31. General arguments show that the conclusion of the Theorem implies that
the diffusion X, is transient, that is X; — oo a.s., as t — 0o, see e.g. Freidlin [117].

Proof. Let N > ||x¢]|, and let 7q and 7y denote the hitting times of €2 and the sphere
Iyl = N respectively. Put Ty = min(ty, tg). From Dynkin’s martingale it follows
that

Ex, f(XT,) < f(x0) <a.

Hence
a > inf{ f(x): x € 0Q}Py,(tQ < t5) > aPx,(1q < ).

Passing to the limit as N — oo yields
a > aPy,(tq < 00),
implying Py, (tq < o0) < 1. O

This result is an example of the application of the method of Lyapunov functions
that will be extensively developed in Chapter 6.
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4.3 The stationary Feynman-Kac formula

Recall that the equation
Ag = Ag + f, (4.20)

where A is the generator of a Feller semigroup ®;, /' € Coo(R?), A > 0, is solved
uniquely by the formula

[e.e]
g0 = Ruf() =Bx [ M f(x0 d.
0
This suggests a guess that a solution to the more general equation

A+k)g=Ag+ f. 4.21)

where the additional letter k denotes a bounded continuous function could look like

00 t
glx) = Ex/o exp {—/\t —/0 k(Xs) ds}f(X,)dt. (4.22)

This is the stationary Feynman—Kac formula that we are going to discuss now. The
fastest way of proving it (at least for diffusions) is by means of 1t6’s formula. We
did not introduce this tool and hence choose a different method (following essentially
[155]) by first rewriting it in terms of the resolvents (thus rewriting the differential
equation (4.21) in an integral form).

Theorem 4.3.1. Let X; be a Feller process with semigroup ®; and generator A.
Suppose f € Coo(R9), k is a continuous bounded non-negative function and A > 0.
Then g € Dy and satisfies (4.21) iff g € Coo(R?) and

Ry(kg) =Ryf —g. (4.23)

Proof. Applying R} to both sides of (4.21) and using R (A — A)g = g yields (4.23).
Conversely, subtracting the resolvent equations for f and kg

ARV f = ARy f — f. ARy (kg) = AR; (kg) — kg, (4.24)
and using (4.23) yields (4.21). O

Theorem 4.3.2. Under the assumptions of Theorem 4.3.1 the function (4.22) yields a
solution to (4.23) and hence to (4.21).

Proof. Using the Markov property one writes

R;(kg) = Ey /0 eHE(Xy)g(Xy) ds

o0 o0 t
=Ex/0 e_)“k(Xs)/0 exp {—At—fo k(Xyts) du}f(XH_s) drds.
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Changing the variables of integration 7,u to7 = s + ¢ and & = s + u and denoting
them again by ¢ and u respectively leads to

R)(kg) = Ex /000 e_Mf(Xt) /Otk(Xs) exp {—/tk(Xu) du} dsdt.

N

/Otk(Xs) exp {—/Stk(Xu) du} ds =1—exp {—/:k(Xs) ds}

(Newton-Leibniz formula), R, (kg) rewrites as

Since

) t
k[ e_Mf(Xt)[l—exp{— / k(Xs)dS}]delZ(Rxf—g)(x)a
0 0

as required. m|

In many interesting situations the validity of formula (4.22) can be extended beyond
the general conditions of Theorem 4.3.2. Let us consider one of these extensions for
a one-dimensional BM.

Theorem 4.3.3. Assume k > 0 and f are piecewise-continuous bounded functions
on R with the finite sets of discontinuity being Discy and Discy. Then the (clearly
bounded) function g given by (4.22) with X; being a BM By is continuously differen-
tiable, has a piece-wise continuous second derivative and satisfies

1
A +k)g= Eg” + f  outside Discy U Discy. (4.25)
Proof. The calculations in the proof of Theorem 4.3.2 remain valid for all bounded
measurable f and k, showing that g satisfies (4.23). Moreover, for piecewise contin-

uous f and k, one sees from dominated convergence that this g is continuous. Next,
from formula (3.47) one finds that

1 X o0
Rxf(X)Zﬁ[/_ PO iy ay + emx-”f(y)dy]

Hence R} f is continuously differentiable for any bounded measurable f with

(Ri.f) (x) = / V2R £ (3) dy — /_ V200 £(y) dy.

This implies in turn that (R, /)" is piecewise continuous for a piecewise continuous
f and the resolvent equations (4.24) hold outside Discy U Discg. Hence one shows
as in Theorem 4.3.2 that g satisfies (4.25), which by integration implies the continuity
of g’. O
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Exercise 4.3.1. Show that for @, 8 > 0, x > 0 and a BM B;

o0 t
E, / exp { —at—p / 1(0,00) (Bs) ds}dt
0 0

_ [ V‘H — Ve —vz(”ﬂ)X] (4.26)
a+p

Hint: by Theorem 4.3.3 the function z(x) on the L.h.s. of (4.26) is a bounded solution
of the equation

1_n
az(x)=5z"(x)—Pz(x)+1, x>0
(1) = 32"(0) = () s
az(x) = 53z"(x) + 1, x <0
with the boundary conditions
z(04) = z(0-), z'(04) = Z'(0-).
Bounded solutions to (4.27) have the form
Aexp{—/2 L x>0,
2(x) = exp{ (o + ,?)x} +ap X 428)
Bexp{~2ax} + 5. x < 0.

Theorem 4.3.4 (Arcsin law for the occupation time). The law for the occupation time
Oy = fé 1(0,00)(Bs) ds of (0, 00) by a standard BM B; has the density

_dy
Yt =)

Proof. By the uniqueness of the Laplace transform it is enough to show that

t d
Ee B0 — [ L (4.30)
0

myyt—y)

P(O; € dy) = (4.29)

But from (4.26)
1

Jala + B)’

o0
/ e Y Ee B0 g1 = z(0) =
0

and on the other hand

ot —(ot+/3)y o0 e—as
- d dt =
/ / b4 y(t — Y «/— 9 0 \/—

et

which implies (4.30) again by uniqueness of the Laplace transform. m|
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Exercise 4.3.2. From formula (3.48) yielding the solution to equation (A—A)g = f,
A > 0, in R3, deduce that the solution to the Poisson equation Ag = — f in R3 is
given by formula

f(y)
Ix—yl

whenever f decreases quickly enough at infinity.

4.4 Diffusions with variable drift, Ornstein—-Uhlenbeck
processes

In order to solve probabilistically equations involving second-order differential opera-

tors, one has to know that these operators generate Markov (Feller) semigroups. Here,

anticipating further development of SDE, we show how BM can be used to construct
processes with generators of the form

Lf(x) = %Af(x) + (b(x), %) x € R, (4.31)

Let b be a bounded Lipschitz continuous function, i.e. |b(x) —b(y)| < C|x — y|
with a constant C. Let B; be a ¥;-BM on a filtered probability space with a filtration
F7 satistying usual conditions. Then, for any x, the equation

t
X;=x+ / b(Xs)ds + B; (4.32)
0

has a unique global continuous solution X;(x) depending continuously on x and ¢,
which is proved by fixed-point arguments in literally the same way as for usual ODE.
Clearly X;(x) is a ¥;-Markov process starting at x, because the behavior of the pro-
cess after reaching any position x is uniquely specified by the corresponding solution
to (4.32).

Theorem 4.4.1. X; is a Feller process with generator (4.31).

Proof. Clearly ®; f(x) = E f(X;(x)) is a semigroup of positive contractions on
Cp(RY). Let f € C2(R?). Then

t
@ /() ~ 1) = B (1) (Bt ; [ b(Xy) ds)

+ ( f(x) (B,+/ b(Xs)ds) B,+/ b(Xs)ds)
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where dots denote the correcting term of the Maclaurin (or Taylor) series. As E|B {‘ | =
O(t*/2), it follows that the r.h.s. of this expression is

af 1 02

—(x),E(B; +1b(x)) | + zE| =5 (x)B;, B | + 0(t), t — 0,

dx 2\ 0x2
so that

L@ S0~ ] > LfG). 10,

Hence any f € C° (R?) belongs to the domain of the generator L, and L is given
by formula (4.31). As clearly ®; f — f for any such f,t — 0, it follows that the
same holds for all f € Coo(R?), by density arguments. m|

Exercise 4.4.1. Convince yourself that the assumption that 5 is bounded can be dis-
pensed with (only Lipschitz continuity is essential).

Example 1. The solution to the Langevin equation

t
UtzU—b/ Usds+B[
0

with a given constant b > 0 defines a Feller process called the Ornstein—Uhlenbeck
(velocity) process with generator

Lf(v) = %Af(v) —b(v, %) veR?. (4.33)

This process was already introduced in Section 2.11. The pair (vs, x; = X0+ f vs ds)
describes the evolution of a Newtonian particle subject to white noise driving force
and friction, and is also called the Ornstein—Uhlenbeck process.

Example 2. The solution to the system

X = Vi,
(4.34)
{y, =— [y ¥(xs)ds —b [y ysds + By

describes the evolution of a Newtonian particle in a potential field V subject to friction
and white noise driving force.

Exercise 4.4.2. Assume that » = 0 and the potential V' is bounded below, say V' > 1

everywhere, and is increasing to co as |x| — oo.

1. Write down the generator L of the pair process (x¢, y¢). Answer:
af v af 1

L ’ = P - a0 o _A k]

f(x.y) (y ax) (ax 8y)+2 vf

where A, denotes the Laplacian with respect to the variable y.
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2. Check that L(H %) < 0for0 < a < (d/2)—1, where H(x,y) = V(x)+y?/2
is the energy function (Hamiltonian).

3. Applying Dynkin’s formula with f = H ™% for the process starting at (x, y)
with the stopping time

Ty = inf{t >0: H(Xt,yt) = h}
with h < H(x, y), show that Ex ,, f((x, y)(t5)) < f(x,y), and consequently

Py y(th < o00) = (h/H(x, y))".

4. Follow the same reasoning as in Exercise 4.2.6 to establish that the process
(xz, y¢) is transient in dimension d > 3 (this result is remarkable, as it holds for
all smooth enough V).

4.5 Stochastic integrals and SDE based on Lévy processes

Stochastic integrals belong to the major tools of stochastic analysis. The modern
theory of integration with respect to general semimartingales is technically rather in-
volved. We shall sketch here a more elementary theory for Lévy integrators that would
form an appropriate platform for nonlinear extensions developed further.

As we shall see, solving SDEs yields a remarkable probabilistic method for the
construction of Markov processes, both linear and nonlinear.

We shall start with the simplest stochastic integral of the form fé agdYs, where
Y; is a Lévy process. Notice that if Y; is a compound Poisson process, its paths
are functions of finite variation (more precisely they are piecewise constant), and the
above integral is defined in the usual Lebesgue or Riemann sense depending on the
regularity of a. Therefore, since in the Lévy—Itd decomposition the term X? (see
Theorem 3.3.1) with large jumps is a compound Poisson process, one would not lose
much generality in discussing stochastic integrals by discarding this term. Thus let
us concentrate on the centered (with zero mean) Lévy process Y; in R4 adapted to
a filtration ¥; satisfying the usual conditions on a given probability space (2, ¥, P)
and having generator

Lf(x) = %(GV, V)f(x) + /[f(x +9) = f() = (. V) f()lv(dy), (435)

where the Lévy measure v has a finite second moment [ |y |?v(dy) < oo (for instance,
this is always the case for v with bounded support) and G is a nonnegative d X d-
matrix. In particular, if G is the unit matrix and v vanishes, Y is a BM and our
stochastic integral would become the standard Itd integral with respect to the Wiener
process.
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Exercise 4.5.1. Show that under the above assumptions
E(Y;)* = t|:trG + / |y|2v(dy)}, (4.36)

E(Y/v/) = r[GU + [ y"yfv(dy)]. (437)
Hint: use the characteristic function.

In defining the integral it is convenient to start with piecewise constant integrands
a. To simplify the notation we shall assume that they are constant on intervals with
binary rational bounds, i.e. have the form

2/ 7]

ar= Y & g i+ nud: (4.38)
j=0

where 7p = 27% and o/ are Fj, -measurable and square-integrable R¥-valued ran-
dom variables. The stochastic integral for such « is defined by

(/]

t
/0 0sd¥y = > & Tinte 7410 — Vi) (4.39)
j=0

As Y; has zero mean and is square-integrable, this process is clearly a right-continuous
R4 -valued %; -martingale. Moreover,

‘ 2 t/ul
E(/O Oédes) = E( Z (@) Vnin(e, G+ D) — erk)z)

=0
since
Ele e/ (Yit1)y — Yie) Y +1)e — Yiz)]
=EE(' o/ Y11y — Yie) Y+ — Yiee) | Fiee)
= EE@ o’/ (Yi41yg — Yiee) | Fir ) EX(41yg — Vi) =0

for i < j. Consequently, again by conditioning and (4.37),

t 2 t
E(/ ades) =E/ (a5, Gog) ds, (4.40)
0 0

where G;; = Gij + [ y'y/v(dy).

Hence the mapping from «; to the integrals f(; as dYs is a bounded (in the L,
sense) linear mapping from simple left-continuous square-integrable ¥;-adapted pro-
cesses to the right-continuous square-integrable martingales.



Section 4.5 Stochastic integrals and SDE based on Lévy processes 169

We can now define the stochastic integral driven by Lévy noise fé agd Yy for any
left-continuous adapted processes «, which is square-integrable in the sense that
E fot a? ds < o0, as the L;-limit of the corresponding integrals over the simple ap-
proximations of o, since all these processes « can be approximated in L? (on each
bounded interval [0, ¢]) by simple left-continuous processes.

Remark 32. To prove the last claim, observe that any such process can be approxi-
mated in L2 by bounded left-continuous adapted processes. And any bounded left-
continuous adapted processes o is approximated in L? and a.s. by its natural left-
continuous binary approximations

(/]
of = D anl(n.G+nmnl
j=0
Thus for any left-continuous adapted square-integrable process « the stochastic
integral fé agd Y is well defined and represents a square-integrable right continuous
martingale satisfying (4.40). Of course one can naturally extend the integral to vector-
valued integrands.
The next object of our analysis is the simplest stochastic differential equation (SDE)
driven by Lévy noise:

t t
X, = x +/ a(Xs—)dYs +/ b(Xs_)ds. 4.41)
0 0

Proposition 4.5.1. Let Y; satisfy the above conditions and let b, a be bounded Lip-
schitz continuous functions from R™ to R™ and to n x d-matrices respectively, with
Lipschitz constant k. Finally, let x be a $o-measurable R"-valued random variable
independent of Ys. Then there exists a unique right-continuous ¥;-adapted square-
integrable process X; on (2, ¥, P) satisfying (4.41).

Proof. This is a consequence of the contraction principle and is omitted being a par-
ticular case of the next proposition. O

Next we consider an extension of the above integral, where the integration is carried
over the random Poisson measure underlying the Lévy process.

Let Y; be the same Lévy process as above and N(dsdx) be the corresponding
Poisson measure with the (unbounded) intensity dz x v introduced in Corollary 11.
Let N (dsdx) be the corresponding compensated measure defined as

N((S’t]vA) = N((S,t],A) _EN((S’I]vA) = N((S’t]vA) - (l —S)LV(dY)

for the Borel sets A bounded below. We now aim to define the stochastic integral

/0 t / f(s,z)N(dsdz)
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for a random function f extending the integral from Proposition 3.3.1 to the case of
random integrands. Notice directly that due to the assumption of the finiteness of the
second moment of v the restriction to the domain {|x| < 1} is not needed.

The approach to the definition of the integral will be as above. Namely, we shall
start with simple functions f* which will be defined as random process of the form

[t/7]
Fx) =" o g (+1)5 () (X). (4.42)

J=0

where o are bounded ¥, -measurable random variables and ¢; are Borel functions
on R¥ such that ¢ ) (x)/|x| are bounded. For these processes the integral is defined by
the formula

[t/x] min(z,(j+1)7x)

> ol [

j=0 JTk

/ t / (s, x)N (dsdx) = / ¢j (x)N (dsdx), (4.43)
0

where the last integral is given by Corollary 3.3.1. Acting as above one concludes that

E(/Ot/f(s,x)ﬁ(dsdx))z = /0, ds/EfZ(s,x)v(dx). (4.44)

This again allows for extensions. Namely, first one extends the integral to processes

of the form
[t/ ]

f(S,)C) = Z ¢j(x)1(j‘(k,(j+1)tk](s)’ (445)

J=0

where ¢/ (x) are Fige ® B(R%)-measurable random variables on € x R such that
¢/ (x)/|x| is bounded, using the fact that bounded L?-functions of two variables can
be approximated in L? by linear combinations of bounded products of functions of
one variable. One then extends the integral to all left-continuous %; ® B(R?)-adapted
processes on 2 X R4 such that the r.h.s. of (4.44) is finite.

Remark 33. It is possible to extend the definition of stochastic integral to left-con-
tinuous processes f'(s, x) such that

/Ot ds/fz(s,x)v(dx) < 00

a.s. To this end, one approximates such processes by processes f, with a finite r.h.s.
of (4.44) in the sense that

/tds/ | fu — fI(s, x)v(dx) = 0, n — oo,
0
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a.s. Then one defines the corresponding stochastic integral of f as the limit in prob-
ability of the approximating integrals of f;, see details e.g. in [20]. We shall not use
this extension.

To connect with the previously defined integral [ asd Yy it is instructive to observe

that , , ,
/ asd Y =/ asdBS +f /ast(dsdx),
0 0 0

where B is the BM with covariance matrix G.
Generalizing equation (4.41), one can analyze now SDE of the form

t t t
X, =x+ / o(Xs_)dBs + / b(Xs_)ds + / / F(Xs_,z)N(dsdz), (4.46)
0 0 0

where B; is standard Brownian motion, F is a measurable mapping R” x R¢ > R”
and o maps R” to n x d-matrices.

Theorem 4.5.1. Let Y; satisfies the above conditions, that is its generator has form
(4.35) and v has finite second moment. Moreover, let

1b(y1) —b(r2) 1> + o (y1) — o (32)|?

4 / IF(1w) = F(ya. w)Podw) < €ly1 — vl 4.47)

and
b)I> + oI + / |F(y,w)|*v(dw) < «?|y[?

with some constant k. Finally, let x be an Fy-measurable random variable indepen-
dent of Ys. Then there exists a unique cadlag ¥;-adapted square-integrable process
X; on (2, F,P) satisfying (4.46).

Proof. By (4.47), (4.44) and (4.40) applied to B one has
t
H / ((o(xsl_) —0o(X2))dB; + / (F(XL.,z)— F(Xf_,z))]\?(dsdz))
0

t 2 t
- / (b(X,.) —b(XZ))ds| <ck’E / XL — X2 |2 ds,
0 0

implying for the mapping X +— ®(X) (®(X) being the r.h.s. of equation (4.46)) the
estimate

t t
B[ lo0rl) - o2)|Pds < en’E [ 1x) - x2 |2 ds,
0 0
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This means that for t < 1/ck? this mapping is a contraction on the space of cadlag
adapted processes distributed like x at # =0, taken with the Z2-norm (E Ot | X, [2ds)!/2
This implies well-posedness for this range of time. As usual in the theory of ODE, for
large times the result is obtained by iterating this procedure. m|

Adding terms with compound Poisson integrators to equations (4.46) does not in-
volve much trouble. Notice that for a bounded Poisson measure N (dsdx) the integral
of a left-continuous process f(s, x) can be defined by the same formula (3.10) as for
a deterministic f (alternatively, an extended definition from Remark 33 can be used).

Proposition 4.5.2. Let Y; be a general Lévy process, initial condition x and functions
b(x),0(x) and F(y,z)1 ;<1 satisfy the assumptions of Proposition 4.5.1, and let
G(y, z) be Lipschitz continuous with respect to the first argument. Then the equation

t t t
X, =x+ / o(Xs_)dBg + f b(Xs_)ds + / / F(Xs_,z)N(dsdz)
0 0 0 J{z|<1}

¢
+// G(Xs—,z)N(dsdz) (4.48)
0 J{z|>1}

has a unique cadlag adapted solution.

Proof. The simplest way is to observe (as in e.g. [20]) that this solution can be con-
structed via the interlacing procedure. Namely, let 7, be the (random) jump times of
the compound Poisson process P; = [, (z1>13 2N (t,dz) (by AP we shall denote its
jumps), and let Z; denote the solution to equation (4.46). By definition of compound
Poisson integrals, the solution to (4.48) is given by the following ‘explicit’ recursive
formulas

Yi =Z;, 0=<t<71,

Yo, =Z¢ -+ G(Zy -, AP(11)),
) . (4.49)
Yt=Yr1+Zt_Zrl7 71 <t <71y,

Y‘C2 = Z‘Ez— + G(Zr2—7 AP(TZ))7

and so on, where Z! is the unique solution to (4.46) with Zé = Y, insteadof x. O

4.6 Markov property and regularity of solutions

Theorem 4.6.1. Let the assumptions of Theorem 4.5.1 hold. Then

(i) forany x,y,t
E|X[ - X])? < e|x —y|% (4.50)

(ii) if f is Lipschitz continuous with a constant o, then the function E f(X}) is also
Lipschitz continuous with the Lipschitz constant we*!;
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(iii) X; is a C-Feller Markov process and for any f € C2? (RY)

| o - [ CLrag) as] - =0, @51)
where
LF) = 1@ @0 )V.V)£5) + (). Y ()
+ [0+ FGe) = 10 = (R ). Vv 452

(iv) if the coefficients are bounded, i.e.

b + lloWII” + / |F(y, w)Pv(dw) < «?
with some constant k, then
E| X — x|? <«?t (4.53)
and the process X is Feller with the generator L having a domain containing
C2(RY).

Proof. (i) From (4.46) and (4.47) it follows that
t
BIXF = X7 < =3P o [ XS - X7 P s,
0

implying statement (i) by Gronwall’s lemma.

(i1) This is a direct consequence of (i).

(iii) As by uniqueness, X;4¢ is the solution of the corresponding SDE started at
X; at time ¢, it follows that E( f(X;45)|F7) = E(f(X¢+5)|X¢), giving the Markov
property. Then statement (ii) implies the C-Feller property. Next, by definition of
stochastic integrals, the process X; solving (4.46) is the limit X; = lim,— o X;(n)
(it is sufficient to have a limit in L-sense for any ¢ locally uniformly in #), where

t

t
Xix(k) =X +/ U(X[s2k]2—k)st +/ b(X[Szk]z—k)dS
0 0

t
+ / / F(X[gor1p-k.2)N (dsdz) (4.54)
0

(we do not need to write Xy k)« _, because X; is stochastically continuous meaning
that for a fixed countable set of binary rational it is a.s. continuous on this set). But
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the r.h.s. of (4.52) is the sum of simple integrals that by Proposition 3.3.1 are Lévy
processes. Hence (applying Dynkin’s martingale), we can write

t :
E[f(X," 00 = [ L 0. O ) ds = 10X )| i | = 0

i
E[f(x;;(k))— / b 0 TR ds = FOG (k)| Fry—ai| = 0.

. E[f(x;_k - [ T L f O ds f(x): 0,
where # = [12K]27% and
Lef0) = 5 (@)Y V) £ + (). V()
+ U0+ P2 = £0) = (2.9 0Dvd2)

Summing up these equations yields

t
B 0G0~ [ Lie, 00 fOG G0 ds = £ <o

which implies (4.51) by letting k — oo.

(iv) Estimate (4.53) follows from (4.46) and the assumed boundedness of the co-
efficients. This estimate clearly implies that the space Coo(R?) is preserved by the
Markov semigroup of the process X, i.e. it is a Feller process. It remains to identify
the generator on the space C C2 (Rd), which follows from (4.51). m|

As we mentioned earlier, the possibility of representing a Markov process as a so-
lution of an SDE of type (4.46) gives much more than is available for general Markov
processes, as it allows one to compare trajectories started at different points (the cor-
responding processes are defined on the same filtered probability space), in particular,
to obtain estimates of type (4.50). Even more, it allows one to analyze the regularity
of the trajectories with respect to initial points, as differentiating equation (4.50) with
respect to x yields the equation for the derivative dX;*/dx of the same type. This
leads naturally to the regularity of the corresponding Feller semigroup. For instance,
one can obtain the following.

Recall that we denote by Cfip (resp. Cé‘o) the subspace of functions from C*(R9)
with a Lipschitz continuous derivative of order k (resp. with all derivatives up to order
k vanishing at infinity).
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Theorem 4.6.2. Assume that the conditions of Theorem 4.6.1 (iv) hold.
(1) Assume thatb,o € Cinp(Rd),

2
v(dw) < o0, (4.55)

82
sgp/ H aZ—ZF(Z, w)

sup /
zZ

holds with 8 = 4. Then the solutions X} of (4.46) are a.s. differentiable with
respect to x and the spaces CLlip and CLIip N Colo are invariant under the semi-
group T;.

(ii) Assume further that b, o € Cfip(Rd),

and
B

‘%F(z,w)' v(dw) < 00 (4.56)

2
v(dw) < oo, (4.57)

33
sgp/ ” 82—3F(z, w)

and (4.56) holds with B = 6. Then the solutions X} of (4.46) are a.s. twice
differentiable with respect to Xx,

2
<c(t). (4.58)

2yx
s

supE ‘ 2

the spaces Cinp and Cinp N Cgo are invariant under the semigroup Ty, and the
latter represents an invariant core for Ty. Moreover, in this case the Markov
semigroup Ty and the corresponding process are uniquely defined by the gener-
ator L.

Proof. We omit the proof referring to [196] for full detail; see also [302] for a slightly
different presentation. O

Of course not any Lévy—Khintchine-type operator can be written in form (4.52)
with regular enough F, which puts natural limitations on the method of analysis of
Markov processes based on SDEs of type (4.46). In Section 5.8 we shall develop a
theory of SDE driven by a nonlinear Lévy noise that can be applied to a more general
class of Markov processes.

Notice that the integral part of (4.52) can be rewritten equivalently as

/[f()C +2) = f(x) = (2, V) (dy),

where v (dy) is the push forward of v via the mapping Fy : y — F(x, y). Hence, in
order to represent a Lévy—Khintchine-type operator in form (4.52) one has to express
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the Lévy kernel as a push forward of a given Lévy measure with respect to a family
of transformation. This can often be done in case of a common star shape of the
measures v(x,.), i.e. if they can be represented as

v(x,dy) =v(x,s,dr)yw(ds), ye€ RY, r = ly|le Ry, s=y/re sa-1
(4.59)
with a certain measure @ on S9! and a family of measures v(x, s, dr) on R4. In this
case the above representation via pushing is reduced to a one-dimensional problem.
Namely, the measure v is the pushing forward of a measure v on R by a mapping
F : R4 — R4 whenever

/ FEW(r) = / FaowF (du)

for a sufficiently rich class of test functions f, say for the indicators of intervals.
Suppose we are looking for a family of monotone continuous bijections Fx s : Ry —
R such that vFxs = v(x,s,.). Choosing f = 1[F(2),00) as a test function in the
above definition of pushing yields

G(x,s, Fx5(2)) = v([z,00)) (4.60)

for G(x,s,z) = v(x,s,[z,0)) = fzoo v(x,s,dy). Clearly if all v(x,s,.) and v are
unbounded (though bounded on any interval separated from the origin), have no atoms
and do not vanish on any open interval, then this equation defines a unique continuous
monotone bijection Fy s : Ry — R with also continuous inverse. Hence we arrive

at the following criterion.

Proposition 4.6.1. Suppose the Lévy kernel v(x,.) can be represented in the form
(4.59) and v is a Lévy measure on R such that all v(x,s,.) and v are unbounded,
have no atoms and do not vanish on any open interval. Then the family v(x,.) can
be represented as the push forward of the measure w(ds)v(dr) via the family of map-
pings Fx s(r), that is

/ F(Fes(rv(dro(ds) = [ Fav(x.s. du),

where Fx s(z) is the unique continuous solution Fy s(z) to (4.60). If Fx s(z) is Lip-
schitz continuous in x with a constant kg (z, §) satisfying the condition

/ /d K%(r, Sw(ds)v(dr) < oo, 4.61)
R+ §d—1

then
/ / (Fyxs(r) — Fy,s(r))za)(ds)v(dr) <c(x— y)2. (4.62)
R, Jsd-1
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Proof. Ttis clear that (4.61) implies (4.62). O

The following is the basic example.

Corollary 16. Let

v(x:dy) = a(x,s)r-ITeED) gr o (ds),
y € RY, r = ly|e Ry, s =y/re §91 (4.63)

where a, a are C! (]Rd) functions of the variable x, depend continuously on s and take
values in [ay, az] and [ay, az] respectively, where 0 < a1 < az, 0 < a1 < ap < 2.
Then condition (4.62) holds for the family of measures 1p,.(y)v(x, dy).

Proof. Choose v(z, K]) = 1/z — 1/K. Since now

K
G(x,s.z) = / a(x,s)r AFe) g — alx.s) (z70) _ gmalxs)y,
z a(x,s)
it follows that the solution to (4.60) is given by

—1/a
R = [k 2(1- )] e

implying that F(1) = 1, Fx(z) is of order (az/a)'/® for small z and |V, F|
is bounded by O(1)z'/*logz. Hence condition (4.61) rewrites as the integrability
around the origin of the function

S2(e5 ' =1) 10g2 z,
which clearly holds. |

This leads to the construction of possibly degenerate diffusions combined with mix-
tures of possibly degenerate stable-like process. Namely, let

LI() = 550 ()0T (V2 10)) + (b(2). V() (464
K FGt9) = F0) = 0.V £)
+ [ [Can [ R AE d1ylp(ds).

where s = y/|y|, K > 0 and (P, dp) is a Borel space with a finite measure dp and
wp are certain finite Borel measures on S ~1.

Proposition 4.6.2. (i) Let 0,b be Lipschitz continuous, ap, oy, be C 1(]Rd) Sfunc-
tions of the variable x (uniformly in s, p) that depend continuously on s, p and
take values in compact subintervals of (0, 00) and (0, 2) respectively. Then an
extension of L defined on CC2 (]Rd) by (4.64) generates a Feller process.
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(ii) Suppose additionally that for a k > 2 one has 0, b € Cfip(Rd), a,a are of class

CK(R?) as functions of x uniformly in s. Then for each =1 = 2,....k — 1,
the space C]fip N Céo is an invariant domain for the Feller semigroup and this
semigroup is uniquely defined.

Proof. The result follows from Theorem 4.6.2 taking into account Corollary 16. O

4.7 Stochastic integrals and quadratic variation
for square-integrable martingales

This section introduces more advanced stochastic calculus, which will be crucial for
the theory of convergence of solutions of martingale problems, developed further.
Here we will define the integrals | Zs dX; when X; is a general square-integrable
martingale and Z a left-continuous process. For this integral to be defined in the
usual Riemann—Stieltjes sense, the process X; should be of finite variation. But al-
ready Brownian motion does not enjoy this property. Hence some more sophisticated
approach is required.

We start by introducing the basic discrete approximations to stochastic integrals
and covariances motivating the crucial stochastic integration by parts formula (4.70),
and then discuss the limiting procedures leading to the general construction of the
integral.

We assume that a filtered probability space (2, #,P) with filtration ¥, satisfy-
ing the usual conditions, is chosen, where all our processes and random variables are
defined. We shall denote by D and L the spaces of adapted cadlag processes and,
respectively, adapted left-continuous processes with right limits. The left-continuous
version of a process X; from D, denoted X;—, obviously belongs to L. If a filtra-
tion is right-continuous (as we always assume), then, conversely, the right-continuous
version of a process X; from L, denoted X;+ belongs to D.

A partition of an interval [0, T'] is a finite sequence 0 = {0 = fp < -+ < f <
txk+1 = T}. For T = oo, by a partition of [0, c0) we mean a finite or countable
sequence 0 = 9 < t; < ... such that any compact interval contains not more than

finite number of points. For ¢t < T let us denote by o; the corresponding partition of
[0, ¢]. By the size |o| of a partition we mean the maximum increment maxy (51— )-
It is often handy to work with random partitions, where all #; are assumed to be
stopping times. Let us say that the size of a family of partition tends to zero locally if
|o¢| — 0 a.s. for any finite t < T.

A simple left-continuous adapted process (shortly SLA) on [0, T'] is a process of
the form

Zi =" ZM 400, (4.65)
k
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where 0 = {0 = f9 < 1; < ...} is a partition of [0, T] (possibly random) and Z¥
are ¥, -measurable random variables. For another random process X; it is natural to
define the integral of Z; with respect to X; as

t
f ZdXg = sz(x,mm — X )y <t (4.66)
0
k

If X; is a cadlag martingale and all Z kin (4.65) are integrable, then the integral (4.66)
is also a cadlag martingale. In fact, the cadlag property is obvious and the martingale
property follows from the equations

E(Z* Xy pine — Xe)|Fr) = Z¥E(X oy ar — X | F2e) = 0,

where the first equation is due to the ¥;, -measurability of Z k and the second to the
martingale property of X;.

For a process Z; on (2, ¥, P) and a partition ¢ (deterministic or random) we can
define a natural left-continuous approximation of Z; by

27 =3 Zo s ©). 4.67)
k

If there exists a limit in probability of the simple integrals fé Z?dXj, as the size of
partitions o tends to zero locally, it is natural to call this limit the stochastic integral of
the left-continuous modification of Z; with respect to X; and to denote it fé Zs_dXs.

For two process Y and X and a partition o, let us introduce the process

[Yv X]G = Z(Ytk+1/\t - Ytk)(th+1/\t - th)ltk<t’
k

which is cadlag whenever both Y and X are cadlag. If there exists a limit in proba-
bility of these processes, as the size of partitions tends to zero locally, it is called the
covariance of Y and X and is denoted [Y, X];. The covariance [X, X]; is called the
quadratic variation of X and is often denoted briefly by [X];.

The problem of the existence of the limits of fot Z?dX and [X,Y]? are closely
connected, due to the following crucial identity obtained by re-arrangement of sums:

n n
(XY)i = (XYV)o =D (Xjyne = Xt;_ )Yimi + ) (Yo = Yo )Xoy, (468)
Jj=1 j=1

n n
=[X. Y]] + Z(Ylj/\t =Y )Xy, + Z(th/\t - Xt DYy,
J=1 Jj=1

where #,—1 <t < ty, or briefly

t t
(XY)r = (XY)o = [X, Y]‘,’+/ Y;deer/ Xodys. (4.69)
0 0
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If the limits defining integrals and covariance exist, this equation implies the fol-
lowing fundamental formula of stochastic integration by parts:

t t

(XY),—(XY)():[X,Y]t—i-/ Ys_dXs+/ Xs—dYs. (4.70)
0 0

Moreover, (4.69) implies the following crucial fact. If X and Y are martingales, the
last two terms in (4.69) are martingales, and consequently the expectation of [X, Y]9
does not depend on the partition:

E[X.Y]? =E(XY), —E(XY)o. 4.71)

This preliminary discussion suggests that one can start rigorous analysis either by
constructing stochastic integrals (i.e., proving the convergence of the approximations
f(; Z?dXy) and then defining the covariance from (4.70), or, vice versa, by proving
the existence of covariance and then using it to construct the integrals. In fact, both
approaches are widely presented in the literature. The second approach is particu-
larly appealing when the covariance [X, X]; can be explicitly calculated. In partic-
ular, this is the case for X a Lévy process, which we studied in the previous sec-
tion (where [X, X]; was a deterministic process). Here, for integration over general
square-integrable martingales, we show how one can exploit the first route, following
mainly the approach from Kurtz and Protter [212].

Depending on Z and X the convergence of the approximations fot Z?dXg can be
obtained in various topologies. The usual strategy is to gradually extend the class of
integrands using continuity with different topologies. The strongest topology is the
uniform one, for which the following holds.

Proposition 4.7.1. If X; is a cadlag square-integrable martingale on [0, T| with
Xo = 0 and Z is a bounded SLA process, then the integral (4.66) is also a cadlag
square-integrable martingale with

t
/ ZsdXs
0

Proof. 1f Z is given by (4.65),
t 2
(/ stXs) = Z (Zk)z(th.H/\t - th)z
0 <t

+2 Z ZiZj(Xti+1At_Xti)(Xt_/+1/\t_th)-

t<t;<t

2
=E > (Z"’Xopin = Xo)? < sup | Z(0)PE|X, |,

tr <t s€[0,t],we

E

4.72)

The expectation of the second term vanishes by conditioning. And for the expectation
of the first term we get the required estimate by (4.71). m|
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From (4.72) the following continuity property of the integral (4.66) follows. Let X,
be a cadlag square-integrable martingale on [0, 7']. If a sequence of SLA processes
Z" is fundamental (or Cauchy) in the uniform topology, i.e.

sup  |Z}(w) — Z]"(w)] = 0, n,m — oo,
t€[0,T],we

the sequence of the integrals fé Z7d X is fundamental in Lj:

t t
/ ZrdX, - / Zmax,
0 0

This property allows one to extend the integral by continuity, with respect to the uni-
form topology, to the completion of the set of bounded SLA processes. The next
statement shows that this completion contains all left-continuous bounded processes.
Here the use of random partitions is crucial.

2

E —0, m,n— oo.

Proposition 4.7.2. For any t,e€ > 0 and any bounded process Y from L there exists
an SLA process Z€ such that

sup |Ys —Z5| <e.

S<t,weN

Proof. Let Z = Y be the right modification of Y and let 7,y be defined recursively
by
Ty =inf{t 1t > Ty, |Zy — Z7e| > €/2}

n

starting with 77 = 0. They are stopping times, because Z is adapted. Moreover,
since Z is cadlag, Ty, ; — T,y > 0, and the number of 7,7 not exceeding ¢ is finite for
any t. The process

Z¢ =Yolyoy + ) Zrglgre, )
n
enjoys all the properties required. m|

Remark 34. Notice the necessity of combining cleverly the right and left modifica-
tions. If we defined

Ty =inf{t 1t > T, |Y; —Yre| > €/2},

n

we would have T, = T, for e < |Yre — Zge|. It is also instructive to ob-

serve the following property of approximations (4.67): ((29)+)? = Z, but usually
(Z2°9)° # 2°.
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Our aim is to extend the integral with respect to the martingale X; to all Z from L.
For this purpose the uniform topology is of course too strong. A convenient weaker
version is the topology of uniform convergence on compacts in probability (shortly
ucp): a sequence of processes Y converges to Y in ucp if

Y"-Y); =sup|¥J —Ys| >0, n— o0,
s<t

in probability for any 7.

Proposition 4.7.3. For any Y from L there exists a sequence of bounded process Z"
from L converging to Y in ucp.

Proof. This is of course done by stopping. Let T, = inf{¢ : |Y;| > n}. Then each
Y aT, is bounded and

P(sup |Ysa1, — Ys| > 0) = P(sup |¥s| > n),
s<t s<t
which tends to zero as n — 00, because sup,, |¥s| is finite a.s. for any ¥ from L
or D. O

Hence to extend the integral from bounded to arbitrary Z from L, we only need the
continuity in ucp, which is settled in the following statement.

Proposition 4.7.4. If X; is a cadlag square-integrable martingale on [0, T'], the map-
ping Z +— fé Zsd X given by (4.66) is a continuous mapping from SLA to D if both
spaces are equipped with the ucp topology.

Proof. By (4.72), if Z, converge to Z uniformly, then the corresponding integrals
converge in L2, and hence, by Doob’s maximum inequality, also in ucp. Now, let
Zy converge to Z in ucp and let € > 0 is given. Denote Y/! = fé Z'dXs and

Y = f(; ZsdXs. We have for any :
P(Y" —Y)* > e) <P(Y" —Y)* > e.(Z" — Z)* <) + P(Z" — Z)* > 7).

Choosing n small enough we can make the first term arbitrary small uniformly in 7.
Then by choosing n large we can make the second term small. m|

Consequently, using continuity in ucp topology, we can define the stochastic inte-
gral fot Zsd X for any Z from L and any cadlag square-integrable martingale X;.
This makes the stochastic integral a well-defined mapping from L to D, continuous
in ucp.

However, the natural approximations (4.67) to a process Z from L need not to
converge to Z in ucp. Nevertheless, as we shall show, the integrals still converge. The
main step in the argument is the following.
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Proposition 4.7.5. Let S; be a left-continuous step function with unit jump at so > 0,
ie. § = 1(5,00), and let X; be a right-continuous process. Then

max
>0

t
/ (S —S%)sdXs| — 0 4.73)
0

a.s., as the size |o| of the partitions 0 = {0 = to < t1 < ---} tends to zero locally
(the approximations S are defined by (4.67)).

Proof. First observe that

! 0, t < So,
/ Sy dX, = =0
0 Xt _XS()s =50

(notice that for t = 5o both expression coincide by right-continuity of X;). As S =
1(; 00), Where 7; = min{tg : 7y > so}, we have

! 0, t<t;,
/ ST dX, = =
0 Xt—th, l‘ztj.

Consequently,
! 0, 1 < so,
/(SS—S;’)dXF -0
0 Xt/\t/ _XS07 t Zs()a
and hence
t
max / (S —8S%sdXs| < sup |Xs— Xsl-
120 0 SG[S(),IJ']
This clearly implies the required convergence. O

‘We can now obtain the main result of this section.

Proposition 4.7.6. Let Zg be a process from L and X; be a cadlag square-integrable
martingale. Then the integrals of the approximations ZJ (given by (4.67)) with re-
spect to Xy converge in ucp to the integral of Z itself.

Proof. Approximating Z by bounded SLA process and using Proposition 4.7.4 re-
duces the statement to the SLA processes. And for these processes the required con-
vergence follow from linearity and Proposition 4.7.5. m|
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The next statement is a direct consequence of Proposition 4.7.6 and equation (4.69):

Proposition 4.7.7. If X; and Y; are two square-integrable cadlag martingales, the
limit of [X, Y| exists in ucp, as the size of partitions tends to zero locally, and the
limit [X,Y]; satisfies (4.70). In particular, (XY); — [X,Y]; is a martingale. For
Y = X this implies EX? = E[X];.

An important particular case is that of continuous square-integrable martingales X;.
In this case, integrals (4.66) of SLA processes are continuous. And hence the integrals
of all processes from the class L are continuous as well. Hence [X]; is continuous.

An easy, but important generalization of the above theory deals with processes X
of the form

Xt =M1+Vt, (474)

where M; is a square-integrable martingale and V; is a process of finite variation.
One easily sees that the integral (4.66) remains continuous in ucp as a mapping from
L to D. This implies the existence of the covariance [X, Y]; for processes X,Y of
this type and the validity of the integration by parts formula (4.70) for them. Because
the covariance [X, Y] is bilinear and positive definite in the sense that [X] > 0, we
deduce, as for Hilbert space, the Cauchy inequality

(X.Y]: < VIX]:VIY]: (4.75)

for processes X and Y of this class. Let us observe also for the future use that from
the integration by parts formula (4.70) it follows that if

t t
X! =M+ / blds, X2 = M2+ f b2ds,
0 0

where M tl, M t2 are square-integrable martingales and b Sl , bs2 are bounded cadlag pro-
cesses, then

t
xX'x?), —[x' x?, —/ (X}b2 + X2d})ds (4.76)
0

is a martingale.
To move forward, we need the following technical result.

Proposition 4.7.8. Let Ag be an integrable continuous process of finite variation on
a finite interval [0,t]. For a partitiono = {0 =tg < --- <t; <tj41 =1t} of [0,t] let

A(0) =Y E(Ag,, — Ay | 7). 4.77)
j

Then E|A;(0) — A¢| — 0, as |o| — 0.
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Proof. By localization, i.e. by introducing stopping times o, = {s : Var(4s) > n}
and working with A;xq, the problem is reduced to the case of A; with uniformly
bounded variation. Assume this is the case. Denote §; = Ay, | — A;;. We have by
sequential conditioning

2
E|A/(0) — 4, = E[Z(sj - E(a,mj))] —E Y08 — K15,
J J

=E) (67— [E(;|7,)I) <E) 67 < E|A[Var(4,).
J J

which tends to zero by dominated convergence, as [o| — 0 a.s. O

Proposition 4.7.9. If A; is a continuous submartingale of finite variation, then Ay is
an increasing process. In particular, if X; is a martingale of finite variation, then it is
constant.

Proof. For given s < t consider the partitions o of [0, ¢] that contain s as a partition
point. By the submartingale property, all terms in (4.77) are nonnegative. Hence
A¢(0) > As(0), implying the required statement by passing to the limit as |o| — 0.

O

Proposition 4.7.10. If a process X; is of form (4.74) and Y; is a process of finite
variation, then
[X.Y]: =) AX:AY:, (4.78)
s<t
where AZ for a cadlag process Z denotes the corresponding process of jumps:
ANZy=7Zs—7Zs_.

Proof. Recall that for any function of finite variation Y; it can be decomposed into
thesum Y; = Y + Ytd of its continuous and jump (discrete) parts. This is called the
Lebesgue decomposition.
Observe now that if Z is of finite variation and W is continuous, then [Z, W]; = 0,
because
[Z. WIS < w(Z. 1, |o]) Var(W),

where w(Z,t, h) denotes, as usual, the modulus of continuity of Z. Hence, if X is
also of finite variation, we deduce (4.78) by applying the Lebesgue decomposition to
both X and Y. Hence it remains to analyze the case when X is a square-integrable
martingale. As [Y¢]; = 0, we obtain [X, Y ¢]; = 0 by the Cauchy inequality (4.75).
Thus it remains to show that

[X.Y9], = AX,AY;.

s<t
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Let Y4 = Y%€ 4 Y9€ where Y %€ is the sum of jumps of size larger than €. Since
Y 4€ contains only finite number of jumps, it easy to see that

[X. Y9 =) AX,AY9E

s<t

To complete the proof it remains to observe that by the Cauchy inequality

[X. Y4 < e/IX]; Var(v{"),
which approaches zero as € — 0. m|

As we mentioned, if X; and Y; are continuous, the covariance [X, Y] is also con-
tinuous. In other cases, a further decomposition turns out to be useful. If there exists
a continuous adapted process of finite variation (X, Y); such that (X, Y)o = 0 and
[X,Y]; — (X,Y); is a martingale, then (X, Y), is called the predictable covariance
of X; and Y;. It follows from Proposition 4.7.9 that (i) if (X, Y); exists, then it
is uniquely defined and (ii) (X); is always a nondecreasing process. The process
(X, X); is usually denoted (X); and is called the predictable quadratic variation or
the Meyer increasing process.

Remark 35. If instead of continuity one requires only predictability of (X);, then a
deep result of stochastic analysis, the Doob—Meyer decomposition, states that for any
submartingale X; this predictable quadratic variation exists. However, we will not use
this result.

Let us show how one calculates the predictable covariance for functions of a Markov
process.

Proposition 4.7.11. Let X; be a solution to the martingale problem for the operator
L with domain D that forms an algebra under pointwise multiplication. Then for any
Junction f,g € D

t
(F(X).g(X)) = (M7, M®), = /O (L(fg) — fLg — gLf)(Xy)ds.  (4.79)
where
f t t
M/ = (X0~ f(Xo)— f LE(Xg) ds, ME = g(X;)—g(Xo) [ Le(X,) ds.
0 0

Proof. The processes Mtf , M$ and

t

M{E = (fg)(Xt)—(fg)(Xo)—/0 L(fg)(Xs)ds
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are well-defined martingales. Notice now that
[f (). (X)) = [MT M#],,

by Proposition 4.7.10, implying the first equation in (4.79). From equation (4.76) it
follows that

[/ (X), g(X)]: = f(X1)g(Xy) —/0 [f(Xs)Lg(Xs) + g(Xs)Lf(Xs)lds + M,

with M; a martingale, and consequently

[f(X).g(X)]: = /0 [L(f2)(Xs) = f(Xs)Lg(Xs) — g(Xs)Lf (Xs)lds + M,

with M; another martingale, implying the second part of (4.79). m|

4.8 Convergence of processes and semigroups

Here we discuss the basic criteria for tightness (or, equivalently, relative compact-
ness) for distributions on Skorohod spaces, or, in other words, for cadlag stochastic
processes. These are the cornerstones of the modern theory of the convergence of
martingales and Markov processes touched upon at the end of the chapter.

Everywhere in this section S denotes a complete separable metric space with dis-
tance d .

Let X% be a family of S-valued random processes, each defined on its own prob-
ability space with a fixed filtration ¥ with respect to which it is adapted. One says
that the family X% enjoys the compact containment condition if for any n, T > 0
there exists a compact set I'y 7 C S such that

infP(Xy(t) € Tyr Y1 €[0,T]) = 1—1. (4.80)
o

The following is the basic criterion of compactness for distributions on Skorohod
spaces (see (1.47) for the definition of the modulus of continuity w), which is a close
analogue of the criterion for compactness of distributions on spaces of continuous
functions (see Theorem 2.6.1). As usual, 7; denotes the evaluation map: 7y f = f(¢).

Theorem 4.8.1 (Basic criterion for tightness in D). Let X% be a family of random
processes with sample paths in D([0,T],S), T > 0or T = oco. Then {X%} is
relatively compact if
(1) the family 7;(X%) is tight in S for rational t, that is, by Prohorov’s criterion,
for every n > 0 and a rational t > O there exists a compact set I'y ; C S such
that
ing(Xa(t) el =>1-n, (4.81)

and
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(i) foralle > 0,t > 0,
lim sup P(w(X%, 1, h) > €) = 0. (4.82)
h—0 o

Moreover, if (1), (i) hold and S is locally compact, then the compact containment
condition holds.

Proof. 1t suffices to prove the theorem for any finite 7 > 0. It is then almost literally
the same as for Theorem 2.6.1. Namely, by (4.82), given € > 0, there exists a sequence
hi,hoy, ... of positive numbers such that for all k

supP(D(X%, T, hy) > 27F) < 27* ¢,
o

By tightness of the families s, (X¢), for all rational numbers t,f,,... one can
choose a sequence of compact subsets Cy, C», ... from S such that for all &

supP(X% (1) € (S \ Cp)) < 27% e

Then sup, P(X* € D([0,T],S) \ B) < € for

B =()xeD(0.T].5) : x(t) € Cp. b (x. T.hg) <275},
k

By Theorem 1.7.2, B is relatively compact. Hence the required relative compact-
ness follows from Prohorov’s criterion for distributions in D([0, '], S) (to apply Pro-
horov’s criterion, one has to know that D([0, 7], S) is a complete separable metric
space, which is the main content of Theorem 1.7.2).

The last statement follows from Remark 6. m|

As the conditions of Theorem 4.8.1 are not easy to check, more concrete criteria
were developed.

A sequence X" of S-valued random processes (each defined on its own probability
space with a fixed filtration " with respect to which it is adapted) is said to enjoy
the Aldous condition [A] if d(X7 , X fn + hn) — 0 in probability, as n — oo, for any
sequence of bounded ¥ ”-stopping times {7, } and any sequence of positive numbers
hy, — 0.

Because of its importance, let us give several handy reformulations of this property.

Proposition 4.8.1. Condition [A] for a sequence X" of S-valued ¥"-adapted ran-
dom processes is equivalent to any of the conditions [A1]-[A4] given below.

[A1] For each t,e,n > O there exists 5 > 0 and no such that for any sequence of
F"-stopping times {t,} with t, <t

sup sup P(d(X7, . X7 o) =) <e.

n>no <4
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[Az] For each t,e,n > O there exists 6 > 0 and ng such that for any sequence of
pairs of ¥ -stopping times {0y, Tn} With o, < 1, <0, +6 <t,

sup P(d(Xg . X7 ) >1n) <e.

n>=no
[A3] Foreacht >0

lim limsupsup sup E[d(X}, X

§—0 n—oo t<t hel0,]

f+h) Al] =0,

where the first sup is over all ¥"-stopping times © < t.
[A4] Foreacht >0

lim limsupsup E[d (X}, X7) A 1] =0,

§—0 n—oo o,1
where sup is over all ¥"-stopping times t,0 suchthato <t <o +§ <t.

Proof. (i) [A] <= [A1] Condition [A] means that for each ,¢€,n > 0, a sequence
of stopping times 7, < ¢ and a sequence of positive numbers /,, tending to zero as
n — oo, there exists mg such that

sup P(d(Xz,, X7 ;) =1) <e. (4.83)

n>=mo
If [A1] holds, one can satisfy (4.83) by choosing mo = no A m, where m is such
that h, < § forn > m. Conversely, suppose [A;] does not hold. Then there exist
t,€,n > 0 such that for any § and n¢ there exists a sequence of stopping times 7, < ¢
with

sup P(d(X7, . X7 15) > 1) > €.

n=no
Consequently, given a sequence of positive numbers /1, /5, ... converging to zero,
we can construct a sequence of stopping times 7, < ¢ such that foralln = 1,2,...

PAX2. X" 0 ) =) > €,

which contradicts (4.83).
(ii) [A1] <= [A3]. Condition [A;] means that for each ¢, > 0

lim limsupsup sup P(d(X7, X[ ;) >n) =0,
§—=0 n—oo t<t hel0,5]
and this is equivalent to [A3] by the same argument as in Proposition 1.1.1.
(iii) [A2] <= [A4]. The same as (ii).
(iv) [A4] = [A3], because for any F,-stopping time ©

sup E[d(X7, X! )] < sup E[d(Xs,X7)],
hel0,8] oelr,t4+h]
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where o are also " -stopping times. The inverse implication [A3] = [A4] follows
from the inequality

supE[d(Xo, X:) A 1] <3sup sup E[d(X¢, Xogn) A ] (4.84)
0,T T hel0,26]

To obtain (4.84) integrate the triangle inequality
d(Xo. Xz) < d(Xe. X4p) + d(Xe, Xeip).
yielding 5
30X X0) = [ (X Xern) +d(Xe, Xei) b

Since [t,t + 8] C [0,0 + 25] for 0 < t — ¢ < §, this implies

28
8d(Xo. Xe) < / [d(Xe. Xoun) + d(Xe. Xeap)l dh.
0
and (4.84) follows. O

Theorem 4.8.2 (Aldous criterion for tightness). Condition [A] implies the basic tight-
ness condition (ii) of Theorem 4.8.1.

Proof. We follow Kallenberg [154]. By changing, if necessary, the metric d to the
equivalent metric d A 1, we can and will consider d to be uniformly bounded by 1.
For any natural » and n > 0 let us define recursively the stopping times

Of 11 =inf{s>0,?:d(X('T’g,XS”) >n}, n=0,1,...,

starting with o = 0. Given &, ¢ > 0, the subsequence {0,?]}, k; =1,2,..., defined
by the prescription

n _ n . R n
0k1+1 - lrrrllf{ak1+m . o’kl-i-m - Ok1+m—1 z h}’
specifies a partition of [0, ¢] with the minimal increment not less than .. Hence

w(X™,t,h) < sup sup d(X;, X{). (4.85)

o n
kl.akl <t og, Sr=s<of, 4 m
Consequently, for any m,

w(X",t,h) <2n+ Z Lon  —or<hof<ty + Lioh <t} (4.86)

k<m

By construction d(X» , X['») > 1. Hence by Markov’s inequality
k+1 Ok

P(o},, —op <h.of <1) < n Y, (t + h, h),
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where
vt + h,h) = sup  Ed(X2, X7).

o<t<o+h<t

From [A4] and (4.86) we deduce

im limsup Ew(X", ¢, h) < 2n + limsup P(o,, < 1). (4.87)
—00

s p
Finally, by Markov’s inequality
P(of < 1) < e"E(e 1,0 <)
By the elementary inequality (4.88), proved in the lemma below, this does not exceed
e'le™C + Yoyt +c.0)].

By [A4], we can choose ¢ > 0 so that the second term is arbitrarily small uniformly
for all n > ngy with some n¢. Then taking m large enough we see that the second term
in (4.87) vanishes in the limit m — oco. As 1 was arbitrary this implies that

lim lim sup Ew(X",7,h) =0,

h—0 n—o0

which implies (4.82). O

Lemma 4.8.1. For any ¢ > 0 and any collection of non-negative random variables

517 cee Sn,
Eexp{—(§1 4+ -+ &)} <e " + 1]:1<ax P& <o), (4.88)

Proof. By Holder’s inequality the Lh.s. does not exceed

H(Ee_"gk)l/".
k

Using for each term the evident estimate
Ee ™k < ™" L P& <),
yields (4.87). O

The Aldous condition is not necessary for tightness. To see this, it is enough to take
a single deterministic indicator function 14 for any interval 4 on [0, 1]. This remark
anticipates the following result.

Proposition 4.8.2. If a process X is the limit in distribution of processes X" satisfy-
ing Aldous criterion, then X is stochastically (or in probability) continuous.
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Proof. Suppose X is not stochastically continuous. Then there exist 1, €,¢ > 0 such
that for any & there exists s with |s| < /& such that

P(|Xt4s — Xe| > ) > €.
But this contradicts [A1] with t;, = t. m]

As an easy consequence of the Aldous criterion one can get the following crucial
link between the convergence of semigroups and weak convergence for Feller pro-
cesses.

Theorem 4.8.3. Let S be locally compact and X, X L X2 .. be S-valued Feller
processes with the corresponding Feller semigroups Ty, T,l, th, .... If the compact
containment condition holds and the semigroups T™ converge to Ty strongly and uni-
Sformly for bounded times, then the sequence {X™} is tight. In particular, if addition-
ally the initial distributions of X™ converge weakly to the initial distribution of X, the
distributions of X™ converge to the distribution of X.

Proof. By Theorems 4.8.1, 4.8.2 and the strong Markov property of Feller processes,
one needs only show that (X[, X }’l’”) — 0 in probability as n — oo for any ini-
tial distributions u, that may arise from optional stopping of X" and any positive
constants /&1, — 0. By the compact containment condition (and Prohorov’s criterion
for tightness) we may assume [, converge weakly to a certain . Let X be a ran-
dom variable with law p. By the assumed uniform-in-time semigroup convergence,
T}:’ng — g forany g € Coo(S), implying

ELf (X§)g(X} )] = E(/ T} £)(X§) — E(f8)(Xo)

for f,g € Coo(S). Consequently (X, X }’L‘n) — (X0, Xo) in distribution. Then
dXg,X ,;‘n) — d(Xo, Xo) = 0 in distribution and hence also in probability. |

Similarly, one proves the following discrete analogue of Theorem 4.8.3.

Theorem 4.8.4. Let X; be a Feller process in a locally compact space S, specified
by the semigroup Ty and generator A with a core D. Let Y™, n € N, be a sequence
of discrete-time Markov chains in S with transition operators U, and hy, a sequence
of positive numbers converging to zero. If the operators T} = Un[t/ in converge to Ty
strongly and uniformly on compact time intervals, the compact containment condition
holds for Y™, and the initial distributions of Yy, converge to a distribution of a random
variable X, then the processes y[t/hn converge in distribution to the process X; with

the initial distribution given by Xy.
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4.9 Weak convergence of martingales

Here the general theory of tightness developed above is applied to the analysis of
convergence of martingales and solutions to martingale problems.

Lemma 4.9.1. (i) Let Y and X be two cadlag non-negative processes on a filtered
probability space such that Y is non-decreasing and E(X;) < E(Y7) for every
finite stopping time. Then

P(sup X5 > ¢) < E(Yy)/e

S<tT

for every finite stopping time t and € > 0.

(1) If additionally Y is continuous, then for every n > 0

P(sup X > €) < P(Y; = ) + E(Y; An)/e <P(Yy = 1) +nje.  (4.89)

S<t
Proof. (i) Let S = inf{f : X; > €} A 7. Then

€P(sup X5 > €) < eP(Xs > €) < E(Xg) < E(Ys) < E(Y7).

S<T
(i1) We have

P(sup X5 > ¢€) <P(Y; >n) +P(up X5 > €, Y <)

S=T S<tT

Let S = inf{t > 0 : Y; > n}. As Y is continuous, Yg = n whenever Yy < n.
Moreover, the events {Y; < n} and {t < S} coincide. Hence

P(sup Xy > €,Y; <n) =P(sup X5y > €,7 < 9)

S<t S<tT

SP(sup Xy>e Y, <n) <E(Yips)/e =E(YrAn)/e. DO

S<TAS

The following result is usually referred to as the Rebolledo criterion for tightness.
We present it here only for martingales with a continuous predictable quadratic varia-
tion.

Theorem 4.9.1. Let M" be a family of R4 -valued cadlag square-integrable martin-
gales, which have continuous predictable quadratic variations (M"). Then if (M");
enjoy the Aldous condition [A], then so do also the sequences of the martingales M™
and of the quadratic variations [M™];.
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Proof. For any square-integrable martingale M, one has E||M;||> = E[M, M]; =
E(M);. Hence, if (M); is continuous, one can apply Lemma 4.9.1 (ii) to X; =
|M;||?> or X; = [M]; and Y = (M),. Choosing a bounded stopping time 7 let us
apply (4.89) to the martingale LT = M, — M7 »; and its predictable variation (LT);.
Thus for every b,a,§ > 0

P( sup [|[My— Mr| =b) <P((M)ris—(M)r) >a)+a/b>
T<s<T+$

Set a = b%¢/2. Consequently, if there exists § > 0 such that

P(((M)r4s5 — (M)1) = b%€¢/2) < ¢€/2,

then
P( sup [My—Mr| =b)=<e,
T<s<T+$§
implying that if [A] holds for (M"), then it holds for M". The statement about [M"];
is obtained similarly. m|

The following result is a direct corollary of the Rebolledo criterion.

Proposition 4.9.1. Let X' be a family of processes
X! =M!+V],

where V' are cadlag processes of finite variation and M are square-integrable mar-
tingales with continuous Meyer increasing processes (M"™);. Then the family X}
satisfies the Aldous condition [A] whenever V' and (M™); satisfy this condition.

Theorem 4.9.2. Let X" solve the martingale problem in R4 for operators A™ with
the common domain D C C(R?) that forms an algebra and is dense in C(R?)
in the topology of uniform convergence on compact sets (typically D = Cf(Rd) ).
Suppose the family X" satisfies the compact containment condition. Then the family
X" is tight. If additionally ||(A, — A)f|| — 0, asn — oo for any f € D, then
any convergent subsequence converges to a solution of the martingale problem for A
on D.

Proof. As X" solves the martingale problem,

t
PO = M/ ¢ / AF(X™)ds.
1]

and thus we are in the setting of Proposition 4.9.1. Since by Proposition 4.7.11

(f(X7).g(X!))e =/0 (A"(fg) — fA"g — gA" [)(X{) ds
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for f,g € D, and the integrands are uniformly bounded, it follows straightforwardly
that f(X}') satisfy the Aldous condition [A]. Taking into account the compact con-
tainment condition and Aldous criterion we conclude that the family f(X7) is tight
for any f € D. Finally, for any € > 0, there exists a compact set K such that
the probability that any X" has values outside K does not exceed €, and there exists
S € D such that sup, ¢ g | f(x) — x| < €. This clearly implies the Aldous condition
for X}'. By dominated convergence it is clear that any limiting point of X} solves the
martingale problem for A. m|

Remark 36. As a direct consequence of this theorem we can deduce a new proof of
Theorem 4.8.3.

4.10 Martingale problems and Markov processes

Roughly speaking, this section is devoted to the connection between uniqueness and
Markovianity of the solutions to a martingale problem.

We begin by observing that being a solution to a martingale problem is a property
of finite-dimensional distributions. Indeed, X; solves the (L, D)-martingale problem
if and only if En(X) = O for any partition 0 < ¢} <tp <--- <typ+1of Ry, f € D
and hq,...,h, € C(S), where

tht1 n
000 = (7060 = 700 - [ Lf(Xs)dS) []hxn). @90
n k=1

The following crucial result shows that uniqueness of solutions to a martingale
problem implies the Markov property.

Theorem 4.10.1. Let L be a linear operator L : D +— B(S), D € C(S). Suppose
that for any € P (S) any two solutions X and Y of the (L, D)-martingale problem
have the same one-dimensional distributions, i.e.

P(X; € B)=P(Y; € B), B e B(S). 4.91)

Then any solution of the (L, D)-martingale problem with respect to a filtration F;
has the Markov property with respect to Fy:

E[f(Xr+0)|Fr] = E[f (Xr10)|Xr]),  f € B(S), r.1 20, (4.92)
and even the strong Markov property:
E[f(Xet)|F2] = E[f (Xe40)| X)), [ € B(S). 1 =0, (4.93)

for any finite F;-stopping time t.
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Proof. Let X be a solution of (L, D)-martingale problem with respect to a filtration
F7. Equation (4.92) is equivalent to

/ ELf (X, 0|7 ]P(dw) = / ELf (X, 10X, DP(w). FeFp  (4.94)
F F

It suffices to establish this fact for sets F of positive measure. In order to achieve this,
it is enough to show that the measures Py, P, on (2, ) coincide, where

P (B) = (P(F))~! /F E[15|7,]P(dw).

P2(B) = (P(F))~! /F E[15|X,]P(do).

or equivalently, in terms of expectations,
B = ®(F) ™" [ Elh@) 5P,

Ea(h) = (P(F))~! / E[h(w)| X, P(dw).
F
Note that if B € o(X;), then
P1(B) = Po(B) = P(B N F)/P(F) = P(B|F).

Set Y; = X;4¢. Since X solves the martingale problem, E[n(X;+ )| %] = 0, where
n is given by (4.90). But then E[n(X;+.)|X;] = 0, implying that E;(n(Y)) =
E>(n(Y)) = 0. Hence Y is a solution of (L, D)-martingale problem on (2, ¥, P;)
and (2, ¥,P,). Consequently by (4.91), E; f(Y;) = E f(Y;) for all + > 0 and
f € B(S), which is equivalent to (4.94).

By the optional sampling theorem E[n(X;+.)|¥7] = O for a finite stopping time t.
Consequently the same proof is applied to obtain the strong Markov property. m|

The next result shows that the uniqueness of one-dimensional distributions of the
solutions to a martingale problem implies uniqueness. We shall not use this fact, but
give it here for the sake of completeness. It also presents another illustration of the
idea used in the proof of the previous theorem.

Proposition 4.10.1. Under the assumptions of Theorem 4.10.1, any two solutions of
the (L, D)-martingale problem have the same finite-dimensional distributions.

Proof. Let X', i = 1,2, be solutions of (L, D)-martingale problem defined on prob-
ability spaces (2%, ¥, P"). We need to show that

m m
E' [T he(X)) =[] he(X2) (4.95)
k=1 k=1
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forall0 <t <t <--- <tyandhy,..., hy € C(S). Itis sufficient to consider
only positive hg. We shall use induction in m. For m = 1 this holds by (4.91).
Suppose it holds for m < n. Let us pick a finite sequence 0 < f; <t < -+ < t, and
let probabilities f’i, i = 1,2, be defined via the expectations

E! [h(wi) [Tf =1 he(XE)]
E([Ti—y he(X])]

ie.P/(B) = E/(1p). Set X] = X ,,.

on the probability spaces (~Qi, F1,PY), this implies that Ein(X?) = 0, where n is
defined by (4.90). Hence X; solves the (L, D)-martingale problem on (', ¥', P").
By (4.95) with m = n we conclude that

E'[f(Xo)] = E[f(X3)],
so that X! and X2 have the same initial distributions. Consequently, by (4.91),
E'[f(X])] = E2[/(XD).

which is precisely (4.95) withm =n + 1, fy41 = fand ty41 = t, + 1. O

E'(h) = . w e,

As X' solves the (L, D)-martingale problem

By Theorem 4.10.1, well-posedness of a martingale problem implies Markovianity
of the solutions. It turns out that it usually also implies continuous dependence on
the initial data. To formulate this result we need to introduce two important notions.
Namely, let us say that a family of solutions X} (x denotes the initial point) of the
(L, D)-martingale problem on a locally compact metric space S satisfies the compact
containment condition for compact initial data, if for any n, T > 0 and a compact set
K C S, there exists a compact set I'; 7, C S such that

inf P(X*(1) € Tyrx V1 €[0.7]) = 17, (4.96)
xXe

The family X7 is said to be uniformly stochastically continuous if for any compact
set K
lim sup P(sup | X7 — x|| > r) = 0. 4.97)
t—>0

xeK s=<t

Theorem 4.10.2. (i) If (L, D)-martingale problem on a locally compact metric
space S is well posed and the compact containment condition for compact initial
data holds, then the distribution of D([0, T], S)-valued processes X} depends
continuously on x and the corresponding sub-Markov semigroup preserves con-
stants. In particular, our martingale problem is measurably well posed.

(i) If additionally, the processes X} are uniformly stochastic continuous, then the
corresponding Markov semigroup preserves the space C(S) and consequently
is C-Feller.
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Proof. (i) Let K be any compact subset of S. By Theorem 4.9.2 with 4, = A, the
set {X*¥|rek} of the solutions of the (L, D)-martingale problem with initial values
in K is compact in the weak topology. Hence the projection X* + x, x € K, is a
continuous bijection of compact sets, implying that the inverse mapping x — X~* is
also continuous. Consequently the function E f(X;*) depends continuously on x for
any continuous f.

In order to see that the dynamics of averages preserves constants, one has to show
that lim;, oo Ex[d (X, x)/n)] = 1 for any y € Coo(R ) that equals one in a neigh-
borhood of the origin, where d is the distance in S. Clearly the limit exists and does
not exceed one. But by (4.96), it is not less than 1 — € for any € > 0.

(ii) Notice that the continuous dependence of the distribution X;* on x does not
allow us to conclude that the semigroup preserves the space C(S), because the eval-
uation map ¢ — X, is not continuous in the Skorohod topology. But the uniform
stochastic continuity implies that for any ¢ all processes X* have no jumps at time ¢
a.s. And at a continuity point of a cadlag path the evaluation map becomes continuous.
This implies the required claim. m|

Finally we prove here the following fact.

Theorem 4.10.3. Suppose X; is a Feller process with the generator L given on its
core D. Then the (L, D)-martingale problem is measurably well posed.

Proof. Process X; solves the (L, D)-martingale problem with the initial condition x
and its distribution depends measurably (even continuously) on x. So only uniqueness
needs to be proved.

Suppose Y; solves the (L, D)-martingale problem. From Proposition 3.9.3 it fol-
lows that for A > Oand f € D

t+s
P = (e 4 [ G fr il

Multiplying this equation by erM, passing to the limit s — oo and shifting the variable
of integration yields

£y = E[ [0 e (= L) f (Vi) drm] (4.98)

Since L generates a Feller semigroup, the resolvent operator R; = (A — L) lis a
well-defined bounded operator. Consequently, applying (4.98) to the function f =
Ry h yields

Rih(Y) = E[/ e_Mh(Yt.H)dr)th] (4.99)
0
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In particular, for any two solutions Y !, ¥ z2 of the (L, D)-martingale problem with the
initial point x one has

o0 o0
/ e MER(YdT = / e MER(Y)) dt
0 0

for any A > 0. By the uniqueness of the Laplace transform, this implies that Eh(Y}) =
Eh(Y?2) for any h and T > 0, so that the one-dimensional distributions of Y,!, ¥
coincide. This implies uniqueness by Proposition 4.10.1. m|

Let us stress the importance of the assumption that D is a core in the above theorem.
In particular, if X; is a Feller process with generator L having a domain containing
CC2 (Rd ), but we do not know whether this space is a core, we can conclude neither that
a Feller process with such a property is unique, nor that the (L, C? (R?))-martingale
problem is well posed.

4.11 Stopping and localization

In this section (S, d) denotes a complete separable metric space.

For an adapted process X; and a stopping time 7 on a filtered probability space
(2, F, F;,P) the stopped process is defined as X} = X;x.. By Proposition 3.10.3
the random variable X; is ¥z-measurable. Hence X/ is adapted, because

XfcB)=[X:cB)NE>D]U[X: CB)N(x =1)].

Proposition 4.11.1. If X; is a cadlag Markov (or strong Markov) process in S and a
stopping time t is such that (t <t) € o(X;) for all t, then the stopped process X[ is
also Markov (or strong Markov respectively).

Proof. Lets < t. Then
E[f(Xt/\r)|$s] = E[f(Xs)lrislj’Vs] + E[f(Xt/\t)lr>s|37s]
= lrfsf(Xs) + lr>sE[f(Xt/\r)|Xs] = E[f(Xt/\r)|Xs]'

The case of a stopping time s is analyzed similarly in case of a strong Markov pro-
cess X;. O

Let X; be a process with sample paths in D ([0, c0), S) and initial distribution .
For an open subset U C S, define the exit time from U as

w=inf{t >0: X; ¢ U}. (4.100)
As paths of X; are right-continuous, one has
y=min{t >0: X, ¢ U}. (4.101)

We shall write t7; when stressing the initial point.
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Proposition 4.11.2. Let X; be a cadlag Markov (or strong Markov) process in S,
and let U be an open set. Then the stopped process XV is also Markov (or strong
Markov respectively).

Proof. It follows from Proposition 4.11.1. m|

Remark 37. Some authors (see e.g. Ethier and Kurtz [110]) prefer to work with exit
times defined by
ty=inf{t >0: X; ¢ Uor X(t—) ¢ U} (4.102)

rather than (4.100). The following is worth noting.

(i) The process X tr Y may not be Markov for a Markov X;.

(ii) Ty respects the limits of approximations: if U = (J; Uy with Uy C U, C ...
and the boundaries of Uy approach the boundary of U, then

o = lm = i e

(iii) The results below on the stopped martingale problem (and their proofs) remain
valid for 7y, though the stopped processes X;V and XY may differ.

(iv) Both definitions coincide for processes with continuous paths, or at least for
exits from transmission admissible domains (see Section 6.1 for the latter).

Let L be an operator in C(S) with the domain D. One says that the process Z;
solves the stopped (L, D)-martingale problem in U starting with u € P(S) if Z; =

Ziagy a.s. and
ATy

£(Z0) - /0 Lf(Zs)ds

is a martingale for any f € D. We say that this stopped martingale problem is well
posed (respectively measurably well posed), if for any initial law u € P (S) there
exists a unique solution (respectively when additionally it depends measurably on ).
Notice that this definition does not require Z to be obtained by stopping a solution to
the corresponding martingale problem in the whole space. Nevertheless, the following
result shows that this is often the case.

Theorem 4.11.1. Let L be a operator in C(S) with the domain D. Let the (L, D)-
martingale problem be measurably well posed in S and U be an open subset of S. Its
solution starting at x € S will be denoted X}. Then for any solution Z of the stopped
(L, D)-martingale problem in U there exists a solution Y of the (L, D)-martingale
problem in S such that the processes Z; and Y;x,, have the same distribution.

Proof. The idea is clear. After T = ty the process should be defined by the solutions
of the martingale problem started at Z,. In other words, we define

{Zt, 1<t

le
XtZT, t>T.
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To have this process well defined on a probability space we use the randomization
Lemma 1.1.1, which is applicable, because the distribution of X* is assumed to de-
pend measurably on x. To show that this process is indeed a solution to the (L, D)-
martingale problem in S, we need to prove that En(Y) = 0, where 7 is given by
(4.90).

Because

gt)—gls)=[gtAnt)—gls AT+ [glt VT)—g(s V)]

for t > s and any function g, we may write

n(¥) =m) +n(Y),

with

nA\TU

1 ATU n
() = (f(YthMU) ~ f )= [ Lf(Ys)dS) [T hi e,
k=1

th+1VTUu n
() = (f(Ytn+1er) LR Lf(Ys)dS) [T heve.
L k=1

415

Since 11(Y) vanishes for ty < t,, its value will not be changed, if we write
hi (Y4 nzyy) instead of hy(Y;,) in the expression for n;(Y). Hence Eni(Y) =
En(Z) = 0. Next, by continuity of functions f, Lf, hy, in order to prove En,(Y) = 0
it suffices to prove that Er]g (Y) = 0, where

Ih41VT

B0 = (10, ) = Ty = [ Lrr as) T v

th VT k=1

and rg is a discrete approximation to t with values in a finite set R. Consequently it
suffices to show that
d
Bl (V)1 _,] =0

for any » € R. For definiteness, assume r € (f;,#;41] with/ = 1,...,n — 1. Then

1
S (V)1 _, | =E [ [ he(Zy)
k=1

In41 n
xE|:(f(Y,n+1)—f(Y,n)—/; Lf(Ys)ds) [T meitg, 37,]

k=141

This expression equals zero as the internal expectation vanishes (because tg =

r
implies X, € § \ U and Y; =XtZ_’r fort > r). |
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As a straightforward corollary we get the following main result of this section.

Theorem 4.11.2. Suppose the (L, D) martingale problem is measurably well posed
in S. Then for any open set U the corresponding stopped martingale problem is also
measurably well posed.

The following result is needed when constructing a solution to a martingale problem
by gluing the localized solutions.

Theorem 4.11.3. Let U and V be two open subsets of a S. If the stopped (L, D)
martingale problem are measurably well posed in U and V', then it is also measurably
well posed in U U V.

Proof. Tt is enough to consider the Dirac initial conditions &, only. Assume x €
U U V. Define the stopping times t; and the time tyyy by the following recursive
rule. Firstlet to = Oand r;y = min{r > 0: X; ¢ U}. It X{, ¢ V, set tyuy = 11.
Otherwise define 7o = min{t > ;1 : X; ¢ V}. If X¢, ¢ U, set tyuy = 1.
And so on. For ¢ € [tg, tx+1] the process is of course defined as the solution to the
stopped (L, D) martingale problem in U or V. By right continuity, 74 > 7% for
any k except possibly for k = 0. One shows as in Theorem 4.11.1 that the process so
defined is a solution to the stopped (L, D) martingale problem in U U V. Conversely,
if X} is a solution to the stopped (L, D) martingale problem in U UV, one can define
the corresponding stopping times 7;. By the uniqueness in each interval [t Tg 4],
one gets uniqueness for X;*. m|

Theorem 4.11.4. Suppose L and Ly, k = 1,2,..., are operators in C(S) with a
common domain D = Ccz(]Rd), and Uy C Uy C ... is an open covering of S such
that Ly f(x) = Lf(x) for x € Uy, f € D. Assume that the martingale problem for
each Ly is measurably well posed and for any € P(S) either
(i) there exists a solution to the (L, D)- martingale problem starting from [, or
(ii) the family of solutions to the (Ly, D)- martingale problem starting from u and
stopped in Uy, is tight.

Then the martingale problem for L is also measurably well posed.

Proof. Firstly, by Theorem 4.9.2 condition (ii) implies condition (i). Secondly, for
any solution to the (L, D)-martingale problem, we define stopping times t; by re-

cursive equations tx4; = min{t > 1% : X; ¢ Ui} and observe that on each in-
terval [z, Tz 41] the process is uniquely specified, as it solves the stopped (L, D)-
martingale problem. m|

Practically, local solutions are often constructed on a covering (Uy) which is not
ordered by inclusion. However, Theorem 4.11.3 allows one to convert such a covering
into an ordered one; see Section 5.7 for an example.
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Markov processes and beyond



Chapter 5
Processes in Euclidean spaces

In Section 4.6 we described the class of Markov processes that can be constructed
via the standard stochastic calculus. This chapter is devoted to some other meth-
ods of the reconstruction of a Markov process in R4 from its given pre-generator of
the Lévy (or Lévy—Khintchine) type. Namely, starting with the direct methods, we
introduce the methods based on limits of Lie-Trotter formula type and 7 -products,
stochastic monotonicity, martingale problem and WDE in the Sobolev spaces, Lya-
punov functions, and stochastic integration driven by non-linear Lévy noise. In the
last sections we touch upon some qualitative and quantitative analysis of Markov pro-
cesses, sketching the theory of stochastic monotonicity and stochastic scattering, and
introducing nonlinear Markov processes as dynamic LLN limits for Markov models
of interacting particles. Other methods, e.g. semiclassical asymptotics, are mentioned
in the Comments. The chapter is written in such a way that all these methods can be
read about practically independent of each other.

Let us stress that just building a semigroup from a pre-generator, though important
as a first step, does not lead directly to any practical applications. What one needs for
this is some continuity (or even better differentiability) of the semigroup with respect
to natural parameters (which often referred to as the sensitivity analysis and is cru-
cial for the purposes of the calibration, or statistical estimation, of these parameters)
as well as to initial data (which can never be specified precisely). The latter ques-
tion is closely related to the problem of identifying an invariant core of differentiable
functions for the generator of a semigroup together with appropriate bounds for the
derivatives evolving in time. Therefore, paying attention to these problems (as we
shall do) is caused by clear practical reasons.

Of special interest for a semigroup 7T} or a propagator U is the possibility of hav-
ing an estimate of the form || T; || < eX? or |U; 5| < K@% for its growth, where K
is a constant. We call such semigroups or propagators regular. Of course contraction
semigroups enjoy this property with K = 0. For a propagator in C(R¢) (even with-
out the assumption of positivity), this property allows one to obtain straightforward
path-integral representation (or probabilistic interpretation) for the corresponding evo-
lution, see Chapter 9. On the other hand, the contraction propagators in C (R%), which
have this kind of growth when projected to the space of smooth functions C k(R4) can
be easily combined via the Lie-Trotter limit formulas, see Section 5.3.
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5.1 Direct analysis of regularity and well-posedness

In this section we introduce the most straightforward approach to analyzing the reg-
ularity as well as well-posedness of Markov semigroup, which is based on direct
analysis of the corresponding evolution equations for the derivatives of a Markov evo-
lution. The method is elementary in that it does not exploit any advanced theory. We
shall consider three examples of application of this idea.

We start with the processes generated by integro-differential (or pseudo-differential)
operators of order at most one, i.e. by the operators

Lf(x) = (b(x),V f(x)) +/ (f(x+y) = f(x)v(x,dy) (S.D
R4\ {0}
with Lévy measures v(x, .) having finite first moment || B, [yv(x.dy).

Theorem 5.1.1. Assume thatb € CY(R?) and Vv(x, dy), gradient of the Lévy kernel
with respect to x, exists in the weak sense as a signed measure and depends weakly
continuously on x. Moreover, assume

sup/min(l, [y)v(x,dy) < oo, sup/min(1,|y|)|Vv(x,dy)| <oo, (5.2
X X

and for any € > QO there exists a K > 0 such that

sup/ v(x,dy) <e, sup/ [Vv(x,dy)| <€, (5.3)
Rd\BK X Rd\BK

X

sup/ [y|v(x,dy) < e. (5.4)
1/K

X

Then L generates a conservative Feller semigroup Ty in Coo (]Rd) with invariant core
cl (R?). Moreover T reduced to cl (R?) is also a strongly continuous semigroup
in the Banach space Cgo (Rd), where it is regular in the sense that

1Tl 1, may = X! (5.5
with a constant K.

Proof. Notice first that (5.2) implies that for any € > 0

sup/ v(x,dy) < oo, sup/ [Vv(x,dy)| < oo. (5.6)
R4\ B, x JRA\B,

X

Next, since the operator

/ (G + ) — FE)u(x. dy) 5.7)
RY\B)
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is bounded in the Banach spaces C (Rd yand C! (]Rd) (by (5.2)) and also in the Banach
spaces Coo(R?) and cl (R?) (by (5.3)), by the standard perturbation argument (see
Theorem 1.9.2) we can reduce the situation to the case when all v(x, dy) have support
in B1, which we shall assume from now on.

Let us introduce the approximation

Lpf(x) = (b(x), V f(x)) + /Rd\B (f(x +y) = f())v(x.dy). (5.8)

For any & > 0 this operator generates a conservative Feller semigroup Tth in Coo (R9)
with invariant core Colo (R%), because so does the first term in (5.8) and the second
term is a bounded operator in the Banach spaces Coo (Rd) and Colo (Rd) (by (5.6)), so
that perturbation theory (Theorem 1.9.2) applies (conservativity also follows from the
perturbation series representation).

Differentiating the equation f (x) = Ly, f(x) with respect to x yields the equation

d
SV P(0) = LyVi f() + (Veb(). V£ ()
4 / (x4 ) — F) Vv (x. dy). (5.9)
B1\By

Considering this as an evolution equation for g = V f in the Banach space Coo (Rd X
{1,...,d}) = Coo(R?) x -+ x Coo(R?), observe that the r.h.s. is represented as the
sum of the diagonal operator that generates a Feller semigroup and of the two bounded
(uniformly in % by (5.2)) operators. Hence this evolution is well posed.

To show that the derivative of f(x) is actually given by the semigroup generated
by (5.9), we first approximate b, v by a sequence of the twice continuously differ-
entiable objects by, v,, n — oo. The corresponding approximating generators of
type (5.9) have an invariant core CL (R?), hence the uniqueness of the solutions to
the corresponding evolution equation holds (by Theorem 1.9.4) implying that this so-
lution coincides with the derivative of the corresponding (Tlh)n f. Letting n — oo
completes the argument.

Hence Vi Tth f is uniformly bounded for all 2 € (0, 1] and ¢ from any compact
interval whenever f € CL (R?). Therefore, writing

t
h h h
(Th -1y f = [0 T2 (Lp, — Lp,)TM ds
for arbitrary &1 > h, and estimating

(Lp, — Lpy)TM f(0)] < / [(TM f)(x + y) = (TM f)(x)|v(x, dy)

Bh1 \Bh2

5[ INTH £yl dy) = oD fllgr. Ay — 0,
h

1
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by (5.4), yields
(T =T fll = ol fller. hi— 0. (5.10)

Therefore the family 7}* f converges to a family T £, as h — 0. Clearly the limiting
family T specifies a strongly continuous semigroup in Coo(R?). Writing
Li—f _TL=T'f T'—f
t t t

and noting that by (5.10) the first term is of order o(1)|| f ||C010 as h — 0 allows one
to conclude that CL (R?) belongs to the domain of the generator of the semigroup 7}
in Coo(R9) and that it is given there by (5.1).

Applying to T; the procedure applied above to T,h (differentiating the evolution
equation with respect to x) shows that 7; defines also a strongly continuous semigroup
in C olo (]Rd), as its generator differs from the diagonal operator with all entries on the
diagonal being L by a bounded additive term. The perturbation series representation
also implies estimate (5.5). O

As another example we analyze the simplest version of a decomposable generator,
containing just one term. However, unlike the discussion in Section 5.7 no assumption
whatsoever will be made on the underlying Lévy measure.

Theorem 5.1.2. Let
lfu)=a@{[vu+wo—furw%Vfu»www

where v is a Lévy measure with finite second moment, i.e. [ |y|*v(dy) < oo, and the
nonnegative function a(x) is from C2(R%) and such that

oa 9%a

ax; 0x;0x;

1
— =Kk <00, Ssup
a x,J

| O
- =Kk <oo.
a

sup
x,j

0x;

Then L generates a Feller semigroup Ty in Coo(R?) with a core containing c2 (R).
Moreover, if f € C4(Rf1), then Ty f € C2(R?) for all t and yields a classical
solution to the equation f = Lf.

Proof. As in the previous theorem, let v, (dy) = 1}y, (y)v(dy) and
Ly f(x) = a(x) /[f(x + )= f(x) = (. Vf(x)]vp(dy).

Clearly each operator Ly, h > 0 generates a Feller semigroup T}f in Coo(Rd ) with
invariant cores CZ,, Jj =1,2,3. Since Ly, Tth = Tthh, it follows that

ILLT! foll < Ly foll
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for any fo € Colo(]Rd). If fo € Cozo(Rd), then Ly fo € Colo(Rd), and hence
LT fo € CL(R?) and

1LLT! foll < 1/ Mal / y[v(dy).

Let f* = T} fo and

J axj" it 8xJ- ’

which is well defined and belong to CL, (R?) for any fo € c2 (R?). Differentiating
the equation for fj gives

da 1

g'jt_thj,+a——L;,f, .
Xja

Hence

gl Il < llgi Il + tell Ly foll.

implying that the first derivatives of Tth fo remains bounded uniformly in /.
Applying the above estimates for the derivatives to Lj, fo yields

ad Ly fo
Hthf/’ SH + e LaLn foll
Xj 0x;
Since 5 5 1
a
—L Lpgh, + ——Lyfl.
ox; hft hg]’t+3x]'a nfi
it follows that
hfo
” + tk||LpLy fol.

Differentiating the equation for f again (and taking into account a straightforward
cancellation) yields

d ?fh Pfr dal da 1 9%a
= =L — Lt — —L,g! ,
dt dx;0x; "ax,»axl * 0x; a h8jn+ oxj a h8in T 0x;0xj a hft
implying
azfth thO

2
|2k
0x;0x;

0
+2£K(K||th0||+H

+m||Lthfo||)+mk||tho||.

0x;0x; 0x;

As in the previous theorem, we shall look for a limit of 7% as h — 0. Assum-
ing that fo € C*(R?) we conclude that the first and second derivatives of fth are
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uniformly bounded, which allows us to conclude (as in the proof of Theorem 5.1.1)
that the approximations Tth fo converge as 1 — 0 to a function that we denote by
Tt fo. As all Tth are contraction semigroups, we can extend this convergence to all
f e Cx (Rd), and conclude that the limiting family of operators 7; also forms a
contraction semigroup. Again as in the proof of Theorem 5.1.1, differentiating the
evolution equation for 7 f with respect to x shows that if fo € C*(R?) then the first
two derivatives remain continuous and bounded and that fy belongs to the domain of
the generator of 7;. As this generator is closed, one deduces that any f € C2 (R?)
also belongs to the domain. m|

Notice the crucial difference between the above two theorems. In the latter case
we did not get any invariant core (to get boundedness in time of the second spatial
derivatives we need the fourth derivative of the initial function). If Ina € C °°(]Rd) it
is not difficult to show by sequential differentiation that the space CY (Rd) becomes
an invariant core, but this still does not imply any nice estimates for the growth of
these derivatives.

Our final example is one-dimensional, where the absolutely continuous part of the
Lévy kernel dominates in some sense its derivatives. We shall denote the derivatives
with respect to the space variable x by primes.

Theorem 5.1.3. Let

Lf(x) = %G(X)f"(X) +b(x) f(x) + /(f()C +y) = f(x) = f'()y)v(x, dy),
(5.11)
with

sup / (y] A Py, dy) < oo, (5.12)

where G,b € C%(R) and the first two derivatives v'(x,dy) and v"(x,dy) of v with
respect to x exist weakly and define continuous signed Lévy kernels such that

sup / (¥ A PV (. dy)| < oo, sup / Iyl A PV (x.dy)] < 00, (5.13)
X X

Let the density vaps(x,y) of the absolutely continuous part of v(x,dy) satisfy the
following conditions.

(i) There exist h4+,h— > 0 such that

hy —w
_2/ V/(xs dy) < vaps(x, w), 2/ V/(xs dy) < vaps(x, w) (5.14)
—h_

w

for all positive w < h4 and w < h_ respectively.
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(ii) There exists a positive sequence y; — 0 as j — oo such that

y}’ SUp Vaps(x, £y;) — 0 (5.15)
X

as j — oo.

Then L generates a unique Feller semigroup with generator given by (5.11) on the
subspace COZO (R) and the latter space is its invariant core, where the semigroup is
regular in the sense that

1Tl 2, may < €X* (5.16)

with a constant K.

Remark 38. Condition (ii) is a very mild regularity assumption, as for any fixed x it
holds automatically due to the boundedness of | Y2 Vaps(x, ) dy.

Proof. We shall use the following Taylor formulas:
y y
F+n=1@=f0y = [ (o= fendz = [Co=n ez,

where of course [ = _/yo for y < 0.
Let us introduce the approximating operator Ly, h € [0, h4+ A h_], as

Ly f() = 560 () +b(x) £(0x) + / (Gt 2) = f@) = /@)y)vp(r.dy),

where

vp(x,dy) = 1y spv(x.dy) + 1j|<p SUp vans(z, h)dy.
z

We shall use it actually only for & = y;, implying in particular that the corresponding
sup is finite. For i > 0, L, is the sum of a diffusion operator and a bounded operator
in Cso(R). Hence (by the standard theory of one-dimensional diffusion, see e.g. The-
orem 4.6.1" and the perturbation theory) it generates a conservative Feller semigroup
T} Let f' =T} f for f € Coo(R).

Differentiating the equation f h =L wf h with respect to the spatial variable x
yields the following equation for g = (f")":

%g” (0 = (L) + K+ L1+ KDgh 00+ 56/ (g () + 5 (g ), (517

One can avoid referring to this theory by working with an approximation to f”(x) by an appropriate
integral operator, say 3473 ffh (f(x+y)— f(x))dy.
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where

Lig(x) = 368" () + h(0)g ()

0 —h_
' </h+ +f—oo ) (g(x +y) = g(x) = g'(X)y)va(x. dy).
h 0
ng(x) = /0 + + /_h ) (gx+y)—gx)— g,(x)y)vh(x,dy),

() —h_
Klg(x) = / T / ) G+ ) — ) — f1 @ (x. dy).
hy —00

h 0
K9g(x) = /0 Ty /_ h ) G+ ) — () — 1@y xady).

Using the above Taylor formula, one can write

h y
K0g(x) = /0 +( /O (g(x+z>—g(x))dz) ) (x. dy)

0 0 /
_/_h_ (/y (g(x +2) —g(x))dz) v (x, dy),

and consequently
hy hy
(L0 + K9)g(x) = /0 (g(x +2)— g(x) [w, dz) + ( / v;(x,dy)) dz}

0 4
+ /—h_ (g(x +2)—g(x)) [vh(x, dz) — (/ vy (x, dy)) dz}

ht
~ f_ (g ),

and similarly for K'!.
Our key observation is the following. Due to (5.14), and since

hy hy
/ v, (x,dy) = /h v, (x,dy), z<h,

the operator L?l + Kg is bounded, conditionally positive and satisfies the positive
maximum principle for any 4 > 0, because it has the standard Lévy—Khintchine form.
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Consequently, it generates a bounded positivity-preserving contraction semigroup in
Coo (]Rd). Therefore we can conclude (by perturbation theory) that equation (5.17)
generates a bounded semigroup in Ceo (Rd) uniformly in /2. Hence the first derivatives
in x of the function Tth f(x) are uniformly bounded in /& and ¢ < f¢ for any ty and
f € CYR).

Differentiating the equation for £’ once more we get for v = (g")’

the equation

d
Evh(x) = (LY +2K) + L' + 2K ") (x)

£ G0N () + 200" () + 56 @) + 5 (0 ()

+ /(f(x +3) = f(x) = [y (x.dy).

Since the last integral equals

y
[v;l’(x,dy)/o (v —2)v(x + 2)dz

and represents a bounded operator of v uniformly for 4, we conclude as above (here
the coefficient 2 in (5.14) is needed) that for any bounded continuous g this equation
generates a family of strongly continuous operators in Coo(R) (giving the solution
to its Cauchy problem), uniformly bounded in 4, implying that Tth f(x) € C*(R)
uniformly in / and finite  whenever f € C2(R).

Let us choose the sequence of approximations Ly, which we briefly denote Lj,
where y; are from condition (ii). Therefore, writing

t
(T =T} f = /0 T (Lj — L) TP* ds

for arbitrary j < k, y; < h™ A h_, and estimating
(L = LTS  f(x)

Yj
< 7% flleaw) [2y,3 sup(Vans (2. ;) + Vans (2. Vi) +/ yzv(x,dy)}
z —yj

=0 fllc2(R), j.k — oo,
yields .
T =T f 1 = ot fllcawy,  J — o0 (5.18)

Therefore the family T,y 7 f converges to a family T, f, as j — oo. Clearly the
limiting family 7} specifies a strongly continuous semigroup in Coo (R).

Applying to T; the same procedure, as was applied above to T (differentiating
the evolution equation with respect to x), shows that 7; defines also a contraction
semigroup in Coo(R) N C1(R), preserving the spaces CL (R) and C2 (R). The proof
is completed as in Theorem 5.1.1. m|
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5.2 Introduction to sensitivity analysis

As we already mentioned, for using Markov processes as a modeling tool in concrete
problems it is important to be able to assess how sensitive is the behavior of the pro-
cess to changing the key parameters of the model. Ideally one would like to have
some kind of smooth dependence of the evolution on these parameters. Here we shall
touch on this problem for the examples of the processes discussed above.

Theorem 5.2.1. Under the assumptions of Theorem 5.1.1, suppose that b and v de-
pend on a real parameter o such that all estimates in the condition of this theorem are
uniform with respect to this parameter. Let T denote the corresponding semigroups.
Suppose the initial function fg* is continuously differentiable with respect to a and
belongs to CY(R?) as a function of x uniformly in «. Then the function TFfy is
continuously differentiable with respect to « for any t > 0, and

0

— T, %
Ty

a o
‘afo

sup <sup | L fe) 4 00w I oy (519
o o o

(where the norms refer to f% as functions of the position x).

Proof. Differentiating the equation f = L with respect to « yields the equation

=t (G )+ LU - fepdn. 520
t do do d

Since the last two terms are bounded by supy, || /5"l c1 ra) (because ch (R?) is an
invariant core for all 7;%), it follows that the derivative of f* with respect to « satisfies
the same equation as f itself up to a bounded non-homogeneous additive term, which
implies (5.19). O

Similar result can be obtained on the basis of Theorem 5.1.3 and many other results
given below, where a regular enough invariant core for the semigroup is identified,
say for Proposition 4.6.2.

5.3 The Lie-Trotter type limits and 7 -products

The formula
L1+L2 _ Li/n L2/n n

= ,,ILm (e ) (5.21)
(Lie—Trotter—Daletski—Chernoff) was established and widely applied under various
assumptions on the linear operators L1, L. However usually it is obtained under
the condition of the existence of the semigroup exp{s(L; + L3)}. We are going to
discuss here a situation where the semigroups generated by L1, L, are regular enough
to allow one to deduce also the existence of the semigroup generated by L + L, to
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identify its invariant core and to get the precise rates of convergence. Further we
extend this result to several generators and to a time-nonhomogeneous case.

For given operators L1, L, generating bounded semigroups e’Z! and e'L2 in a
Banach space and a given T > 0 let us define the family of bounded operators U/},
¢t > 0, in the following way. For a natural number k, let

UF = U2k (prl2ptliyk 2kt <t < (2k+ D1, (5.22)
uf = eU=Ck+DDL2 ytlyptlagtligk o) 4 1)y <1 < 2k +2)7.  (5.23)
We shall work with three Banach spaces By, By, B, with the norms denoted by

II.lli,i = 0,1,2, such that By C By C By, By is dense in By, By is dense in B, and
[-lo =1l = [I-]l2-

Theorem 5.3.1. Suppose the linear operators L1, Ly in By generate strongly con-
tinuous semigroups e and e'L2 in B, with By being their common invariant core.
Suppose additionally that

(1) Ly, L, are bounded operators By — By and By — B»,

(ii) Bo is also invariant under both e'L1 and L2 and these operators are bounded
as operators in By, By, By with norms not exceeding eKt with K constant (the
same for all B; and L;).

Then

(i) forany T > 0 and f € By the curves Utz_kf converge in C([0,T], By) to
a curve Uy f, and for f € By this convergence holds in C([0,T], B1) and
Ui f € C(0,T]. B1);

(ii) the norms |U;| B, and |U;| B, are bounded by ekt
(iii) for f € Boand27% <1/2

IWZ" =U)fll2 = 1 £l000)27*, (5:24)

(iv) the operators U; form a strongly continuous semigroup in B, with the generator
(L1 + L2)/2 having By as its invariant core;

Proof. Let an arbitrary T > 0 be chosen. By ¢ we shall denote positive numbers not
exceeding T . First note that condition (ii) implies that

IUF|g, <eX' vr<1, j=01.2. (5.25)

Next, forany f € By andi = 1,2

t
elLif—f =/ LiESLide, (5.26)
0
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implying firstly that

le™ f = flla = 0@ LillB,»B.¢™ I f |1, (5.27)
and secondly that in case f € By

e f = £t = OO Lill Bo— 51" 11 f 0. (5.28)

and moreover
t
elif = f+itLif +/ Li(e*Li f — f)ds
0
= f +t(Lif + |LillBi-B:ILillBo—B, I/ [0[O(1)]2). (5.29)
where by [O(¢)],> we denoted a vector with a By-norm of order O(t). Consequently,

ebrett2 f = et f 4 1e™ 1 (Lo f + || flo[O(1)]2)

= f+tLif +tllfo[0O®)]2 +teE Ly f
= f +1(L1+ La) f + ]| flo[O®)]2, (5.30)

where the last equation comes from estimate (5.27) applied to L, f instead of f.
Consequently
(e Erett2 —ett2ett) £l = 0G2)]| f o,

and therefore

”(eZtLleZth _ etLlethelLleth)sz — ”etLl(elLleth _ eleel‘Ll)el‘sz‘”2
2
= 0| fllo-
Writing now

(e‘rLzetLl)k _ (erLg/ZerLl/Z)Zk
k
— Z(ethetL1 )k—l [e‘ELzetLl . (etL2/261L1/2)2](etL2/26tL1/2)21—2
=1

we can conclude that
[((e¥E2e™Enyk — (eTL2/2eL1/2)2Ky £, = k|| £ [0 O(22),

so that
IUF = U7 flla = [1f 007 (5.31)

Consequently for a natural number k

WU =U2) flla = 1/ 100G + -+ 275 = | £l 0G0,
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implying that Utz_k converges in C([0,T], B2) as k — oo to a curve, which we
denote by U; f, and that estimate (5.24) holds. Since U; are uniformly bounded, we
deduce by the usual density argument that U, ,27’( f converge for any f € B», and that
the limiting set of operators U; forms a bounded semigroup in B>.

Next let us observe that the family U f is relatively compact in C([0, T'], By) by
Arzela—Ascoli theorem for any f € By, because

k k i

[Tetr-r=%

i—1
Ljets—eG=D)L; 1—[ erilfds,
i=1 i=1770-1) I=1

where each L ; is any of the operators L, L, so that

| lﬁle’i"f — 7], = 00 £lo.

i=1

Hence the sequence Utz_k f contains a convergent subsequence in C([0, T'], B1). But
the limit of such a subsequence is uniquely defined (it is its limit in C ([0, T'], B2)),
implying that the whole sequence U,sz f converges in C([0,T], By), as k — oo.
Again by the density argument we conclude that this convergence still holds for any
f € By, implying that U; form a bounded semigroup in Bj.

It remains to prove statement (iv) of the theorem. Denote 73 = 27k, Let first
f € By and let ¢ be a binary rational. Then 7 /27, € N for k large enough so that

Utfkf — (erkLzerkLl)t/2rk

and
(t/210)—1

Ul‘[kf _ f — Z (e‘rkLze‘[kLl _ 1)(erkLze‘CkL1)lf
=0

Therefore, by (5.30),

(t/2tr)—1
URf—f=n Y (Li+L)e*2e* g 4| fllo[0m))..
=0
This can be rewritten as

(t/2t)—1
UM f—f=50u) Y, (Li+ L)V f
=0

(t/2tx)—1

+n Y (Li+ L) Uy, — Uaig 1 f + 1 fllo[O(h)la-
=0
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Passing to the limit as k — oo in the topology of B, yields

1 t
Uf —f = 5/0 (L1 + L2)Us f ds. (5.32)

By the density argument the same formula holds for any f € Bj. Using now the
continuity of Uy f in Bj it follows from (5.32) that

d 1
EUtf = E(Ll + Ly f

for any f € Bj, where the derivative is defined in the topology of B. O

Let us extend the result to several generators. Let the operators L;, i = 1,...,n,
generating bounded semigroups ¢?Zi in a Banach space and a t > 0 be given. For
natural k and [ € {0,...,n — 1} let

Utt — e(t—(nk—{—l)t)LH_lerLl ”_erLl(erL,, _”e'rLl)k7
mk+Dr<t<mk+1+1D1. (533)

Theorem 5.3.2. Suppose that

(i) the linear operators L;, i = 1,...,n, in By generate strongly continuous semi-
groups e'Li in By, with By their common invariant core,

(i1) all L; are bounded as operators By — By and By — B,

(iii) By is invariant under all e'Li and the latter operators are bounded as operators
in By, By, By with the norms not exceeding XKt with a constant K (the same
forall Bj and L;).

Then statements (1)—(iii) of Theorem 5.3.1 hold for the family (5.33) and the opera-
tors Uy form a strongly continuous semigroup in By with the generator (L1 + -+ +
Ly)/n having B as its invariant core.

Proof. This is the same as above with obvious modifications. Say, instead of (5.30)
one gets

et f = f 4Ly 4o+ L) f 4+ 1] f 0[O0, (5.34)

and

(eth _,_etLl)k _ (eth/Z _._etL1/2)2k

k
:Z(el‘Ln ---etL‘)k_l[etL" ---etL‘ _ (el‘Ln/Z ‘_‘etL1/2)2](eth/2 . _etLl/Z)Zl—Z,
=1

yielding again (5.31). m|
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Let us extend further to the time non-homogeneous situation. For families L7,
i =1,...,n,s >0, of linear operators in a Banach space such that each Lf generates
a bounded semigroup, and for a given t > 0, let us define the family U/ in the
following way. For natural k and m <[ € {0,...,n — 1} let

Ufy =expl(t =)L DT ik +Dr<s<t<@mk+1+1), (539

and

Uf, = expl(t = (nk + D) L)

1
X l_[ exp{tLﬁ-nk+]_1)T} exp{((nk +m+ 1)t — s)rLfs_lf_'li_m)r} (5.36)
j=m+2

for
mk+myt<s<mk+m+ )t <mk+Dt<t<mk+1+ 1)z

For other s < t, these operators are defined by gluing together to form a propagator.
In particular, if s = knt,t = (k + m)nt, m,k € N, then
Utl:s — (exp{rLg(k+m)n—1]r} . exp{_[L(lk—{—m—l)nr}) .

X (exp{thlk"Jr"_l)T} . --exp{rLgan)r}exp{rLll””}).
As above we denote 7, = 27k,

Theorem 5.3.3. Suppose that

() linear operators L, i = 1,....n, s € [0,T], generate strongly continuous

semigroups e'Li in By with common invariant core B,

(1) all Lf are bounded as operators By — Bi and By — By with a common
bound,

(iii) By is invariant under all e'Li and the latter operators are bounded as operators
in By, By, By with the norms not exceeding eXt with a constant K (the same
for all B; and Lf),

@iv) L; depend Lipschitz continuous on t in the following sense:

1T =L fll2 = 0@ o (5.37)

uniformly for finite t, T.
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Then

(i) the propagators UZ’; converge in C(|0, T, B2) and in C([0, T, B1) to a regular
propagator Uy s, i.e., such that

B, < XU U, 5|, < KD

for some constant K ;
(ii) for f € Boand tj, < t/n,

U =Uis) fllz = 1 £ 100 — )t

(iii) the propagator Uy s is generated by the family (L + --- + L%)/n (in the sense
of the definition given before Theorem 1.9.3).

Proof. This follows the same lines as above. Instead of (5.34) one gets
exp{tLL ) - exp{t LI} f = f + t(LY 4+ LY f + 1] flolO0)]2.  (5.38)

for any finite collection of the operators LZ with [O(¢)] being uniform for bounded
k,t,t;. This implies

(U(56+1)nr,knr - U(k-i-l)nr knr)f

1
— —‘L’(ZLSIk—H)n_l)T N L'(lzkn+2n—1)n—1)r/2 _ lekn-l-n—l)r/z +

k k
21§ — LT L) £ £ 0[O0z = T/ 0[O
by (5.37), yielding the crucial estimate for subdivisions. m|

The case n = 1 in Theorem 5.3.3 describes the construction of a propagator as a
T -product. But in this case simpler assumptions are sufficient, and we shall prove the
corresponding result independently.

Let L; : By + By, t > 0, be a family of uniformly (in #) bounded operators such
that the closure in B, of each L; is the generator of a strongly continuous semigroups
of bounded operators in B;. For a partition A = {0 =19 <t} <--- <ty =t}ofan
interval [0, ¢] let us define a family of operators Ua (7, s), 0 < s < 7 < ¢, by the rules

Ua(z,s) =exp{(t =)Ly}, 17 <5 <t <141,

Ua(w.r) = Ua(z,$)Un(s,r), O=r=s=t=t
Let At; =tj 11 —t; and 6(A) = max; At;. If the limit

UGs,r)f = hm UA(S r)f (5.39)
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exists for some f and all 0 < r < s <t (in the norm of B5), itis called the T -product
(or chronological exponent of L;) and is denoted by T exp{ frs Lodt} f. Intuitively,
one expects the T'-product to give a solution to the Cauchy problem

d =L = 5.40
E = t¢v ¢O—ﬂ (~ )

in B, with the initial conditions f from Bj.

Theorem 5.3.4. Let a family Ly f, t > 0, of linear operators in By be given such
that

(i) each Lg generates a strongly continuous semigroup e's in Bo with invariant
core By,

(i1) Ly are uniformly bounded operators By — B1 and By — By,

(iii) By is also invariant under all eSLt and these operators are uniformly bounded
as operators in By, By,

(iv) Ly, as a functiont — By, depends continuously on t locally uniformly in f (i.e.
for f from bounded domains of B1).

Then

(i) the T-product T exp{fos L. dt}f exists forall f € By, and the convergence in
(5.39) is uniform in f on any bounded subset of By,
(ii) if f € By, then the approximations Ua (s, r) converge also in By;

(ii1) this T -product defines a strongly continuous (in t, s ) family of uniformly bounded
operators in both By and B,

(iv) this T -product T exp{fos L. dzt} f is asolution of problem (5.40) for any f € B;.

Proof. (1) Since Bj is dense in B, the existence of the 7T-product for all B, follows
from its existence for f € Bj, in which case it follows from the formula

S
Ua(s,r) —Un/(s,r) = Upr(s, D) Un(z, 1325 = / diUA/(s, UA(t,r)dt
, dt

S
— [ Vs 0L, - L Ua(er)de
:

(where we denoted [s]a = t; fort; <s < t; 1) and the uniform continuity of L.
(i) If f € By, then it follows from the approximate equations

N
UA(s,r)=/ L1 Ua(T, 1) dT,
r

that the family Ua(s, ¢) is uniformly Lipschitz continuous in Bj as a function of ¢.
Hence one can choose a subsequence converging in C ([0, T'], B1) subsequence. But
the limit is unique (it is the limit in B5), implying the convergence of the whole family
Ua(s,1).



Section 5.4 Martingale problems for Lévy type generators: existence 221

(iii) It follows from (ii) that the limiting propagator is bounded. Strong continuity
in By is deduced first for f € By and then for all f = in B; by the density argument.
(iv) Since By is dense in By, it is enough to prove the claim for f € By. To this
end, one can pass to the limit in the above approximate equations. m|

An application of T -products will be given in Section 5.7 below.

To conclude the section we present an example of the application of Theorem 5.3.3
(in the corresponding time homogeneous case Theorem 5.3.2 is of course sufficient).
Namely we shall construct a nonhomogeneous diffusions combined with mixtures of
possibly degenerate stable-like process and processes generated by the operators of
order at most one. Namely, let

Lif () = 5 (o1 (o] (09 £ () (541)

+ (b:(x). V f(x)) + /(f(x + ) — f()vi(x.dy)

K — -V
+/P(dp)/0 d|y|[gd_1a””(x’s)f(x+y) S = f(x))d|y|wp,,(ds),

|y|a,,,t(x,s)+1

where s = y/|y|, K > 0 and (P, dp) is a Borel space with a finite measure dp and
wp,¢ are certain finite Borel measures on S~

Proposition 5.3.1. Let the functions o, b, a,a and the finite measure |y|v(x, dy) be
of smoothness class C> with respect to all variables (the measure is smooth in the
weak sense), and ap, ) take values in compact subintervals of (0,00) and (0,2)
respectively. Then the family of operators L; of form (4.64) generates a propagator
U; s on the invariant domain Coz<> (Rd) (in the sense of the definition given before
Theorem 1.9.3), and hence a unique Markov process.

Proof. This follows from Theorems 5.3.3, 5.1.1 and Proposition 4.6.2. Notice that
since v is not supposed to be bounded the perturbation theory argument combined
with (a nonhomogeneous version of) Proposition 4.6.2 would not suffice. m|

5.4 Martingale problems for Lévy type generators:
existence

Here we prove a rather general existence result for the martingale problem corre-
sponding to a pseudo-differential (or integro-differential) operator of the form

Lu(x) = %(G(x)v, Vu(x) + (b(x), Vu(x))

+ /[u(x + ) —u(x) = (v, Vu(x)1p, (y)]v(x, dy), (542)

where v(x, .) is a Lévy measure for all x.
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But let us start with the basic criterion of stochastic continuity. It can be used to
verify the conditions of Theorem 4.10.2, and will be essential for the applications to
processes with boundary.

Theorem 5.4.1. Let a family of the solutions X tx “* of the martingale problems for
Lévy-type generators Ly with the common domain CC2 (Rd) of form (5.42) with coef-
ficients Gg, ba, vo and with the common domain C2 (R?) be given (« from an arbi-
trary index set, x denotes the starting point) such that the coefficients are uniformly
bounded in bounded domains, i.e.

- (uGa(x)u +ball + 1A |y|2)va<x,dy>) oo (543)

xeK,a

and the compact containment condition for compact initial data holds uniformly in «,
i.e, foranyn, T > 0and compactset K C S, there exists a compact set I'y 7. C R4
such that

inf P{X;el,rxkVtel0,T]}>1-n. (5.44)

xeK,a

Then the family of the processes X;% is uniformly stochastically continuous, in the
sense that for any compact set K

t]im sup P{sup | X% —x|| > r} = 0. (5.45)
<t

“0xeKa s<

Proof. Let p denote an even non-negative function from C 02 (R) such that p(r) = r?
for r from a neighborhood of the origin. Let f; x(y) = p(|y — x|/n). By (5.43),

sup |Lfn x| = C(K.n).

xeK,a

Hence, applying the Dynkin martingale built on the function f, x yields

sup Ep(|X} o —x|/n) <tC(K,n),

x€K,a

and consequently by Doob’s inequality

t
sup P{sup p(|X3 o, — x|/n) > r?) < C(K’”)r_z' (5.46)

xeK,a s<t

Finally, choosing 1 and 7 we can find n large enough so that p(|y —x|/n) = (y —x)?
for y € I'y 1, x. By (5.44) and (5.46) we have

sup P{sup | X% — x| > r} <27

xeK,a st

for small enough ¢. m|
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The following is the basic existence result for martingale problems in R¥.

Theorem 5.4.2. Suppose the symbol

1 .
PO, = 3(GWE =i, 6)+ [ (1=e&4i11, 11 (0)(E M) (x.dy) (547

of the pseudo-differential operator (—L) is continuous,

IG@I bel | Ja, Py dy) / 00
+ + + .d 548
; <1+|x|2 T+l T T+ P oy )] <00 G4Y)

and

X

sup/ Int(|y))v(x,dy) < oo. (5.49)
lyl>1

Then the martingale problem corresponding to L has a solution P, for any initial
probability distribution . Moreover, one can construct these solution in such a way
that the compact containment condition for compact initial data (introduced before
Theorem 4.10.2) holds.

Remark 39. The solutions still exist without assumption (5.49), because the oper-
ators with these two conditions differ by a bounded operator and one can apply the
general perturbation theory for martingale problems (see e.g. Proposition 4.10.2 from
[110]). Condition (5.49) is not very restrictive, but it supplies a handy explicit growth
rate estimate for the corresponding processes.

Proof. Suppose first that the coefficients of the generator L are bounded, i.e.

sup {|G(x)| o+ [

yzv(x,dy)} < 00 (5.50)
lyl=1

holds instead of (5.48). Then the natural discrete approximations of L, given by

d
Lyu(x) = %Ahu(x) + %Zbi (x)(u(x + hej) —u(x)) (5.51)

i=1
+/| | h[u(x + ) —u(x) = (v. Vu(x)1p, (»)]v(x.dy). h >0,
y|=>
where Ay, is a discrete approximation of (G(x)V, V) on CC2 (Rd ), are bounded oper-

ators. Hence the corresponding martingale problems are measurably well posed. Let
us denote by X tx ! their solutions starting from x € R4,
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Choosing a positive increasing smooth function fj, on R4 such that fi,(y) =Iny
for y > 2, we claim that the process

t
MP = p(xFhy - /O Ly (X3h) ds

is a martingale for ¢(y) = fin(|y|). Indeed, approximating ¢ by the increasing se-
quence of positive functions ¢, (y) = fin(|y|) x(|y|/n) from Ccz(Rd), n=12,...,
where y is a smooth function [0, c0) + [0, 1], which has compact support and equals
1 in a neighborhood of the origin, observe that |Lj¢,(x)| is a uniformly bounded
function of x € R, h € (0, 1] and n € N. Consequently, by dominated convergence,
we establish the martingale property of Mth Hence Efln(|X,x’h|) < fu(x|) + ct
with some constant ¢ > 0 independent of %, n, x. From Doob’s maximum inequality
we conclude that

P(sup fin(|X3" e Sullxh)

0<s<t

)=r) < (5.52)
for all r > 0 and some C > 0. This implies the compact containment condition for
the family of processes X;' e (0, 1]. Hence Theorem 4.9.2 yields the existence

of solutions to the martingale problem for L on the domain C CZ (Rd). Passing to the
limit as 4~ — 0 in (5.52) yields

P( sup fin(|X5]) >71) <

0<s<t

Cl+ fill¥D) 559
r

implying the compact containment condition for the compact initial data for pro-

cesses X;'.

In the general case, we approximate G(x), 8(x) and v(x,.) by a (uniformly on
compact sets) convergent sequence of bounded Gy, B, Vi such that all estimates
required in (i) are uniform for all m and all operators L, obtained from L by changing
G, B, v by G, Bm, v respectively. It follows that | L,,¢ (x)] is a uniformly bounded
function of m and x for ¢(y) = fin(]y|). Hence the proof is completed as above by
passing to the limit m — oo, implying (5.53) and the compact containment condition
for compact initial data for processes X ;. m|

Proposition 5.4.1. Under the assumptions of Theorem 5.4.2, suppose additionally
that the martingale problem is well posed. Then the corresponding process is a con-
servative Feller and C -Feller process.

Proof. By Theorems 4.10.2, 5.4.1 and 5.4.2 the corresponding semigroup is con-
servative and C-Feller. It remains to show that the space Coo(R9) is preserved,
as strong continuity is then evident (it holds for f € Ccz(Rd) by the martingale
property, and hence for other functions by straightforward approximation arguments).
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To this end, suppose first that the coefficients are bounded, i.e. (5.50) holds. Then
the function (L¢y)(y) is uniformly bounded as a function of two variables, where
éx(y) = ¢(y —x) = fm(ly — x]). Using the corresponding Dynkin’s martingale
yields the estimate E|X} — x| < ce! for some ¢ > 0 uniformly for all x. Hence
P(supyp<s<; | X5 —x| > r) tends to zero as r — oo uniformly for all x. Consequently,
for f € Coo(R?), one has Ef(X}) — 0as x — oo. Returning to the general case,
first observe that by standard perturbation theory (if A generates a Feller semigroup
and B is bounded in Ceo (]Rd) and satisfies the positive maximum principle, then
A + B generates a Feller semigroup), it is enough to prove the statement under the
additional assumption that all measures v(x, .) have support in the unit ball.

In this case, the proof is easily reduced to the case of bounded coefficients by a
change of variable. Namely, let €2 be a diffeomorphism of R4 on itself and  be
the corresponding linear contraction in C(R?) defined as Q f(x) = f(S2(x)). Then
the generator of the martingale problem obtained by transforming a solution to the
(L, D)-martingale problem by €2 has the generator L=Q'LQ IfLis given by
(5.42), then

LQf(x) = L(f(Q)(x) = ((Vf)(Q(x)) b(x)) (5.54)

IQ; 0Q; 02 92 0
+§ZG"’(x)[ 0% 0T o) + x % g (x))]
k,l j

7 Oxx 0x; 0z;0z; 0xx0x; 0z;

+ [ |1@a+m - r@w) - (@ H@e. gy)lgl 0]vtr. .
and hence
Lfe) =LA (@)@ ()
- (Wf)(z), IRCRCICERICH

3
+ - ZG"I(Q 1(z))[ (Q (z ))—f(Z)

klj
09 902\ -1y, PF
+Z(ax BXZ)( 2 ,'Z}

- [f(Q(Q‘l(Z) ) - 6)

d
- (e e o o et e.d). 659
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Let the diffeomorphism 2(x) = X be such that X = x for |x| < 1, X/|X| = x/|x|
for all x, and |X| = In|x]| for |x| > 3. Then it is straightforward to see that L has
bounded coefficients. m|

5.5 Martingale problems for Lévy type generators:
moments

The aim of this section is to show that strengthening condition (5.49) on the moments
of Lévy measure allows one to strengthen the moment estimates for the solutions to
the corresponding martingale problem.

Theorem 5.5.1. Under the assumptions of Theorem 5.4.2, assume additionally that
the moment condition

sup(l + |x|)_1’/ [y[Pv(x,dy) < oo (5.56)
X {lyl>1}

holds for p € (0, 2]. Let X be a solution to the martingale problem for L with domain
c? (R%), which exists according to Theorem 5.4.2. Then

Emin(| X7 — x|, | X — x|?) < (e — 1)(1 + |x|?) (5.57)

for all t, with a constant c. Moreover, for any T > 0 and a compact set K C Rd,
t
P(sup |X;‘ —x|>r)<—C(T,K) (5.58)
s<t rP

forallt < T, x € K and large enough r with some constant C(T, K).

Proof. Notice first that from the Cauchy inequality

q/p (r—q)/p
/ D17 (x, dy) < ( / |y|l’v<x,dy)) ( / v(x,dy)) ,
{ly|>1} {ly|>1} {ly|>1}

it follows that (5.56) together with (5.48) imply

sup(1 + [x])™ / Y 190(x. dy) < 0o
x {ly|>1}

for all ¢ € (0, p]. Now let f,(r) be an increasing smooth function on R 4 that equals
r2 in a neighborhood of the origin, 7? for r > 1 and is not less than r2 for r < 1.
For instance, we can take f(r) = r? when p = 2. Also let y4(r) be a smooth non-
increasing function [0, co) > [0, 1] that equals 1 for r € [0, 1] and »~¢ for r > 2. To
get a bound for the average of the function f;*(y) = fp(||y — x||) we approximate it
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by the increasing sequence of functions g, (y) = f; (V) xq(|ly —x|/n),n =1,2,...,
q > p. The main observation is that

ILgn(»)| < c(gn(y) + x>+ 1) (5.59)

for some constant ¢ uniformly for x, y and n. To see this we analyze separately the
action of all terms in the expression for L. For instance,

82
tr (G(y)ay—zgn(y)) < c(l+ [yP)[min(l, |y = x|P7?) xq(ly — x|/n)

+ folly = xDxg(y —xI/m)/n® + f(1y = xDxg(ly — x|/n)/n].

Taking into account the obvious estimate

a0 (2) < (1 + 121 xq(2)

(which holds for any k, though we need only k = 1,2) and using |y|?> < 2(y —x)? +
2x? yields

92 )
tr (G(y)ay—zgn (y)) <c(lgn)|+x7+ 1),

as required. Also, as g, (x) = 0,

/ (gn(x +y)—gn(X))v(x,dy) = /
{ly[>1}

To(UyDxa(y1/mv(x, dy)
{Iy1>1)

< / 170 dy) < e(1+ [x)?) < e(1 + x ),
{ly|>1}

and so on.
Next, as ¢ > p the function g, (y) belongs to Coo(R?) and we can establish, by an
obvious approximation, that the process

t
My, (1) = gu(XF) - /0 Lgn(XF)ds

is a martingale. Using now the dominated and monotone convergence theorems when
passing to the limit n — oo in the equation EM,, (1) = gn(x) = 0 (representing the
martingale property of Mg, ) yields the inequality

t
EfX7 =5 = ¢ [ BAHAXE =5+ + 11ds,
This implies
Efp(|1 X —x|) < (e = D(1 + [x]?)
by Gronwall’s lemma, and (5.57) follows.
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Once the upper bound for E f,(|X;* — x|) is obtained it is straightforward to show,
by the same approximation as above, that My is a martingale for /= f,*. Moreover,
passing to the limit in (5.59) we obtain

LAY D) < c(fF () +x% +1). (5.60)

Applying Doob’s maximal inequality yields
§ 1 2 1
P (supl 06 - [ L e = 1) = e+ ) = e K
s<t 0 r r
Hence with a probability not less than 1 —t¢ (7, K)/r

sup
s<t

<r

)

FEXE) - /0 LfF(XF)dr

implying by Gronwall’s lemma and (5.60)

sup fX(X7) <e(T)(r + x> + 1) <2C(T)r
t<T

for x2 + 1 < r. This in turn implies (with a different constant C(T, K))
t
P(sup f, (X —x|) > r) < —C(T, K).
s<t r

Since | X — x| > r if and only if f,(| X — x|) > r?, estimate (5.58) follows. O
Exercise 5.5.1. Show that if the coefficients of L are bounded, i.e. (5.50) holds, then
Emin(| X} — x|%, | X} — x|?) < (e“" = 1) (5.61)

uniformly for all x, and also that (5.58) holds for all x with C(T, K) not depending
on K.

5.6 Martingale problems for Lévy type generators:
unbounded coefficients

To clarify the semigroup structure of the processes with unbounded coefficients, it is
convenient to work with weighted spaces of continuous function. Recall that if f(x)
is a continuous positive function on a locally compact space S tending to infinity as
x — o0, we denote by Cr(S) (resp. Cy,o0(S)) the space of continuous functions g
on § such that g/f € C(S) (resp. g/f € Coo(S)) with the norm ||g|lc, = llg/f |-
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Similarly we define C Jf‘ (S) (resp. C }Coo (S)) as the space of k times continuously
differentiable functions such that g@/f € C(S) (resp. gP/f € Coo(S)) for all
[ <k.

The next result establishes the existence of solutions to the martingale problem in

case of unbounded coefficients, whenever an appropriate Lyapunov function is avail-
able.

Theorem 5.6.1. Let an operator L be defined in C2 (R?) by (5.42) and
| ey <o
{lyl=1}

fora p < 2 and any x. Assume a positive function f1 € C12+|x|p is given (the
subscript L stands either for the operator L or for the Lyapunov function) such that
frL(x) = o0 as x — oo and

Lfp =c(/L+1) (5.62)

. . 2 d .
for some constant c. Then the martingale problem for L in CZ(R%) has a solution
such that

EfL(X}) < e (fL(x) + o). (5.63)
and
P(sup fL(X7)>r) =< C(”;ﬂ (5.64)
0<s<t
Proof. Set

sp(0) = G| + [b(x)] + /min(IyIZ, Y IP)v(x. dy).

For a given ¢ > 1 the martingale problem for the ‘normalized’ operators L, =
Xq (sf (x)/n)L,n = 1,2,..., with bounded coefficients has a solution in CCZ(Rd).
Let X, ;; denote the solutions to the corresponding martingale problems. Approximat-
ing fz by fL.(¥) xp(y/n) as in the above proof of Theorem 5.5.1, it is straightforward
to conclude that the processes

t
M (t) = fL(XZ,) — /0 Lun f1(XZ,) ds

are martingales for all m. Moreover, since y, < 1, it follows from our assumptions
that L, f1 < c(fL + 1) for all m, implying again by Gronwall’s lemma that

EfL(X[y) < e (fL(x) + o). (5.65)
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Since by (5.62) and (5.65) the expectation of the negative part of the martingale M,, (t)
is uniformly (for ¢+ < 7') bounded by ¢(7T')(fz(x) + 1), we conclude that the expecta-
tion of its magnitude is also bounded by ¢(7")( fz (x) 4+ 1) (in fact, for any martingale
M(t) one has M(0) = EM(t) = EM*(t) —EM ~(t), where M *(¢) are the positive
and negative parts of M(t), implying EM ¥ (t) = EM ~(¢t) + M(0)). Hence, by the
same argument as in the proof of (5.58) above, one deduces from Doob’s inequality
for martingales that

c(t, X
supP( sup fr(X},)>r) < w
m  0<s<t ’ r
uniformly for ¢ < T with arbitrary 7. Since f,(x) — oo as x — oo, this implies the
compact containment condition for Xy ;;:

lim supP( sup |XJ, |>r)=0
Mm sup (Oisr;t | Xsoml > 1)
uniformly for x on compacts and + < T with arbitrary 7. Hence the existence of
a solution to the martingale problem of L follows from Theorem 4.9.2. Estimates
(5.63) and (5.64) are of course established by passing to the limit m — oo from the
corresponding estimates for X7, . m|

Theorem 5.6.2. Under the assumptions of Theorem 5.6.1 assume that for a given
q > 1 the martingale problem for each ‘normalized’ operator L, = x4 (sf (x)/n)L,
n = 1,2,..., with bounded coefficients, introduced in the proof of the previous
theorem, is well posed in CCZ(R‘I) and the corresponding process is a conservative
Feller process. Then the martingale problem for L in C 02 (Rd) is also well posed, the
corresponding process X; is strong Markov and its contraction semigroup preserves
C(R?) and extends from C(R?) to a strongly continuous semigroup in C 1,00 (RY)
with a domain containing Cc2 (Rd). Moreover, the semigroup in Cf, oo (Rd) is a con-
traction whenever ¢ = 0 in (5.62).

Proof. Let us estimate the difference between the Feller semigroups of X, X5 .
By the compact containment condition, for any € > 0 there exists r > 0 such that for
/€ CRY)

[Ef(X7m) —ES(XT)] = [ELf (X ) Li<gn] — B[ (X0 <2l + €l £

where 7" is the exit time of X txm from the ball B, (i.e. is given by (4.100) with
U = By). Note that for large enough n, m the generators of X", and X7, coincide
in B; and hence by Theorem 4.11.2 the first term on the r.h.s. of the above inequality
vanishes. Consequently,

Ef(X{) —Ef(X,)]—0
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as n,m — oo uniformly for x from any compact set. And this fact clearly implies
that the limit

Tif(0) = lim Ef(X{,)

exists and that T} is a Markov semigroup preserving C(R?) (i.e. is a C-Feller semi-
group) and continuous in the topology of uniform convergence on compact sets, i.e.
such that 7 f(x) converges to f(x) as t — 0 uniformly for x on compacts. Clearly
the compact containment implies the tightness of the family of the transition prob-
abilities for the Markov processes X}, leading to the conclusion that the limiting
semigroup 7; has form (3.38) for certain transitions p; and hence specifies a Markov
process, which therefore solves the required martingale problem. Uniqueness fol-
lows by localization, i.e. by Theorem 4.11.4. It remains to observe that (5.65) implies
(5.63), and this in turn implies (5.64) by the same argument as for the approximations
Xt,m above. Consequently T; extends by monotonicity to a semigroup on Cy (]Rd).
Since the space C(R¢) ¢ C 'f (R?) is invariant and T} is continuous there in the topol-
ogy of uniform convergence on compact sets it follows that 7; f converges to f as
t — 0 in the topology of Cr (R?) for any f € C(R?) and hence (by a standard
approximation argument) also for any f € Cy o (Rd), implying the required strong
continuity. |

5.7 Decomposable generators

The construction and analysis of martingale problems and corresponding Markov
semigroups can be essentially fertilized by using advanced functional analytic tech-
niques, especially Fourier analysis. As these methods work more effectively in Hilbert
spaces and the original Feller semigroups act in the Banach space Co (Rd), one looks
for auxiliary Hilbert spaces where the existence of a semigroup can be shown as a pre-
liminary step. As these auxiliary spaces it is natural to use the Sobolev spaces H* (Rd)
defined as the completions of the Schwartz space S (R%) with respect to the Hilbert
norm

I flls = 1fN3s = / ()1 —A)* f(x)dx.

In particular, H 0 coincides with the usual L2. Hence, in this section we shall denote
by || fllo the norm of f in L,(R?). Recall that || f|| for a function on R always
denotes its supnorm.

The celebrated Sobolev embedding lemma states that H* is continuously embedded
in (CooNC!)(R?) whenever s > [ +d /2. Consequently, if we can show the existence
of a semigroup in H¥, it supplies automatically an invariant dense domain (and hence
a core) for its extension to Cs. For a detailed discussion of Fourier analysis and
Sobolev spaces in the context of Markov processes we refer to Jacob [142].
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As an example of the application of the techniques mentioned above, we shall dis-
cuss the Markov semigroups with the so-called decomposable generators.

Let ¥, n = 1,..., N, be a finite family of generators of Lévy processes in R4,
i.e. for each n

Un () = 569,91 + (07, 52) £
X
+ / (G + ) = () = V )y (dy)
+ / (G + ) — FE)I"(dy), (5.66)

where G = (G;’j) is a non-negative symmetric d x d-matrix, b" € R?, v" and u"
are Radon measures on the ball {|y| < 1} and on R? respectively (Lévy measures)
such that

/ 27 (dy) < oo, / min(L, [y (dy) < 0o, v ({0}) = " ({0) = 0.

Such a decomposition of the Lévy measure in two parts makes our further assumptions
on this measure more transparent. The function

Pa® = 5(G"6.0) ~i®".9)+ [(1=® 4 igyn @) + [(1= ) ay)

(5.67)
is the symbol of the operator —y/,,. We shall denote by p,, ph the corresponding
integral terms in (5.67), i.e. py (§) = [(1 — ey (dy). We also denote py =
Zr11v=1 Pn-

Let a;, be a family of positive continuous functions on R?. With some abuse of
notation we shall denote also by a, the operator of multiplication by a,. Let us say
that the Lévy—Khintchine type operator is decomposable, if it is represented in the
form YN an .

We shall prove the existence and uniqueness of the Markov process with generator
2;11\1:1 an Yy under the following assumptions on the symbols pj,: there exists ¢ > 0
and constants o, > 0, B, < oy such that foreachn =1,..., N

(A1) [Im py (&) + Im p2(£)| < c|po(®)],

(A2) Re py(€) = ¢ pryn (§)|* and [V(p2)(E)] < clpryn (§)[F7, where pr, is the
orthogonal projection on the minimal subspace containing the support of the
measure ",

Remark 40. Condition (A2) is not very restrictive in practice. It allows, in particular,
any a-stable measures v (perhaps degenerate) with @ > 1 (the case « < 1 can be
included in jt,,). Moreover, if [ |E|1FPry, (dE) < oo, then the second condition in
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(A2) holds, because |¢!*Y —1| < ¢|xy|® forany B < 1 and some ¢ > 0. In particular,
the second inequality in (A2) always holds with B, = 1. Hence, in order that (A2)
holds it is enough to have the first inequality in (A2) with o, > 1.

For the multiplication operators we shall assume the following bounds:

(A3) an(x) = O(|x|?) as x — oo for those n where G* # 0 or V" # 0, a,(x) =
O(|x]) as x — oo for those n where 8" # 0, and a,(x) is bounded whenever
" # 0.

Clearly these bounds ensure that estimate (5.48) holds.
The aim of this section is to prove the following.

Theorem 5.7.1. Suppose (A1), (A2) hold for the family of operators Yy, and suppose
that all a,, are positive functions from C*(R?) for s > 2 + d /2 such that (A3) holds.
Then there exists a unique extension of the operator Z;ZzV=1 anp¥ry (with the initial
domain being C, C2 (Rd) ) that generates a Feller semigroup in Cog (Rd).

We are aiming at using the localization procedure based on Theorem 4.11.2. There-
fore we shall start with a local version of Theorem 5.7.1 under the additional assump-
tion on the symbols p;;:

(A1) [Im pu(§)] < ¢[po(§)| and hence |pn(§)] = (1 + )| po(§)].

Clearly (Al’) is a version of (A1) for the whole symbol, which thus combines (A1)
with some restriction on the drift.
Let a, and ¥, be as in Theorem 5.7.1. Set Lo = Z’Il\le Yy and

N
L=Lo+ Y anyn

n=1
(the pseudo-differential operator with the symbol — 2,11\;1 (1 4+ an(x))pn(€)).

Proposition 5.7.1. Suppose (A1’) and (A2) hold for the family of operators Yy, all
an € C{(R?) fors > 2+ d/2 and

N
20+ 1)) llanl < 1, (5.68)

n=1

where the constant c is taken from condition (A1’) (let us stress that ||.| always de-
notes the usual sup-norm of a function). Then the closure of Zﬁ:] anVy (with the
initial domain C?2 (R?)) generates a Feller semigroup in Coo(R?) and the (strongly)
continuous semigroups in all Sobolev spaces HY s <35, including H® = L2,
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The proof will be preceded by the sequence of lemmas. We start by defining an
equivalent family of norms on H*®. Namely, let b = {b;} be any family of (strictly)
positive numbers parametrized by multi-indices I = {iy,...,iz}suchthat0 < |/| =
i1 +--+ig <sandi; > 0forall j. Then the norm |.||5 s defined by

ol
7o =170+ 3 | 5os]
0<|1|<s o
=J/M@F&+ XIM¢[MHM®P%,
o<|I|<s
where |£2] = |g]21 - |E4)%% for [ = {iy....,ig}, is a norm in S(R?) which

is obviously equivalent to norm ||.||s. We shall denote by H**? the corresponding
completion of S (]Rd) which coincides with H* as a topological vector space.

Lemma 5.7.1. Let a(x) € Cg(Rd). Then for an arbitrary € > 0 there exists a
collection b = {byr}, 0 < |I| < s, of positive numbers such that the operator A of
multiplication by a(x) is bounded in H*® with norm not exceeding ||a|| + € (i.e. the
bounds on the derivatives of a(x) are essentially irrelevant for the norm of A).

Proof. To simplify the formulas, we shall give a proof for the case s = 2,d = 1. In
this case we have

I

l2.p = I fllo+ b1l f'llo + b2l f"llo

and

[Af 2,6 < (lall + b1lla’[l + balla” DI f llo
+ (brllall +2b20la’ DI f o + ballall Il f”llo-
Clearly by choosing b1, b, small enough we can ensure that the coefficient of || fo

is arbitrarily close to ||«||, and then by decreasing (if necessary) b, we can make the
coefficient at || f”||¢ arbitrarily close to by ||a||. The proof is complete. m]

Next we shall prove a simple auxiliary result on semigroups in H* generated by
WUDO. Let us called a subset M of H® spectrally localized if for any € > 0 there
exists a compact set K C R¢ such that fRd\K(l + E1P| f(E)|*?dE < € for all

f € M. Clearly, bounded subsets of H s" with any s’ > s are localized subsets in H*.

Lemma 5.7.2. Let p(§) be an arbitrary continuous function R4 — C with every-
where non-negative real part. Then the WDO —p(i ~'V) with the symbol —p gener-
ates a strongly continuous semigroup of contractions in every H®. Moreover,

_ s—1
™V — 1) £l — 0
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as t — 0 uniformly on spectrally localized subsets of H®; in particular, on bounded
subsets of H* withany s’ > s. Finally, if | p(€)| < c(1+|€|?) with a positive constant
¢, then H%2 is a core for the semigroup in H® for any s > 0.

Proof. The operator p(i ~!V) multiplies the Fourier transform of a function by p(£).

This directly implies the required contraction property. The operator e~ 7 @'V _

1 multiplies the Fourier transform of a function by e~’? & _ 1. This function is
uniformly bounded and in any bounded region of £ it tends to 0 uniformly as ¢ — 0.
Hence, uniformly for f from a localized set M,

/ (1 + £ 7® — 1) £ )2 dE — 0,

as t — 0. The last statement is clear, as the domain of the generator of our semigroup
in HS consists precisely of those functions f', for which

/(1 +EP)p€) f () dE < oo. o

We will now construct a semigroup in L2 and H* with generator L which is con-
sidered as a perturbation of L. To this end, for a family of functions ¢, s € [0, 1],
on R? let us define a family of functions F(¢), s € [0,¢], on R? by

S
Fo($) = [ eGILo(L — L), dr. (5.69)
0
From perturbation theory one knows that formally the solution to the Cauchy problem

$=Lp. ¢(0)=f (5.70)

is given by the perturbation series
d=(04+F +F2+..)9° ¢l =eslof. (5.71)
In order to carry out a rigorous proof on the basis of this formula, we shall study

carefully the properties of the operator . We shall start with the family of operators
F; on the Schwartz space S (Rd ) defined as

t t N
(= [etow—tofds = [ et S anns s
n=1

We denote by || F'||s the norm of an operator F in the Sobolev space H.
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Lemma 5.7.3. F; is a bounded operator in Lz(Rd) for allt > 0. Moreover, for an
arbitrary € > 0, there exists to > 0 such that for all t < tg

1Fello <2+ 1) llan] + ¢
n

and hence || Ft|lo < 1 for small enough €.

Proof. We have

Inan ) = @ ()BT 1) + FEG", Van(6) + 500 ()(G"Y. 9) £ )
+ 3 DGY. V)an(x) + (G"Van, ¥ f)(x)
+ 1@+ 3 = @) = (Van /). @)

+ / (an /) (6 + ¥) — (an )OI (dy)
= [anVn(f) + S Un(an)](x) + (G"Van. V £)(x)
4 [ (an (5 + ¥) — an () (x + ) = FE)O(dy) + 1" (dy).

Consequently,

[an¥n(ON(x) = [Ynlan f) = f¥n(@n)l(x) — (G"Van, V f)(x)
- /(an(x +¥) —an())(f(x + y) = f() " (dy) + p"(dy)).

The idea is to represent the last two terms as a sum of an operator bounded in Lz(Rd)
and a pseudo-differential operator with differentiation acting at the end (i.e. staying
at the beginning of the pseudo-differential expression). The latter can be then com-
bined with the regularizing term ¢*L0 in the expression for F;. Since e®V)g(x) =
g(x + y), we can write

Van (x)(f(x +y) = f(x)) = f(x +y)Van(x + y) — f(x)Van(x)
— f(x +9)(Van(x + y) = Va (x))
= (V) —D)[f Van](x) = f(x + )PV = 1)Va,(x).

And consequently

an¥n(f) = Ry f + Ry f.
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where

Ry f(x) = Ynlan f)(x) = Y Vi(Gpy (Vian) [)(x)
k,l

- / (. €9 — D[ Va) )" (dy).
R2F () = (D2 Ve(G},Vian) = Yu(@n) ) () ()
k.l

- / (an(x + ) — an(x) — (Van (). ) (f(x + 1) — FEW ()
+ / £ + 9)(Van(x + ) — Van(x). y)v" (dy)

- /(an (x +y) —an () (S (x + y) = f()u" (dy).

Since an operator of the form f +— [ f(x + y)n(dy) is a contraction in L2(R%)
for any probability measure 7, we conclude that R,Zl is a bounded operator in LZ(Rd)
with norm not exceeding

1924 (||G"|| 2 f |y|2v"<dy)) + @l + Vel [0 ALy D" @),

Hence

N t N t
F(H =3 [ etoumtanfrds =3 [ et S VG (a1 ds
n=170 n=1"9 k.l

N
=3 [ etrds [V = DL Vauh @) + 001 o
n=1

As the operator fé esLoy, ds multiplies the Fourier transform of a function by the
function f(; e=5Po@®) p (€) ds, we can estimate the first term by

t t
‘ / eLoy,ay, ds ] / e7Po®| p(£)| ds
0 0

(the last inequality is due to condition (A1")), the second term as
t
< IVanllsup [ e ©"50)6" )as)
£ 0

= 0(tY?)|Vay| | VG|,

< llan|
0

=< llaxll =2(1+¢)lanll (5.72)

’&(1 — e 'P0)
Po

t
‘ /0 eSLOVngl (Viay) ds
0
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and the last term using

t
/ esLo g /(e’(y’v) — Dyv™(dy)
0

t
< sup ( / oSk o ||Vp:;<s>||ds)
0 & 0

! t
< sup (/ e e cwh ds) = 0(1)/ sl gy — o(s17Ple)
0 0

[0

(which holds due to (A2)). O

It turns out that the same holds in H*.

Lemma 5.7.4. For any € > 0 there exists to > 0 and a family of positive numbers
b =1{br}, 0 < |I| <ssuchthat forallt <tyands' <s

I

o S2e+ D) [ld"] +e.
n

Proof. Follows by the same arguments as the proof of Lemma 5.7.3 with the use
of Lemma 5.7.1 and the definition of the norm ||.||s 5. In fact, the norms of the
pseudo-differential operators with symbols of the form p(&) do not exceed | p|| =
supg | p(§)] if considered as operators in every H b and the operators of the form
f = [ f(x 4+ y)n(dy) are contractions in every H $:b for any probability mea-
sure 7. |

We can now deduce the necessary properties of the operator ¥ .

For a Banach space B of functions on R, let us denote by C([0, ], B) the Ba-
nach space of continuous functions ¢ from [0,¢] to B with the usual sup-norm
Supgefo,«] l¢sllB.  We shall identify B with a closed subspace of functions from
C([0, t], B) which do not depend on s € [0, ¢].

Lemma 5.7.5. Under conditions of Proposition 5.7.1, the operator ¥ defined by
(5.69) is a continuous operator in C([0,1], H*?) for any s’ < s and |F| < 1
for small enough t.

Proof. The statement about the norm follows from Lemma 5.7.4 and holds for all
s’ < s. Let us show that ¥ (¢) € C([0,1], H*?) whenever ¢ € C([0,t], H*"?)
with s’ < s. By the standard density argument it is sufficient to assume that ¢ €
C([0, 1], H*). One has

t
Frae(d) — Fi($) = [0 (710 — 1)eCILo(L — Lo)d, ds

t+t
4 / eUFT=ILo(1 _ [0\ ds. (5.73)
t
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Manipulating with these integrals as in the proof of Lemma 5.7.3 reduces the problem
to the case when instead of L — L one plugs in the operator v,,. And for this case,
the estimate (5.72) amounts to the application of Lemma 5.7.2. m|

As a direct consequence we get the following result.

Lemma 5.7.6. Under the conditions of Proposition 5.7.1, there exists ty such that the
series (5.71) converges in C([0,1], H*'*®) for all s < s and t < ty. Moreover, the
r.h.s. of (5.71) defines a strongly continuous family of bounded operators f +— T; f
inall HS, s' < s.

We can prove now Proposition 5.7.1.

By the Sobolev lemma, H* can be continuously embedded in Coo N C ! whenever
s>1+d/2. Ass > 2+d /2, F:(¢) is differentiable in ¢ for any ¢ € C([0, ], H*?)
and, as follows from equation (5.73) and Lemma 5.7.2,

CF@) = lim L Fe@) — Fi@) = LoFi + (L— Lo (574
t =07

where the limit is understood in the norm of H¥2. Therefore, one can differentiate
the series (5.71) to show that for / € H* with s’ < s, the function T; f gives a
(classical) solution to the Cauchy problem (5.70). Since a classical solution in C, for
such a Cauchy problem is positivity-preserving and unique, because L is an operator
with the PMP property (see Theorem 4.1.1 and its corollary), we conclude that 7}
defines a positivity-preserving semigroup in each H ' s’ < s. In fact, using the
semigroup property one can extend 7 to all finite # > 0, thus removing the restriction
t < tg. Moreover, again by Theorem 4.1.1, the operators 7; do not increase the sup-
norm. Hence, by continuity, they extend to contractions in Ceo(R?) defining a Feller
semigroup.

Finally, we shall prove Theorem 5.7.1 in two steps. First we shall remove the re-
striction (A1") using T-products, and then complete the proof via localization. Thus
first let us show that the statement of Proposition 5.7.1 still holds if we assume (A1)
instead of (A1’). The difference between these conditions concerns only the drift
terms of L. So, our statement will be proved, if we can show that if L is as in Propo-
sition 5.7.1 and y is an arbitrary vector field of the class C;) (R%), then the statements
of Proposition still holds for the generator L + (y(x), V). Let S; be the family of
diffeomorphisms of R4 defined by the equation X = —y(x) in R4 . With some abuse
of notation we shall denote by S; also the corresponding action on functions, i.e.
St f(x) = f(S¢(x)). In the interaction representation (with respect to the group S;),
the equation

¢=(L+xyx),V)e, ¢0) =1 (5.75)
has the form
§=1Lig=(S"LSpg, £(0) =/, (5.76)
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i.e. equations (5.75) and (5.76) are equivalent for ¢ and ¢ = S;g. We now apply
Theorem 5.3.4 to the operators L; from (5.76) using the Banach spaces By = H¥,
By = HY and B, = H* 2, where s > s’ > 2 + d/2. The extension of the
semigroup in H* to the semigroup in Coo(R9) is then carried out using the PMP,
as above in the proof of Proposition 5.7.1. Finally, the proof of the theorem is com-
pleted via localization, i.e. by the application of Theorems 5.4.2, 4.11.3, 4.11.4 and
Proposition 5.4.1.

Combining Theorems 5.7.1 and 5.6.2, we directly obtain the following well-posed-
ness result for decomposable operators with unbounded coefficients.

Theorem 5.7.2. Suppose (A1), (A2) hold for the family of operators Y, and all ap,
are positive functions from C*(R?) for s > 2 + d /2. Instead of (A3) assume now
that there exists a positive function fi € C12 Ylxler P> 0, such that f1,(x) — oo as
x — oo and, moreover, [ |y|P " (dy) < oo and ann f1.(x) < ¢ for some constant ¢
for all n. Then there exists a unique solution to the martingale problem of the operator

Zf,v:l an\ry with the domain CC2 (Rd) defining a strong Markov C -Feller process.

5.8 SDEs driven by nonlinear Lévy noise

In Section 4.6 we have shown how classical SDE allows one to construct Markov
processes in the case when the Lévy kernel v(x, dy) in the generator can be expressed
as a push forward of a certain fixed measure v(dy) along a family of regular enough
transformations Fy : R? — R<. Here we develop a method of weak SDE driven by
nonlinear noise, which can be used to construct Markov processes for kernels v(x, dy)
that depend Lipschitz continuously on x in the Wasserstein—Kantorovich metric W),.

We start with the analysis of processes generated by a time-dependent family of
Lévy—Khintchine operators

Lef () = 3GV, 9) () + (b1, Y ) ()
4 / G4+ 9) = () — 0LV FaDIs v (dy). (5T7)

where for any ¢, G; is a non-negative symmetric d X d-matrix, by € R9 and vy is a
Lévy measure. The set of Lévy measures is equipped with the weak topology, where
the continuous dependence of the family v; on ¢ means that | f(y)v(dy) depends
continuously on 7 for any continuous f on R with | f(y)| < ¢ min(|y|2, 1).

Proposition 5.8.1. For a given family {L;} of form (5.77) with bounded coefficients
Gt, bt, V¢, i.e.

sup (||Gt|| +od+ [ yz)vt(dw) < oo,
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that depend continuously on t a.s., i.e. outside a fixed zero-measure subset S C R,
there exists a unique family {®%'} of positive linear contractions in Coo(R?) de-
pending strongly continuously on s < t such that for any f € Cozo (Rd) the functions
fs = @ f belong to C% (R?Y and solve a.s. (i.e. for s outside a null set) the inverse-
time Cauchy problem

fs=—Lsfs., s=<t. fi=f (5.78)

(where the derivative is taken in the Banach topology of C (Rd) ).

Proof. Let f belong to the Schwartz space S(R?). Then its Fourier transform

¢(p) = (Ff)(p) = / P f(x) dx

R4

also belongs to S (Rd). As the Fourier transform of equation (5.78) has the form

1 .
gs(p) = —[—E(Gsp,p) +i(bs. p) + /(e”’y -1 —iple])vs(dy)]gs(p),

it has the obvious unique solution
T 1
gs(p) = eXp{/ [—E(Grp,p) +i(bz, p)
N

+ /(ei”y -1 _iplel)Vr(dJ’):| df}g(p) (5.79)

(the integral is defined in both the Lebesgue and the Riemann sense, as the discon-
tinuity set of the integrand has measure zero), which belongs to Ll(Rd ), so that
fs = Flgg = @ f belongs to Coo(R?). As for any fixed s,¢ the operator
®%! coincides with an operator from the semigroup of a certain homogeneous Lévy
process, each &% is a positivity-preserving contraction in Coo(R?) preserving the
spaces (Coo N C2)(R?) and Cozo(IRd ). Strong continuity is then obtained first for
f e (C?n Coo)(]Rd) and then for general f by the density argument. Finally,
uniqueness follows from Theorem 1.9.4. m|

Let us define a time-nonhomogeneous Lévy process generated by the family {L,}
as a time-nonhomogeneous cadlag Markov process X; such that

E(f(X0)|Xs = x) = (@ f)(x), feCRY),

where @ is the propagator of positive linear contractions in Coo(R¢) from Propo-
sition 5.8.1 (notice that a Markov process is defined uniquely up to a modification
by its transition probabilities). Processes of this kind are called sometimes additive
processes (they are stochastically continuous and have independent increments), see
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e.g. [289], pp. 51-68. We use the term ‘nonhomogeneous Lévy’ stressing their trans-
lation invariance and the analytic properties of their propagators, which represent the
most straightforward time-nonhomogeneous extensions of the semigroups of Lévy
processes.

We wish to interpret the nonhomogeneous Lévy processes as weak stochastic inte-
grals. For this purpose, it will be notational more convenient to work with generator
families depending on time via a multidimensional parameter. Namely, let L, be a
family of operators of form (5.77) with coefficients Gy, by, v, depending continu-
ously on a parameter n € R” (v is continuous as usual in the above specified weak
sense). Let & be a curve in R” with at most countably many discontinuities and with
left and right limits existing everywhere. Then the family of operators Lg, satisfies
the assumptions of Proposition 5.8.1. Clearly, the resulting propagator {®*'} does
not depend on the values of &; at the points of discontinuity.

Applying Lemma 1.1.1 to the distributions of the family of the Lévy processes
Y:(n) (corresponding to the generators L, we can define them on a single probabil-
ity space (actually on the standard Lebesgue space) in such a way that they depend
measurably on the parameter 7.

Let &, o be piecewise constant left-continuous functions (deterministic, to begin
with) with values in R” and d x d-matrices respectively, that is

n n
§s = Z‘E] Lty 050108), s = ZO‘] Harmn (OF (5.80)
j=0

Jj=0
where 0 = f9 < t] < -+ < ty41. Then it is natural to define the stochastic integral
with respect to the nonlinear Lévy noise Y (&) by the formula

n

t o .
/ asdYs(§) = E o YtjAtj+1—tf (%—j)ltj<t’ (5.81)
o :

Jj=0

where Ytj (n) are independent copies of the families of Y;(n) defined above via the
randomization lemma. It is clear that the process so defined f(; agd Y (&) is a nonho-
mogeneous Lévy process constructed by Proposition 5.8.1 from the generator family

L8 £(0) = 5 (@G, o) V. ) £0) + (b, V)00

+ / Lf(x + aey) — £(x) — @03,V £ ()15, 0)]ve, (dy). (5.82)

which coincides with Lg, for a; = 1. Next, if £ and o, are arbitrary cadlag function,
let us define its natural piecewise constant approximation as

n n
§ = &l o = Y il

Tj<t Tj<t
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As usual the integral f(; agd Ys(&s) should be defined as a limit (if it exists in some
sense) of the integrals over its approximations fé aldYs(&7).

Theorem 5.8.1. The distribution of the process of integrals x + fé asdYs(Es) is well
defined as the weak limit, as T — 0, of the distributions on the Skorohod space
D([0, T].R?) of the approximating simple integrals x + f(f afdYs(&]), and is the
distribution of the Lévy process started at x and generated by the family (5.82). This
limit also holds in the sense of the convergence of the propagators of the correspond-
ing nonhomogeneous Lévy processes.

Proof. The right-continuous versions &7, converge to &; in the sense of the Skorohod
topology. Hence, by Theorem 1.9.5 the corresponding processes fé dYs(§]) converge
to the nonhomogeneous Lévy process generated by the family (5.82) in the sense of
convergence of propagators. By a straightforward time-nonhomogeneous extension
of either Theorem 4.8.3 or Theorem 4.9.2, this implies the weak convergence as dis-
tributions on the Skorohod space. O

In particular, we have constructed the probability kernel on the space D([0, 7], R?)
of cadlag paths that takes a curve &; to the distribution of the integral x + fé dYs(&s).
The main point is that the invariant measure for this kernel defines a weak solution
to the stochastic equation & = &y + fé d Y (&), and its uniqueness is closely linked
with the Markovianity of the corresponding process, as we shall see shortly.

Now let us describe a couple of more specific situations. We shall use the following
elementary inequalities.

Proposition 5.8.2. (i) Forany p € [1,2] and x > —1 one has
0<(I+x)?—1-px<(p—Dx* (5.83)
(ii) Forany p € [1,2],d e Nand A, B € R4
0= [A+ BI? = |A]” = p(A. B)| AP < cp| BI”, (5.84)
where
cp = max [(1—x)? —xP 4 pxP71]. (5.85)

x€[0,1/2]

The next statement describes jump-type processes when L ,-estimates are available.

Proposition 5.8.3. Suppose Ys(n) is a family of Lévy processes in R4 with cadlag
paths, depending on a parameter 1 € R" and specified by their generators

Lyf(x) = / (x4 3) = £@) — (7. 9) £y (dy). (5.86)
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where

vy ({0}) = 0, S;lp/ |y1Pvy(dy) =Kk < 00 (5.87)

for some p € [1,2]. Then the process fé asd Y (&) is a martingale, and

t p
0

Proof. In view of Theorem 5.8.1 it is enough to prove the statement for the approx-
imations fé aidYg(§7). Then the martingale property follows from the property of
Lévy processes. Finally, by (5.84) one has

D [t/x]

< cp 2@l PEIY], s 1y—e; Ee)IP
j=0

E '/0 QLdY,(ED)

implying (5.88). Alternatively, one can get this estimate from the martingale problem
associated with the propagator of the corresponding non-homogeneous Lévy process,
but the proof given extends straightforwardly to the case of random £. m|

As another situation of interest, let us consider the case of Y (7) that are compound
Poisson processes, i.e. they are generated by the family

Lyfe) = [1/G+3) = F@ln (@) (5:89)
with uniformly bounded measures vy,.

Proposition 5.8.4. For any cadlag curve &;, the process x + fé dYs(&s) has the fol-
lowing probabilistic description. Starting from the initial point x, it waits there a
(non-homogeneous exponential) random time t1 with P(t; > t) = exp{— fé e, |l ds}
and then jumps to a point yy distributed according to the law vg, / ||v:§r1 I. Then it

t+11

waits a random time 1, with P(tp > t) = exp{— frl lve, |l ds} and jumps to a

point y1 + y with y, distributed according to the law ”&2/”‘)&2 II, etc.

Proof. This follows from Theorem 5.8.1 and the basic series expansion of the propa-
gator of a process generated by family (5.89); see Section 3.7. m|

In particular, to link with the usual stochastic integration over a Poisson measure,
let us note that if N(dsdx) is the Poisson measure of a Levy process Z; in R? and
g(s, x) is a continuous bounded function on R4 x R4, then

/O l /A ¢(s, x)N(dsdx)
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is a process of the type described in Proposition 5.8.4, specified by the family
Lif(x) = /[f(x +g(1.y)) — f()]v(dy).

Remark 41. Similarly, one can define the integral fot gs(dY;(&s)) for a cadlag family
of nonlinear mappings gz : R” — R? of the class C2(R"), as the limit of the
approximating sums

Z g/r( ING 1) T— ]T(Eir))ljrq,

which converge to the non-homogeneous Lévy process generated by the family of
operators

LEE f(x) = —([@( G (3g’) ((»}v V)f(x)

+ (%G;t g L0) + 2L 3g’ S Obg,. v f)(x) (5.90)

+ [ [f(x () — f(x)— (8—;<0>y, Vf(x))131 (y)]vg, (dy).

In order to solve the equation

t
X, = x +/ dYs(Xs), (5.91)
0

with x a random variable with given law p, it is convenient to use Euler-type approx-
imations. For 7 > 0, let the process X ;L ’" be defined by the recursive equation

XET =Xt v (X, (XY = (5.92)

forlt <t < (I + 1)t, where £(X) is the law of X. Clearly these approximation
processes are cadlag. According to the above definition of the stochastic integral, this
process satisfies the equation

X = o+ [ dnOgy. 20 = i (593)

By conditioning, one deduces that X ,M ’T solves the following martingale problem.
For any f € CCZ(Rd), the process

Me(t) = F(XIF) = £(Xo) - / LIXSE 1 F(XET s, p= £(Xo). (5.94)



246 Chapter 5 Processes in Euclidean spaces

is a martingale, where we transferred the lower subscript to square brackets, i.e.
L[X] = Ly in the previous notations. Due to the basic convergence criteria for
martingale problem solutions (see Section 4.9), it follows that the family of processes
X ,” T T > 0, is tight (as was noted by many authors, see e.g. Stroock [302] or Bottcher
and Schilling [65]), and hence relatively compact, and moreover, any limiting process
X ;L solves the martingale problem for the family L,: for any f € CCZ(Rd), the
process

t

Mo(t) = F(XI) — f(x) - /0 LIXMf(XEds, p=2(). (595

is a martingale. Moreover, using the Skorohod coupling (Theorem 1.1.3), one can
choose a probability space where all theses approximations are simultaneously de-
fined and converge a.s. Consequently, by Theorem 5.8.1, X} also solves the stochastic
equation (5.91). In particular, this equation has a solution.

Theorem 5.8.2. Suppose for any x the probability kernel on the subset of
D([0, 1], ]Rd) of paths starting at x given by the integral constructed above in The-
orem 5.8.1 can have at most one invariant measure, i.e. equation (5.91) has at most
one solution. Then the approximations (5.92) converge weakly to the unique solu-
tion X7 of the equation (5.91), which is a Markov process solving the martingale
problem (5.95).

Proof. Convergence follows from the uniqueness of the limit. Passing to the limit
T — 0 in the Markov property for the approximations

E(/(X["%) [ 0 (X[ D) usje) = B(F(XIT) | XIT)
yields the Markov property for the limit X" m|
In order to apply these results, we should be able to compare the Lévy measures.
To this end, we introduce an extension of the Wasserstein—Kantorovich distance to
unbounded measures. Namely, let M, (Rd) denote the class of Borel measures 1 on

R4\ {0} (not necessarily finite) with finite pth moment (i.e. such that [ 1yI1?p(dy) <
00). For a pair of measures vy, vy in M) (Rd ) we define the distance W, (v1, v2) by

1/p
Wyt = (if [ 1= alPotanar) (596
where inf is taken over all v € M, (R24) such that condition

[ 610+ d20w(dxdy) = @r.vn) + (2.
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holds for all ¢y, ¢, satisfying ¢; (.)/].]? € C(R?). It is easy to see that for finite
measures this definition coincides with the usual one.

Moreover, by the same argument as for finite measures (see Rachev and Riischen-
dorf [270] or Villani [314]) we can show that whenever the distance W, (v1,v2) is
finite, the infimum in (5.96) is achieved; i.e. there exists a measure v € M, (R24)
such that

1/p
Wy (1. p2) = (/Iyl —szPV(dyldyz)) : (5.97)

To compare the distributions on Skorohod spaces we shall use the corresponding
Wasserstein—Kantorovich distances. These distances depend on the choice of dis-
tances between individual paths. The most natural choice of these distances is uni-
form, leading to the distance on the distributions given by (1.53), that is

Wy r (X', X?) = inf(E sup |X} — X2|P)/P, (5.98)
t<T

where inf is taken over all couplings of the distributions of the random paths X1, X>.
Let us now approach the stochastic differential equation (SDE) driven by nonlinear
Lévy noise of the form

t t t
0 0 0

where Wy is the standard Wiener process in R¢ and Y; (1) is a family of pure-jump
Lévy processes from Proposition 5.8.3.

Theorem 5.8.3. Let (5.87), (5.100) hold for the family (5.86) with a p € (1,2]. Let
b.G be bounded functions from R? to R? and to d x d-matrices respectively, and
b, G, v be Lipschitz continuous with a common Lipschitz constant k3, where v(x,.)
are equipped with Wy-metric, i.e.

Wp(v(x1,.), v(x2,.)) < k2x1 — x2||. (5.100)

Finally let x be a random variable independent of all Ys(z). Then the solution to
(5.99) exists in the sense of distribution (that is, the distributions of the L.h.s. and
r.h.s. coincide) and is unique. Moreover, the solutions to this equation specify a Feller
process in R4, whose generator contains the set Ccz(Rd), where it is given by the
formula

Lf(x) = %(G(X)V, V)f(x) + (b(x), Vf)(x)
+ /[f()C +¥) = () =, V) (x, dy). (5.101)
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Proof. This is based on the contraction principle in the complete metric space M (t)
of distributions on the Skorohod space of cadlag paths £ € D([0, ], R?) with finite
pth moment W), ;(§,0) < oo and with metric W), ;. For any § € M, (), let ®(§) =
OL(E) + P2(£) with

t

t t
1 _ 2 _
O (&) = x + /0 AVs(Ess), DAE) = /0 b(Es_) ds + /0 G Xy )d W.

One has
Wy (@D ©E) = Inf W, 0y (PE). @),

where the first infimum is over all couplings of & L & 2 and Wp.t,cond denotes the dis-
tance (1.53) conditioned on the given values of £!, £2. Hence

Wl (@ED, @(E%) < 2W) (P1(ED, @1(ED)) +2W) (P*(E). *(§2)).
By Proposition 5.8.2, applied recursively to the increments of the discrete approxima-

tions of our stochastic integrals, one obtains

supE| @' (£7) — ®' ()17 = 2tcacp sup & — £717
S=

s<t

for the coupling of ®!, ®? given by Proposition 5.8.5 proved below. Using now
Doob’s maximum inequality for martingales yields

W cona(@1E1). @1 ED) = oty sup ey — 717,

implying
W) (@1(EY), @1 (8%)) < diate, W), (1, 67).
On the other hand, by standard properties of Brownian motion,
|02 (") — ©2(£)|* < tkpsup g — &7
st

implying

W3 (@) D€)< diat W, (€1 67),
and consequently

Wi (@ (€. @2 () < (i) P W) (€. 87).

Thus finally

W (@(ED). (%) < ct. k)W) (E1.87).
Hence the mapping £ +— ®(§) is a contraction in Mp(¢) for small enough ¢. This
implies the existence and uniqueness of a fixed point and hence of the solution to
(5.99) for this ¢. For large ¢ this construction is extended by iterations.

Consequently the main condition of Theorem 5.8.2 is satisfied. The Feller property

is easy to check (see details in [196]) and the form of the generator reads out from the
martingale problem formulation discussed in the previous section. m|
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Theorem 5.8.3 reduces the problem of constructing a Feller process from a given
pre-generator to a Monge—Kantorovich mass transportation (or optimal coupling)
problem, where essential progress was made recently, see e.g. the book Rachev and
Riischendorf [270]. The usual approach of stochastic analysis works in the case when
all measures v(x, dy) can be expressed as images of a sufficiently regular family of
mappings Fy of a certain given Lévy measure v, see Section 4.6. To find such a
family an optimal solution (or its approximation) to the Monge problem is required.
Our extension allows one to use instead the solutions of its more tractable extension,
called the Kantorovich problem (whose introduction in the last century signified a ma-
jor breakthrough in dealing with mass transportation problems). It is well known (and
easy to see in examples using Dirac measures) that the optimal coupling of probability
measures (Kantorovich problem) can not always be realized via a mass transportation
(a solution to the Monge problem), thus leading to examples when the construction of
the process via standard stochastic calculus would not work.

Let us note that the main assumption on v is satisfied if one can decompose the Lévy
measures v(x;.) as countable sums v(x;.) = Y >2; vu(x;.) of probability measures
so that Wy, (v;(x:.), vi(z:.)) < ai|x — z| and the series Zaf’ converges.

We complete this section by proving an easy coupling result used above.

Proposition 5.8.5. Let Ysi , 1 = 1,2, be two Lévy processes in R4 specified by their
generators

Lif®) = [+ = 10 = (TS @) 5102
with v; € Mp(R?), p €[1,2]. Let v € My(R??) be a coupling of vy, v, i.e.
/ (P1(y1) + p2(y2))v(dyr1dy2) = (¢1.v1) + (92, v2) (5.103)
holds for all 1., ¢ satisfying $i(\)/|.|P € C(R?). Then the operator
LfGa) =[G+ x4 92) = flrax)

—((y1. V1) + (2. V2)) f(x1, x2)]v(dy1dy2) (5.104)

(where V; means the gradient with respect to x;) specifies a Lévy process Y in R24
with characteristic exponent

M1 s (P, P2) = / (P02 1 (31 py + y2p2))v(dyidya),

that is, a coupling of Y, Y2 in the sense that the components of Y have the distribu-
tion of Y} and Y2 respectively. Moreover, if f(x1,x2) = h(x1 — x2) with a function
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h € C2(R?), then

Lf(x1x2) = / (v =2+ y1—y2)—h(x1—x2)— (1 —y2. VR —x2)]v (dy1dy2).

(5.105)
Finally,

Bls + ¥, — V217 < |67 416, [ n = vl vi@ndya). (5.106)

Proof. 1t is straightforward to see from the definition of coupling that if f depends
only on x; (resp. x2), then the operator (5.104) coincides with L; (resp. Lp). Sim-
ilarly one sees that the characteristic exponent of Y coincides with the characteris-
tic exponent of Y'! (resp. Y?) for po = 0 (resp. p; = 0). Formula (5.105) is a
consequence of (5.104). To get (5.106) one uses Dynkin’s formula for the function
f(x1,x2) = |E + x1 — x2|?, observing that by (5.105) and (5.84) one has

Lf (e, x2)] < ¢ // 1= y2lPv(dyidys). L

5.9 Stochastic monotonicity and duality

A Markov process X in R is called stochastically monotone if the function P(X; > y)
(as usual, x stands for the initial point here) is nondecreasing in x for any y € R,
t € R4, or, equivalently (which one sees by linearity and approximation), if the
corresponding Markov semigroup preserves the set of non-decreasing functions.

Remark 42. This notion of monotonicity is closely linked with the notion of stochas-
tic dominance widely used in economics. Namely, a random variable X with distribu-
tion function Fy is said to stochastically dominate Y whenever Fy (x) < Fy(x) for
all x. One says that a Markov process X;* stochastically dominates a Markov process
Y} if X7' dominates Y7 for all t > 0 and z; > z,. Hence, a Markov process X;*
is stochastically monotone if it stochastically dominates itself or, equivalently, if the
mapping x — X} is non-decreasing, with random variables ordered by stochastic
dominance.

A Markov process Y; in R is called dual to X; if
P(Y) <x)=PX} > y) (5.107)

forall t > 0, x,y € R. If a dual Markov process exists it is obviously unique.
Existence is settled in the following result.

Theorem 5.9.1. Let X be a stochastically monotone Feller process s.t., for any y, the
function P(X{ > y) depends continuously on x and tends to 1 and 0O for x tending
to +00 and —oo respectively. Then the dual Markov process exists.
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Proof. The one-dimensional margins of the dual process Y’ ty are defined by (5.107).
Hence its transition operators should be given by

(@9)(y) = / ¢()dF} (2).

where
FY(x) =PY; <x)=PX} > y).

By stochastic monotonicity of X this function is in fact a distribution function. So the
only thing to check is that the operators ® form a semigroup, or equivalently, that the
Chapman-Kolmogorov equation holds. Thus we need to show that

/ g()dFE(v)dF; (2) =/ g(z)dFtJii_s(z). (5.108)
R2 R

And it suffices to show that for ¢ = 1(_s p], in which case (5.108) reduces to
/ P(X? > 2)dF} (z) = P(XP,, > ). (5.109)

one way to see that this equation holds is via discrete approximations. Assume that
the integral on Lh.s. exists as a Riemann integral. Then this L.h.s. rewrites as

. . i+1)h h
Jim 3R] = jPX TN 2 )~ P! > )
7

= lim jZ[P(Xs” > (j = D) = P(XE = jiyP(x{" = y)

- / P(X? > )dGE(2)

(where G} is the distribution function of X ), which clearly coincides with the r.h.s.
of (5.109). O

Remark 43. 1. In the general formulation of duality widely used in the theory of
martingale problems and super-processes (see e.g. Etheridge [109] or Ethier
and Kurtz [110]) the two families of process X7, ¥, in a metric space S,
parametrized by their initial conditions, are called dual with respect to a func-
tion f on S x SIfEf (X}, y) = Ef(x,Y/). Our duality given by (5.107) fits
to the above general notion for a function f(x,y) = 1{x<y).

2. There exists another notion of duality, also of extreme importance for the theory
of Markov processes, where two Markov processes in S, with the semigroups
Ty and @, are called dual with respect to a measure p if the operators 7y and
®, are dual as operators in L2(S, 11).
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Theorem 5.9.2. Let L be given by (5.11) with G,b € C?(R) and a continuously
differentiable in x Lévy kernel v such that (5.12) and (5.13) hold. If for any a > 0 the
functions

/ v(x,dy), /_ v(x,dy) (5.110)

are non-decreasing and non-increasing respectively, then L generates a unique Feller
semigroup with the generator given by (5.11) on the subspace COZO(R), which is an
invariant core for it. The corresponding process is stochastically monotone.

Proof. This is a direct corollary of Theorem 5.1.3 (and its proof). In fact, under the
given assumptions the inequalities (5.14) are satisfied automatically with h4+ = oo,
and as approximations for v one can take just v, (x, dy) = 1;,|>,v(x, dy). Moreover,
from the monotonicity of (5.110) it follows that the generator of the equation for gh
is conditionally positive, implying that the evolution of the derivative of f preserves
positivity, giving the stochastic monotonicity property. |

Proposition 5.9.1. Under the assumptions of Theorem 5.9.2 suppose that the Lévy
measures are supported on R (for measures on R_ the formulas are of course sim-
ilar) and v(x,dy) = v(x, y)M(dy) with v(x, y) differentiable in x and a certain
Borel measure M. Then the generator of the dual Markov process acts by

LA = 56000 [ 3660+ b (o
+ [0 = 10+ O 0o )
1
+f’(x)/ y(v—7)(x,dy) (5.111)
0

on CC2 (R), where

8 o0
p.dy) = v(x =y + 5 ([T v = yoma) d.
y

Proof. This can be obtained from the explicit form of the transition probabilities. We
omit the details that can be found in Kolokoltsov [197]. O

Let us discuss a more general situation including unbounded coefficients, where we
include a separate term in the generator to handle in a unified way a simpler situation
of Lévy measures with a finite first moment. Let Co | |(R) denote the Banach space
of continuous functions g on R such that limy_,~ g(x)/|x| = 0, equipped with the

norm [|gflc,, i = sup, (Ig(x)[/(1 + |x])).
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Theorem 5.9.3. For the operator
Lf(x) = %G(x)f"(x) +b(x) f'(x)
+ [ 3 = £ = . dy)

4 / (G4 9) — feDlx.dy). (5.112)

let the following conditions hold:

(1) The functions G(x) and b(x) are twice continuously differentiable, G is non-
negative, and the first two derivatives of v and (. with respect to x exist weakly
as signed Borel measures and are continuous in the sense that the integral

/f(y)(V(x, dy) + [V'(x, dy)| + [v"(x, dy)])

is bounded and depends continuously on x for any continuous f(y) < |y|A|y|?,
and the integral

/f(y)(u(x, dy) + |’ (x, dy)| + [ (x. dy)])

is bounded and depends continuously on x for any continuous f(y) < |y|.

(i) For any a > O the functions (5.110) are non-decreasing and non-increasing
respectively.

(iii) For some constant ¢ > 0

b + [ Iyliut.an + [

—X

[y + x|v(dy) <c(l+x), x>1,
o
b+ [ leedy) + [y 3l < e +1xD. x <1,
- (5.113)
Then the martingale problem for L in Cc2 (R) is well posed, the corresponding
process X} is strong Markov with

E[X7| < e“(Ix] + o),

its contraction Markov semigroup preserves C(R) and extends from C(R) to a strong-
ly continuous semigroup in Co | |(R) with domain containing C 2(R). If additionally,
for each a > 0 the functions

[ uean. [ uecay

—0o0
are non-decreasing and non-increasing respectively, then the process X is stochas-
tically monotone.
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Proof. By condition (5.113) and the method of Lyapunov functions (see Section 5.6)
with the Lyapunov function f7 being a regularized absolute value, i.e. f7 (x) is atwice
continuously differentiable positive convex function coinciding with |x| for |x| > 1,
the theorem is reduced to the case of bounded coefficients, that is to Theorem 5.9.2.

O

Let us extend the stochastic monotonicity property to a finite-dimensional setting.
Suppose that the space R is equipped with its natural partial order, that is x < y
if this relation holds for each co-ordinate of x and y. A real function on R4 will be
called monotone if x < y = f(x) < f(y). Let us say that a Markov process in R¢
is stochastically monotone if the set of monotone functions is preserved by its Markov
semigroup.

Theorem 5.9.4. Let
Lf(x) = %(G(X)V, V) f(x) + (b(x), Vf(x)) + /R+[f(x + ) = f()]v(x, dy).

Assume that

(1) v is a Lévy measure with support on Ri and with a finite first moment
sup/ [yjv(x,dy) < oo;
X
(i) G,b € C2(R?%) and v is twice continuously differentiable in x with

d
sup/ |y|—ax.v(x,dy) < 00, sup/ ly|V2v(x,dy) < oo;
j x

x,J
(iii) the matrix elements Gij depend only on x;, xj, and finally

it

>0, i 3
ox; — Z#J

and %(x, dy) are non-negative measures on Rf{_.
1
Then L generates a uniquely defined Feller process, which is stochastically mono-
tone. Moreover, the spaces Colo (Rd) and Cgo (Rd) are invariant under the semigroup
T; of this process, and T} is regular there in the sense that

K K
||Tt||colo(]Rd) <™, ||Tt||c020(]Rd) <!

for some constant K. Finally, COZo (Rd) is an invariant core for Ty.
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Proof. Well-posedness follows from Proposition 4.6.2. However, a direct proof via
the same line of arguments but taking monotonicity into account is straightforward.
Differentiating equation f = Lf (and using the assumption that G;; depend only on
X;, x;j) yields the equation

d af af  10G 9 of 3G 8 f  oby of
Rl i - — AT,
dt dxy 0xp * 2 0xp 0xp 0xg + % 0xp 0x; 0xp + 0xy 0xg

+Z ob; of
Z 0xp 0x;

We see that the generator of the evolution of the gradient V f decomposes into the sum
of a conditionally positive operator and a bounded positive operator. Hence the proof
can be completed as in Theorem 5.1.1 by first introducing the approximations Ly,
by changing v to the cut-off measure 1, (x, dy), where well-posedness becomes
obvious (diffusion process perturbed by a bounded operator) and where the evolution
of the derivatives preserves positivity and is bounded uniformly in /. m|

! dv
\% 0y), y)d0—(x.dy).
# fl f) s e nas e a)

5.10 Stochastic scattering

We make a short introduction to stochastic scattering, referring to original papers for
generalizations and detailed proofs.

This story represents an aspect of the general question of describing the long-time
behavior of a stochastic evolution. Two basic classes of processes from this point of
view are recurrent and transient. Roughly speaking, recurrent processes in a locally
compact metric space are those that a.s. return to any open bounded domain infinitely
many times, like, say one dimensional BM. On the other hand, transient processes
have trajectories that a.s. go to infinity. It turns out that for a rather general class of
Markov processes the so called transience-recurrence dichotomy can be proved that
states that the processes of this class are either recurrent or transient simultaneously
for all initial conditions.

If a process is recurrent, the natural way to analyze its large-time behavior is by
looking for an invariant measure. Once such a measure is found, one can look at
ergodicity, that is at convergence to an invariant measure as time goes to infinity in
various senses. If there are several invariant measures, one can try to classify the
initial states by their limiting distribution, which eventually describe the long-time
behavior pretty well.

But how one can describe the long-time behavior of a transient process? Well, it
goes to infinity, but how? Here the natural idea is to compare its long-time behavior
with some simple process, whose behavior is well understood. More precisely, one
can ask whether the large-time behavior of a given process is the same as that of a
simple process, but with possibly shifted initial condition. This is precisely the idea



256 Chapter 5 Processes in Euclidean spaces

of scattering, and this shift of initial data is often called the wave operator or the scat-
tering operator. We shall explain this in some detail on the most trivial meaningful
example of the stochastic evolution given by SDE

or in integral form

t
Xt:X+f K(XS)dS+Bt,
0

where By is standard d-dimensional BM. In other words, this is the Markov process
discussed in Section 4.4.

Itis evident that for a random process Y; = X;— B; the corresponding SDE reduces
to the ODE with random coefficients

Yt - K(Yt + Bt)

Theorem 5.10.1 (Simplest stochastic scattering). Let d > 3 and let K be a uniformly
bounded and Lipschitz continuous function. Suppose there exist positive constants o
and k such that

1 1 1
— < J—
o 2 d
and
|K(x)| <k|x|7™®, xeRY, (5.115)
|K(x1) — K(x2)| < k|r|™%|x1 —x2|,  |x1], |x2]| > 7. (5.116)

Then for any xo € R there exists a unique solution X; of equation (5.114) such
that a.s.
lim |X; — x00o — Bs| = 0. (5.117)
t—00

Proof. Let X; be the required solution. Then u; = X;—xo,— B; satisfies the equation
Uy = K(us + xoo + Br). By the condition on « there exists an € > 0 such that

Hence by (5.115) and Theorem 2.2.3, u, satisfies the integral equation
oo
Uy =/ K(us + Bs + xo0) ds (5.118)
t
(in particular, the integral is convergent).

Let C([T, 00), R%) denote as usual the Banach space of R?-valued bounded con-
tinuous functions on the unbounded interval [T, 0c0). The above argument shows
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that if a function u, belongs to the unit ball BIT of the space C([T, o0), R9), then
Xt = u; + X0 + By satisfies the requirements of the theorem if and only if u;
satisfies (5.118), that is, it is a fixed point of a mapping

o0
u > Fu), =/ K(us + Bs + Xoo0) ds.
t

Finally, condition (5.115) and Theorem 2.2.3 ensure that ¥ takes BIT to itself for
large enough 7', and condition (5.116) insures that ¥ is a contraction. Hence the
contraction principle implies the existence of a unique fixed point. |

Theorem 5.10.1 allows one to define the random wave operator as the mapping
Q : R? — R that takes x into the initial condition x¢ of the solution X; satisfying
(5.117). This operator yields of course a rather precise description of the process X;
at large times. Of interest are the questions of regularity of the mapping €2, and most
importantly its invertibility, that is the existence of Q1. In the general scattering
theory this latter property is called the completeness of the wave operator €2.

Similarly, using Theorem 2.2.4 instead of Theorem 2.2.3 one can analyze scattering
for a Newtonian particle driven by a white noise force, that is for the system (4.34):

av
XxX=y, dy=—+dB;. (5.119)
ox
This stochastic Newtonian system formally describes the dynamics of particle in the
(formal) potential field V' (x)—x B; (see Section 5.12 for references including quantum
extensions).

5.11 Nonlinear Markov chains, interacting particles
and deterministic processes

As a final topic in this chapter we briefly introduce the quickly developing field of
nonlinear Markov processes, showing how they arise as the dynamic LLN limit for
interacting particles. We shall touch upon the simplest case of a finite number of types
(discrete state space setting), referring for a full story to the book [196].
We first recall the basic fact about first-order PDE linking it with deterministic

Markov processes. Consider a PDE of the form

aS s\ & aS

— = (o), =) =Y b (x)—, xeR¥ >0, 5.120

5 ((x) ax) ; QP > (5.120)
where b € C!(R?). The solutions to the ODE x = b(x) are called the characteristics
of the linear first-order PDE (5.120). It is well known that for S € C le) there
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exists a unique solution to the Cauchy problem for equation (5.120), given by the
formula S(¢, x) = So(X}), where X denotes the characteristics starting at x, that is
Xg = x. Let us show how this fact can be deduced from the theory of semigroups.

We shall be interested in the slightly more general setting where state space €2 is
a polyhedron in R, that is a compact set with an non-empty interior that can be
represented as the intersection of a finite number of half-spaces (though more general
Q2 can be easily fitted to the argument).

Proposition 5.11.1 (PDE and deterministic Markov processes). Let 2 be a poly-
hedron in R? and b(x) a vector-valued function on Q of the class C1(Q) (i.e. it
has bounded continuous partial derivatives up to the boundary of 2). Assume that
for any x € Q there exists a unique solution to the ODE th = b(X}) with the initial
condition x that stays in Q for all times. Then the operators T; f(x) = f(X]) form
a Feller semigroup in C() such that the space C1(Q) is an invariant core for its
generator. Finally, if b € C%(Q), then the space C?*(Q) is also an invariant core.

Proof. Ttis clear that T; is Feller and that the spaces C ! () and C?(R) are invariant.
It remains to show that any f € C!(Q) belongs to the generator. But for such an f
we have

Tt f(x) = f(x) = (Vf(x), X7 —x) +o(t) = (Vf(x),b(x)t +0(1)) + 0o(t),
so that

1
lim ~(T: f(x) = f(x)) = (Vf(x).b(x)). O

In particular, we have shown that, for / € C1(Q), the function f(X;°) represents
a classical solution to equation (5.120), as expected.

Let us move to interacting particles. Suppose our initial state space is a finite col-
lection {1, ...,d}, which can be interpreted as the types of a particle (say, possible
opinions of individuals on a certain subject). Let Q(u) = (Q;;)(u) be a family of
Q-matrices depending on a vector u from the simplex

d
Ed={M=(/L1,---,ud)€Ri:Z=l},
j=1

as on a parameter. Each such matrix specifies a Markov chain on the state space
{L,...,d} with the generator described by the formulas (3.60) and with the intensity
of jumps being

1Qiil == 0ii(w) =Y Qi ().

JF#i
Suppose we have a large number of particles distributed arbitrary among the types
{L,...,d}. More precisely our state space S consists of all sequences of d non-

negative integers N = (ny,...,nyg), where each n; specifies the number of particles
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in the state i. Let |N| denote the total number of particles in state N: |[N| = ny +
.--4+ng.Fori # j and a state N with n; > 0 denote by N/ the state obtained from
N by removing one particle of type i and adding a particle of type j, that is n; and
n; are changed to n; — 1 and n; + 1 respectively. We are interested in the Markov
process on S specified by the following generator:

d
LF(N) = niQij(N/INDLS(NV) = f(N)]. (5.121)

i=1

Recalling the probabilistic description of a pure jump Markov process given in Theo-
rem 3.7.3, we see that operator (5.121) generates the following process. Starting from
any time and current state N one attaches to each particle a |Q;;|(N/| N |)-exponential
random waiting time (where i is the type of this particle). If the shortest of the waiting
times 7 that occur is attached to a particle of the type i, this particle jumps to a state
J according to the distribution (Q;;/|Q;;i|)(N/|N|). Briefly, with this distribution
and at rate |Q;;|(N/|N|), any particle of type i can turn to a type j. After any such
transition the process starts again from the new state N%/ .

Such processes are usually called mean-field interacting Markov chains (as their
transitions depend on the empirical measure N/|N| or the mean field). Notice that
since the number of particles |N| is preserved by any jump, this process is in fact a
Markov chain with a finite state space. To shorten the formulas, we shall denote the
inverse number of particles by &, thatis h = 1/|N|.

Normalizing the states to N/|N| € X, leads to a generator of the form

d d ) N
Lyf(N/IN)=>">" |r]zv—l||N|Qij (N/INDLF(NY/IN|) = f(N/IND]. (5.122)
i=1j=1

or equivalently

d d
L) = 33 50y 11/ (x — hes + hey) — f], x € hzd (.123)

i=1j=1

where eq,...,e; denotes the standard basis in RY. We shall be interested in the
asymptotics as i1 — 0, that is in the dynamic LLN for a Markov chain specified by
generator (5.123).

If feCY(Z,),then

: i _A
o INIFVTIND = FV/INDL = 5200 = 5 ()
where x = N/|N|, so that
lim Lp f(N/IN]) = Af(x).

|[N|—o0, N/IN|—x
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where
d of  of
M@ =YY w0s0| 7 - |
i=1j#i
d af
= Z Z[xi Qik(x) — Xk Oki (X)]a—(x). (5.124)
k=1i#k L

The limiting operator A f is a first-order PDO with characteristics equation

k
G =) Qi () = vk Qi ()] = ) xi Qix(x), k=1,....d, (5125)
i#k i=1

called the kinetic equations for the process of interaction described above. The char-
acteristics specify the dynamics of the deterministic Markov Feller process in X,
defined via the generator A (and Proposition 5.11.1).

By general results on convergence of semigroups, see e.g. Maslov [231] or Reed
and Simon [274], the convergence of the generators Lj to the generator A on all
functions from a core C'(Z;) of the latter implies convergence of the corresponding
semigroups, and consequently (by Theorem 4.8.3) convergence of the distributions
of the corresponding processes. However, let us formulate a result with a stronger
regularity assumptions that also give rates of convergence.

Proposition 5.11.2. Let all the elements Q;j () (of a given family of Q-matrices)
belong to C2(X). Then the semigroups T", h = 1/|N|, generated by Ly, converge
to the semigroup of the deterministic process X} given by the solutions to the kinetic
equation (5.125). The corresponding processes hIN; converge in distribution to the
corresponding (deterministic) characteristics. Finally, if f € C*(Xy), then

sup sup [T} F(N) — FXEN)] = o) fll s, -
st NeZi:|N\=1/h

Proof. Convergence of semigroups and the required estimate follow from Theorem
8.1.1 proved in Section 8.1. Convergence of the distributions follows from Theorem
4.8.3, as was already noted. O

A semigroup of measurable transformations of probability measures is called a non-
linear Markov semigroup . It is not difficult to show (see Stroock [302] or Kolokoltsov
[196]) that, under mild regularity assumption, each nonlinear Markov semigroup on
34 (the set of probability laws on {1,...,d}) arises from equations of the form
(5.125). We have shown that the solution to these equations describe the dynamic
law of large numbers (LLN) (as the limit |[N| — o0) of the mean-field interacting
Markov chains specified by the generator (5.122).
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Once a dynamic LLN is found, it is natural to describe the fluctuations, where one
expects the corresponding dynamic CLT to hold. In our simple finite-dimensional
example this is easily obtained. Namely, consider the process of fluctuations

hNN — X7
vh

when 7N — x and (AN — x)/~/h tend to a finite limit, as » = 1/|N| — 0. Using
Exercise 3.6.3, in particular formula (3.50) we conclude that the process Z; is a time
non-homogeneous Markov with the propagator generated by the family of operators

A f () = —%(Xt, V)

Z, = (5.126)

d
+ ) (Vhyi + X0 Qi (Y + X,)%[f(y — hei 4 hej) — f(»)]. (5.127)
i,j=1

Using Taylor approximation for small /, in particular

1 (af 8f)+ (32f ) 2 f +82f)

[f(y hez+h€])_f(y)]_

Vh \dy;  yi dy? Oyjyi 9y}
one observe that, due to the kinetic equations for X, the terms of order h=1/2 in
(5.127) cancel (as should be expected) yielding

Aif =0/ f + O(h),
where
’>f 82f 9% f
0] X X
) = ,Z_l ) TR )
ad
+ Z i Qij (X¢) + X1, (VQij(Xs), y)] (a_f_g) (5.128)
Vj i

i,j=1

and O(\/E) depend on the bounds for the second derivatives for Q and third deriva-
tives for f. Operator O; is a second-order PDO with a linear drift and position-
independent diffusion coefficients. Hence it generates a Gaussian diffusion process
(a kind of time non-homogeneous OU process). By the same argument as in Proposi-
tion 5.11.2, we arrive at the following.

Proposition 5.11.3 (Dynamic CLT for simplest mean-field interactions). Let all the
elements Q;; () (of a given family of Q-matrices) belong to C 2(X). Then the process
of fluctuations (5.126) converge (both in the sense of convergence of propagators and
the distributions on paths) to the Gaussian diffusion generated by the second order
PDO (5.128).
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The examples of Markov chains of type (5.121) are numerous. For instance, in
modeling a pool of voters, the transition N — N/ is interpreted as the change of
opinion.

In model (5.121) a mean-field interaction was assumed. Similarly one can model
binary, ternary or generally k-th order interaction, where change may occur after an
interaction of a group of particles of size k. Say, assuming that any two particles 7, j
of different type (binary interaction) can be transformed to a pair of type &,/ (say,
two agents i, j communicated and i changed her opinion to j) with rates Ql’.‘].l , yields,
instead of (5.121), the generator

d
LE(N) =" > minj QF (N/INDLF(NVA) — F(N)),

i#jkl=1

where N/**! s obtained from N by changing two particles of type i, j to two particles
of type k, [. Appropriate scaling leads, instead of (5.124), to the limiting operator

d 9 af  of 9
A=Y Y w7l Lol -,

Py oxx  0x;  0x;  0x;

and the corresponding kinetic equations (characteristics) of binary interaction, with
the r.h.s. depending quadratically on the position.

Let us note finally that dynamic LLN may not be deterministic as above. Stochastic
dynamic LLN are addressed later in Section 6.9.

5.12 Comments

Theorem 5.1.1 is taken from [196], where one can find extensions to cover C -Feller
semigroups, as well as time-nonhomogeneous and even nonlinear generalizations.

The results of Section 5.4 represent more or less straightforward consequences of
the general theory applied to Lévy—Khintchine type generators. Section 5.6 is an ap-
plication of the method of Lyapunov functions as barriers in the context of martingale
problems. The exposition is based on Kolokoltsov [187] and [196].

In the extensive literature on Feller processes with pseudo-differential generators,
decomposable generators play an essential role, because analytically they are simpler
to deal with, but at the same time their properties capture the major qualitative features
of the general case. On the other hand, decomposable generators appear naturally in
connection with the interacting particle systems, see Chapter 6. In the context of in-
teracting particle systems, the corresponding functions a, are usually unbounded but
smooth. Theorems 5.7.1 and 5.7.2 and their proofs are taken from [187]. Previously,
using another method (resolvents and Hille—Yosida theorem), the well-posedness for
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decomposable generators was proved by Hoh [132] under the assumptions of the real-
ity of symbols (all p, () are real) and strong non-degeneracy: 2,11\;1 pn(§) = c|E]*
with some positive c, «. These conditions are rather restrictive, as they do not include
even standard degenerate diffusions.

For a more complete discussion of the pseudo-differential operator technique ap-
plied to Markov processes (including extensive bibliography) we refer to the fun-
damental three-volume work of N. Jacob [142]. Some interesting advances in the
analysis of the martingale problem can be found in Bass and Perkins [32]. Another
useful approach for the construction of Markov processes, that we do not discuss
here, is based on the study of Dirichlet forms, which for an operator A of Lévy type
are defined as the corresponding quadratic form ( f, Af) (pairing in the L2-sense);
see Fukushima, Oshima and Takeda [118] or Ma and Rdckner [225].

We did not of course exhaust all the approaches to the construction of Markov semi-
groups. Several special methods can be used for particular classes. For instance, the
case of pure integral generators (corresponding to pure jump processes, as discussed
in Section 3.7) can be dealt with analytically for rather general class of unbounded
kernels, see e.g. Kolokoltsov [194], [196]. This treatment is based on the extension to
continuous state space of the classical construction of the solutions to Kolmogorov’s
equation for Markov chains, as detailed e.g. in [18] and [86]. Another useful class
is the affine processes (which can be roughly characterized by having the coefficients
of the generator depending linearly on the position), developed in detail by Dulffie,
Filipovic and Schachermayer [104].

An interesting application of probabilistic methods combined with differential ge-
ometry leads to the analysis of Markov processes on curvilinear domains, or more
generally on manifolds. We refer to the books Stroock [301], Elworthy, Le Jan and
Xue-Mei Li [107], Kolokoltsov [179] and [196], Bismut and Lebeau [59] and refer-
ences therein for various “curvilinear” directions of research. In particular, in [196]
a curvilinear Ornstein—Uhlenbeck process on a cotangent bundle 7* M to a compact
Riemannian manifold driven by a (nonhomogeneous) Lévy-type noise, was analyzed.
Such a process is specified via a generator of the form

OH 3f  OH 0 3 9 £(x.
Lf(x,p):—H_f__H_f_(a(x)p’é)_i_%tr(A(x) J;;xz p))

af (x, det GOGeNY/2d
Sl -

(5.129)

where (x, p) € T*M, G(x) is the inverse matrix of the Riemannian metric, H(x, p) =
(G(x)p, p), and A, o, w are certain tensors. If @ = 0, this process can be also called
a stochastic geodesic flow driven by a Lévy-type noise (for instance a stable one).
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Of interest is an application of the Feller property to semigroups in C *-algebras that
appear in quantum mechanics, see Carbone and Fagnola [72], [73], and for nonlinear
extensions Section 11.3 of [196].

Stochastic monotonicity for Markov chains is well studied and applied for the anal-
ysis of many practical models, see e.g. Anderson [18], Conlisk [88], Dardoni [92],
Maasoumi [226]. Stochastic monotonicity and the related duality are also well stud-
ied for diffusions (see Kallenberg [154], Chen and Wang [80]) and jump-type Markov
processes (see Chen and Zhang [78], Chen [79]) and Zhang [325]). In Samorod-
nitski and Taqgqu [287] monotonicity for stable processes was analyzed. For gen-
eral Markov processes the analysis of stochastic monotonicity and related duality was
initiated in author’s paper [183] devoted to the case of one-dimensional processes
with polynomial coefficients (note some nasty typos in the expression of the dual
generator in [183]). This was related to interacting particle models (see also Lang
[218]), and related Markov models in financial mathematics. In Jie-Ming Wang [316]
the theory of monotonicity was extended to multidimensional processes of Lévy—
Khintchine type with Lévy measures having a finite first internal moment, i.e. with
f|y| < v(x.dy) < oo (slightly more generally in fact). In section 5.9 we follow
mostly Kolokoltsov [197], that extends the approach from [183]. Unlike [316], we
are not aiming at necessary and sufficient conditions for monotonicity under the as-
sumption of the well-posedness of a semigroup, but rather at the simplest conditions
that ensure both stochastic monotonicity and well-posedness. We also pay attention
to the construction of the dual process and its generator.

An accessible introduction to non-stochastic scattering is provided by Reed and
Simon [275].

For the development of stochastic scattering for diffusion processes we refer to
the papers Albeverio, Hilbert and Kolokoltsov [8], [9] and Kolokoltsov [171], [173],
[174]. In particular, there one can find the discussion of scattering for the Newtonian
particle driven by a random force. Namely, the system of SDE dx = vdt, dv =
d By, called sometimes the Langevin equation, describes the behavior of a Newto-
nian particle with the white noise force and velocity being a Brownian motion. The
process (x, v) is often called a physical Brownian motion or Kolmogorov’s diffusion.
Allowing for an additional deterministic force leads to system (4.34). For potentials V'
decreasing at infinity quickly enough, the scattering theory can be developed. Some
infinite-dimensional extensions are presented in Albeverio and Kolokoltsov [13].

Natural extension to the stable case is described by a process solving the corre-
sponding stable noise driven Langevin equation dx = vdt, dv = d W[, where W*
is an a-stable Lévy motion. Including a usual linear friction and a potential force
leads to the system

{dx =vdt
vV
dv =—ﬂvdt—gdt+dW°‘,
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describing a Newtonian particle driven by a stable random force. In Kolokoltsov and
Tyukov [204] the scattering theory for such a system is initiated. In particular, the
random wave operators are proved to exist. As a starting point for this theory one
needs an estimate for the rate of escape of the integrated stable Lévy motions. For
instance, the following is established in [204].

Theorem 5.12.1. Letd > 2, a € (0,2) and f(t) be an increasing positive function
on Ry such that f(t) = o(t*TV*) and t/ f(t) = o(1) for t — oo and

/Oo(f(t)t_(l“/“))ddt < oo.
1

t
/ W& ds
0

Other result on the rate of escape of various processes can be found in Khosh-
nevisan [159], [161], Alparslan [17], Barchielli and Paganoni [26], Lachal [216] and
references therein.

The study of classical mechanics problems with random forcing provides an in-
teresting application for the methods of stochastic analysis with many directions and
open problems. Seemingly even the following simple problem is still open: find nec-
essary and sufficient conditions on a smooth function V', bounded below, ensuring
that the process specified by (5.119) is transient in dimension d = 1,2 (for d > 3
the answer is fully settled by Exercise 4.4.2; in d = 1 only a necessary (but not a
sufficient) condition for transience is known).

The stochastic Schrodinger equation obtained by quantization of the evolution of a
Newtonian particle with random force has the form

Then a.s.

= OQ.

lim L
=00 f(1)

2
ihdy = (—%A + V(x))l// dt —xy dg B, (5.130)

where dg is the so called Stratonovich differential connected with the more familiar
1t0’s differential via the formula ¥dsB = ¥dB + %d YdB. This leads to the It6’s
form of the stochastic Schrodinger equation:

h? s
ihdy = (—?A + V(x))w dt —;—hxzwdt—xw dB. (5.131)
the corresponding “free” stochastic evolution is obtain for V = 0, i.e. it is
2

A .
ihdy = —=-Ay di - Z’—hxzwdz —xy dB. (5.132)

The following result is obtained in [173].
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Theorem 5.12.2. Let the potential V in (5.131) belong to the class L, (R?) for some
r € [2,d) and let the dimension d > 2. Then for each solution of (5.132) (defined
by an initial function yrg € Lz(Rd) ) there exists with probability one a solution ¢ of
(5.131) such that, in Lo(R%),

Jim (Y (1) — ¢ (1) = 0.

This theorem allows one to define the quantum random wave operator as the map-
ping Yo > ¢o.

Much more nontrivial object than (5.132) is the Belavkin’s quantum filtering equa-
tion for normalized states (see also Section 9.4), which represents a nonlinear stochas-
tic Schrodinger equation of the form

0 = 2G80— (= (WP D) dt + (5 (WgpdB. (5139

where

(x)y = /xW(x)dxnwn—"‘

denotes the mean position of the state .

It is easy to see that for a Gaussian initial condition the solution to this equation
localizes around the path of classical Newtonian particle driven by a white noise force,
i.e. around a solution to (5.119). In particular, they do not spread out over the space, as
is the case with the standard free Schrodinger equation. In physics, this phenomenon
is often referred to as the watch-dog effect. This fact was observed by Diosi [101] and
Belavkin [37]. For general initial data it was proved by the author in [171] (with some
cavalier estimates of [171] detailed in [175]). Let us state this result precisely.

Theorem 5.12.3. Let ¢; be the solution of the Cauchy problem for equation (5.133)
with an arbitrary initial function ¢o € Lo, ||¢ol| = 1. Then for a.a. trajectories of the
Brownian motion By,

g — ' 4gh ol = 0™
ast — oo, for arbitrary y € (0, 1), where

t
q(t) =q + pt + B; +/ Byds + O(e™?)
0

and p(t) = p + B; + O(e™"") for some random constants q., p.

Zpaper [175] suggests also a second proof of this theorem, which is slightly flawed by a non-correct
use of the spectral theory of non-selfadjoint operators. However, it is not difficult to correct it by applying
the modern theory of discrete spectra from Davies [95].
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It follows in particular that the mean position of the solution behaves like the inte-
gral of Brownian motion, which provides one of the motivations for the study of this
process.

Finite-dimensional analogues of this watch-dog effect and their applications are dis-
cussed e.g. in Kolokoltsov [172], [176], Yuriev [152], [153], Barchielli and Paganoni
[26].

Section 5.11 presents simplified version of the results from Kolokoltsov [188] (re-
lated discussions can be found in Darling and Norris [93] or Benaim and Le Boudec
[42]). This is an introduction to the analysis of nonlinear Markov processes that are
described by nonlinear evolution equations of the weak form

%(ﬁ o) = (Ap, frie),  f € C(RY), (5.134)

where A; is a family of Lévy—Khintchine type operators with coefficients (diffusion,
drift and Lévy measure) depending on a measure as a parameter (see [196], where
an extensive bibliography can be also found). For instance, a nonlinear Lévy process
is obtained, when each operator A, in (5.134) generates a Lévy process. A popular
particular setting of nonlinear processes represent conservation laws, see e.g. Jour-
dain, Méléard and Woyczynski [316] or Biler, Karch and Woyczyn’ski [54]. Apart
from interacting particles, other natural sources for nonlinear problems in stochastic
analysis are filtering theory, for which we refer to the monograph Bain and Crisan
[25] and references therein, and optimal control theory, which is addressed briefly in
Section 7.8, and where non-smooth coefficients become imminent.

A powerful method, that we do not discuss here, for constructing tractable approxi-
mations to Markov semigroups and specially to their Green functions (or heat kernels)
is based on semiclassical or quasi-classical asymptotics, which is often referred to as
the small-diffusion asymptotics, when applied to diffusion processes. This method
looks for the asymptotics of the solutions to parabolic equations of the type

2
?)_L; = (b(x), g—Z) + gtr (G(x)ai—z) u

for h — 0. Approximations for # — 0 are often consistent with the approximations
t — 0. Thus the small-time asymptotics (which are of importance for many applica-
tions) can be usually obtained as a by-product of the small-diffusion asymptotics.

The method of small diffusion asymptotics for degenerate diffusions was devel-
oped in Kolokoltsov [179]. In particular, a remarkable class of degenerate diffusions
is singled out there, for which the phase and amplitude of small time and small &
asymptotics for the Green function can be expanded in asymptotic power series in
time and small distances. That is, the Green function Gy (z, x, x¢) for these diffusions
has the form

Ch)(1 + O(h))p(t,x)exp {—%S(l, x)},
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where C () is some normalizing constant, and both ¢ and S are represented as asymp-
totic power expansion in (¢, x — xo), multiplied by t =™ with some positive M (possi-
bly different for ¢p and ). It turns out that this class of diffusions is also characterized
by the property that the main term of the small-time and small-distance asymptotics
of their Green functions G(z, x, x¢) in a neighborhood of x¢ coincides with the Green
function of the Gaussian diffusion approximation

2
8_u = ﬁtr (G(xo)a—
0x

= 3) + (b0 + G0t -0 5.

The Green functions of Gaussian diffusions can be of course written explicitly. It
turns out that their forms can be classified in terms of the Young schemes or Young
tableaux.

For other results on the asymptotics and Gaussian bounds for degenerate diffusions
we refer e.g. to Ben Arous [41] and Léandre [219] and references therein.

The method of quasi-classical asymptotics can be also applied to nonlinear parabol-
ic equations, yielding in particular the fast dying out asymptotics for superprocesses.
Namely, small 4 asymptotics (quasi-classics) for the solutions to the equation

e _ ey 2N, MY o= Laout
5 = 2(G()c)ax, ax)u (A(x), 8x) hV(x)u ha(x)u (5.135)

describes the small-diffusion and fast dying approximation for the (spatially non-
homogeneous) Dawson—Watanabe superprocess. In particular, the standard (spatially
homogeneous) Dawson—Watanabe super-process corresponds to the equation

a_u — ﬁAu_lul-f-h

a2 h

see e.g. Etheridge [109]. It is shown in Kolokoltsov [180] that the small / limit of
equation (5.135) is described in terms of the first-order PDE, a generalized Hamilton—
Jacobi—Bellman equation (HJB equation)

aS aS
E‘FH(X,&,S) =0

with the generalized Hamiltonian function

Hx. p.s) = 5GP, p) — (AC0). p) ~ V(x) —a(x)e™,

that depends not only on the derivatives of an unknown function S, but also on §
itself. In its turn, solutions to this HIB equation are obtained via non-Hamiltonian (or
generalized Hamiltonian) characteristics, that solve the ODE system

. __ 0H
p=—5.(x,ps)—5-(x,p,8)p
$=p3(x.p.s) = H(x, p.s)



Section 5.12 Comments 269

For the corresponding super-process Zj(¢) this method allows one to calculate the
doubly logarithmic limit

}}im hlog(—log Ex exp{—0Z; (t, x0)}).
—0

Finally, another advanced method of representing Markov semigroups that we did
not touch on here is based on quantum stochastic differential equations. This method
allows one eventually to express all stochastic integrals in terms of the usual Riemann
integral (using certain nontrivial representation) and an arbitrary stochastic evolution
in terms of the boundary-value problem for an appropriate Dirac type operator, see
e.g. Belavkin and Kolokoltsov [38], [39], and Chebotarev [76].



Chapter 6
Processes in domains with a boundary

Analysis of boundary-value problems (as well as mixed initial and boundary prob-
lems) is one of the central themes in the classical theory of partial differential equa-
tions. This chapter is devoted to the basics of the corresponding theory for general
Lévy—Khintchine type WDO. As an initial domain we shall mostly use the space
C,:Z(Rd). If U is an open set in R? and X7 solves the (L, C}(Rd))—martingale
problem in R?, one expects (at least from the experience gained from diffusion pro-
cesses) the function u(x) = Ey(X7,) to solve the Dirichlet problem: Lu = 0 in

U, ulpy = ¥; and the function u(z, x) = Ey (X}, ) to solve the mixed problem:

%—l; = Lu in U and u coincides with ¥ on the boundary 0U and for t = 0. If these

functions do not solve the problem classically, one can expect them to represent some
generalized solutions. The main point to check is then continuity, as otherwise tak-
ing given boundary values does not make much sense. The basic results are given
in Section 6.2. The rest of the chapter is devoted to various criteria used to check
the conditions of the main theorems and to their more concrete performances and
applications.

6.1 Stopped processes and boundary points

For an open set D in R4 we denote by dD and D its boundary and closure respec-
tively. By the e-neighborhood of a set D we mean as usual the open set {y : Ix €
D: ||lx —yl| <e}.
_ Let U be an open subset of R? and {Uy}, k € N, be a family of open sets such that
Ux C Uk forany k, U = | J; Uy and the distance pg between Uy and U defined
as

pe = sup inf |x —y]|

x€dU, y€U

tends to zero as k — oo. Let L be a Lévy type operator in U with continuous
coefficients, i.e. it is given by

Lu(x) = %(G(X)V, Vu(x) + (b(x), Vu(x))

T / e + ) —u) — (. V), Do dy).  (6.0)
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with G(x), b(x), v(x, .) being continuous functions on the closure U (continuity of v
means the weak continuity of the family of finite measures (1 A |y|?)v(x, dy)). From
now on, we shall assume the following, concerning the triple (U, {U}, L):

(U) the operators L,, obtained from L by the restriction to U,, can be extended to
operators on R¥ of the form (6.1) (which we again denote by L,,) with contin-
uous coefficients which are uniformly bounded on compact sets, i.e.

sup (16 + om0l + [0 A1y Promtr.d)) < o0
xeK,m

for any compact set K, and the corresponding martingale problems are well
posed in Ccz(Rd ) and specify a family of strong Markov processes X}, sat-
isfying the uniform compact containment with compact initial data condition:
for any € > 0, T > 0 and a compact set K C R4, there exists a compact set
ek C R4 such that

sup P(X7,, €TerxVt€[0,T]) > 1—e.

xeK,meN

By Theorems 4.10.2 and 5.4.1, this condition implies that the distributions of the
processes X}, depend weakly continuous on x, these processes are C-Feller, and the
solutions of the martingale problem with an arbitrary initial probability law 1 can be
obtained by the integration with respect to 1 of the corresponding solutions with the
Dirac initial conditions.

If the operator L can be extended to an operator with a continuous symbol on the
whole of R¥ of form (6.1) in such a way that the corresponding martingale problem
is well-posed and specifies a process X, the stopped process Xpin(s,7,,) (Where Ty is
the exit time defined in (4.100)) is well defined and solves the corresponding stopped
martingale problem (see Theorem 4.11.2). But in many reasonable situations this is
not the case. The simplest example is given by the operator xB dd_x22 on Ry with a
small positive B that can not be extended to R at least as a diffusion operator with
Lipschitz continuous coefficients. Our first objective is to define the stopped process
properly in the case of non-extendable L.

For an open D C Uy, with some m (including D = U,,) the exist time tp from D
is defined by formula (4.100), i.e.

tp =inf{t > 0: X; ¢ D}.
If D C U, it will be defined as

p = lim Tpny, = SUP TDNUL»
k—o00 k

which clearly agrees with the first definition if D C Uy,. As usual, we shall write 77,
when stressing the initial point x. Sometimes we shall denote ty,, briefly by 7.
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Remark 44. Notice that in case of L extendable beyond dU thus defined t is given
by Ty from Remark 37, i.e. it equals

inf{t >0: X; ¢ UorX;_ ¢ U}.

Proposition 6.1.1. (i) Under condition (U), if 7y = limpy 0 Ty, < 00 a.s., then
limyy, 500 X<,,,m exists a.s. and belongs to R4 \ U. This allows us to define the
stopped process X ;mp in R4 by the requirements X ;toP = X¢m fort < 1y,
with any m and X;mp = limy o0 Xe,,,m fort > 1y.

(i1) This stopped process is strong Markov. It can be characterized as the unique
solution of the stopped martingale problem in U, i.e. for any initial probability
measure 1 on R? it defines a unique measure P,;wp on D([0, 00), R?) such that
Xo is distributed according to 1, X; = X, and

min(¢,7y)
(X0) — $(Xo) — /0 Lé(Xy) ds

isa P;mp -martingale for any ¢ € CC2 (R9).

(i) If foranyt
lim P(t, <t)=0 (6.2)
m-—00

(in other words, if t,, — 00 in probability) for any initial probability measure
supported on U, then for any initial probability law n on U the distribution
Pf;wp from (ii) lives on D ([0, 00), U) and is such that

t

$(X0) — (Xo) — /0 Lé(Xy)ds

isa P,;mp-martingalefor any ¢ € C2 (RY).

Proof. (i) By the uniform compact containment condition there exists, almost surely,
a finite limit point of the sequence X, m, which does not belongs to U. By uniform
stochastic continuity of X; ,, (see Theorem 5.4.1) this limit point is unique, because
if one supposes that there are two different limit points, y; and y,, say, the process
must perform infinitely many transitions from any fixed neighborhood of y; to any
fixed neighborhood of y, and back in a finite time, which is impossible by the Borel—-
Cantelli lemma and equation (5.45).

(i) Theorem 4.11.1 implies that the stopped (at U,,) processes X :tf,f’ give unique
solutions to the corresponding stopped martingale problem in Up,. By the dominated
convergence theorem we get from (i) that X fmp is a solution to the stopped martingale
problem in U. Uniqueness is clear, because the (uniquely defined) stopped processes
X ftf,f defines X;'*® uniquely for # < 77, and hence up to ty inclusive (due to (i)).
After ty the behavior of the process is fixed by the definition.

(iii) Condition (6.2) implies Ty = oo and hence min(¢, tyy) =t a.s. O
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We shall say that the process X; leaves a domain D C U a.s. (respectively with
a finite expectation) if P(ty, < oo) = 1 for all x (respectively if Ety, < oo for all
x € D). Furthermore, we shall say that

(i) a boundary point xo € dU is t-regular if ty; — 0 in probability as x — xo;

(ii) a point xo € AU is normally regular, if there exists a neighborhood V' of xg
such that Etj;,, < ¢|lx — xo|| with a constant c;

(iii) a point xo € AU is an entrance boundary if for any positive ¢ and € there exist
an integer m and a neighborhood V' of x¢ such that P(II’}ﬁ U\Up) > t) < € and
P(tfﬁm(U\Um) =1y) <eforallx e VNU;

(iv) apoint xg € dU is a natural boundary, if for any m and positive 7, € there exists
a neighborhood V' of x¢ such that P(t{j\Um <t)<eforallx e VNU,

(v) a subset I C R \ U is inaccessible from an open set V if Py(Xy, ., €
I',tyny < 00) = 0 forall x € V; itis inaccessible if it inaccessible from the
whole U.

In particular, condition (6.2) implies that the whole set R4 \ U is inaccessible.

Exercise 6.1.1. Convince yourself that the notions introduced above are properties of
U and L and do not depend on the choice of the approximating family of domains
{Ur} (as long as the required conditions are satisfied).

Exercise 6.1.2. A simple illustrative example can be given by the generator L = —%

in the square domain U = {(x,y) € R? : x € (0,1),y € (0,1)}. Show that the
closed left side {(x, y) € dU : x = 0} consists of regular points, the open right side
{(x,y) € dU : x =1,y € (0, 1)} consists of entrance points and other points of the
boundary are natural. Pay special attention to the corner points.

We shall denote by dUy, the set of ¢-regular points of U (with respect to some
given process).

The notion of ¢-regularity is crucial for the analysis of the continuity of stopped
semigroups (see the next sections) and the corresponding boundary-value problems.
The normal regularity of a point is required if one is interested in the regularity of the
solutions to a boundary-value problem beyond the simple continuity (see e.g. [117]
for the case of degenerate diffusions with extendable L).

Finally let us note important simplifications that occur in case of L with the trans-
mission property. For an open U let Uy be defined as

Usxt = { U supp v(x, .)} uu
xeU

We shall say that U is transmission-admissible with respect to L, or L satisfies the
transmission property in U, if U = Ugy. The following statement is straightforward.
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Proposition 6.1.2. Under condition (U), if U is transmission-admissible, then
= inf{r : X7 € 0U}, (6.3)

the trajectories of X¥ are almost surely continuous at t = ty, they live in D([0,00), U)
(and not D([0, 00), R?) as in general case), and 1y > Ty, a.s. for any m. Moreover,
if a subset I' C 90U is inaccessible from an open neighborhood V of T, then T is
inaccessible.

For transparency, we shall mostly work with transmission-admissible domains.

6.2 Dirichlet problem and mixed initial-boundary problem
The Markov semigroup T,Stop of the process stopped on the boundary is defined as

(T;"Pu)(x) = Eu(X\q,) (6.4)
on the space of bounded measurable functions on U.

An important question is whether this semigroup is Feller or C-Feller.

To begin with, let us observe that the exit time 7y is not a continuous functional on
the space of cadlag paths. However, the exit time from the closure of any domain D
defined as

t5 =inf{t > 0: X, ¢ D} (6.5)

and the corresponding exit point X5 are continuous functionals on the space of
cadlag paths equipped with Skorohod topology, because if X;, — X; in Skoro-
hod topology and Xy, ¢ D, then for any € > 0 and large enough n there exists ¢ such
that |t — f9] < € and | X} — Xy,| < €.

Theorem 6.2.1. Under condition (U) suppose U is transmission-admissible, X
leaves U almost surely, and 0U \ 0Uyeg is an inaccessible set. Then

() forany h € Cp(dUtreq), the function Eh(X3,,) is continuous in U U QUpreg;

(ii) the set Cp(U U QUtreg) of bounded continuous functions on U U QUyeg is pre-
served by the semigroup T;'; in particular; if U = dUyreg, the semigroup
T;*P is C- Feller in U;

(iii) for any u € Cp(U U dUyree) and x € U there exists a limit

. stop . .
tll)nc}o T, u(x) = Eu(X7,,); (6.6)

(iv) the functions Eh(X ;‘U) are invariant under the action of Tlmp.
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Proof. (i) Let x € U and x;, — x as n — oo. By the compact containment for
compact initial data, for any neighborhood Vy of x € U and any given € > 0 there
exists a compact set K such that the trajectories starting from V), remain in K, with
probability not less than 1 — €, until their exit from U. By the uniform stochastic
continuity, for any n > 0 there exists t such that

sup P(sup || X7, — x|l > 1) <e. (6.7)

xeK,m S=t
By definition of 7-regularity and compactness of K, there exists §; > 0 such that

sup P(tf; > 1) <e. (6.8)
xEU NK

freg

Next, as Ujpae = U \ Upreg is inaccessible, there exists a.s. a (random) r > 0 such
that the trajectory X;* does not visit the r-neighborhood U} . of Ujsac. Hence, by
o-additivity of probability measures, there exists §, such that with probability not
less than 1 — € the trajectories of X;* do not visit the open set Umic Next, by the
convergence of the boundaries of Uy, to the boundary of U it follows that there exists
M such that 0U,, N K C US N K for all m > M, where § = §1 A §>. Summarizing:
with probability arbitrarily close to one, the trajectories started from x and x; remain
in K, do not enter Umac, and at time 75 they turn out to be in U, freg, moreover, after
the moment L they exit U in time not exceeding t and do not deviate from their
positions by a distance exceeding 7.

By the continuous dependence of the solution to the martingale problems for any
m and by the continuity of the exit times 0, and the corresponding exit points, we
conclude that for any m, rzf] — 7% and X;” x" — XX weakly as n — oo. Using
the Skorohod coupling (Theorem 1.1 3) we can make th1sm convergence a.s., and hence

in probability. Therefore, with probability not less than 1 — e,
Xn x Xn _ X
IX — X5, l<n |~ 1<t

for large enough n. On the other hand, again up to an arbitrarily small probability,

these points belong to U,‘greg and exit U faster than time 7. By (6.7),

Xz — X, Il <30, g — gyl <2z,

implying that Er(X7) — Eh(X7,) asn — oo for any h € Cp(9Upreg). For x €
0Uyreq, this convergence is 0bV10us since then EA(X7 ) = h(x).

(i1) Pick any # > 0. With probability one the trajectorles XY and X;" are contin-
uous at #. Next, if # > rl’-; then, with probability arbitrarily close to one, ¢ > ‘C;';l

for n > N with large enough N, and hence

”th/’\"EU t/\rU” <3n
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Since
f(X;C/\”'L’U) - f(th/\‘Eu) = [f(X;C/’:‘CU) - f(th/\rU)]lt>rl),£/M
L)~ fX ey
M
this implies that Ef(thXIU) — E f(X{A,,) asn — oo for a continuous f.

(iii) To prove (6.6), let us write
T Pu(x) = BE@(X)gr ) + E@(X3)1x o). (6.9)

The first term here tends to zero, because we assumed that the process leaves the
domain almost surely in finite time, and the second term tends to the r.h.s. of (6.6) by
the dominated convergence theorem.
(iv) For g(x) = Eh(X7,), let us write
TP g(x) = E(g(X) Ly =) + E(h(XE )Ly <o), (6.10)
g(0) = E(h(XE )y =) + E(h(XE )y o).

Hence one has to show that the first terms in these expressions coincide. But they both
equal to

o0
| EGO) XD P,
t
where py denotes the distribution of the random variable 77;. m|

As we mentioned, we shall work mostly with transmission-admissible domains.
However, in many cases, the adjustments needed to remove this restriction are not
very essential. Let us formulate the corresponding analogue of the above theorem.

Theorem 6.2.2. Under condition (U) suppose Xy leaves U almost surely, and 0U \
0Upreg belongs to an inaccessible set A. Then

() forany h € Cp(R? \ U)\ A), the function Eh (X3, is continuous in R4\ A4;

(ii) the set C,(R? \ A) is preserved by the semigroup Ttswp; in particular, if 0 U =
0U{reg, the semigroup T:wp is C-Feller in R4

(i) for any u € Cp(R% \ A) and x € U there exists a limit

. stop _ x
t1—1>nolo T, "u(x) = Eu(X7,).

Proof. As for Theorem 6.2.1. m|
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Remark 45. In some situations, in particular in some problems from insurance math-
ematics (see Section 6.11), the assumption that the process leaves the domain a.s. is
not satisfied. Moreover, one is often interested in estimating the probability of exit
(called ruin probability in insurance mathematics). Hence it is worth noting that the
assumption that X; leaves U a.s. is not essential in Theorem 6.2.1, but is made for
simplicity. Without this assumptions the results of Theorems 6.2.1 or 6.2.2 remain the
same, but the function E[i (X7, )1z, <co] should be taken instead of EA(X7, ).

A natural application of Theorem 6.2.1 is in the study of the Dirichlet problem. Let
h € Cp(0Upreg). A function u € Cp(U U 0Uyrep) is called a generalized solution of
the Dirichlet problem for L in U if u coincides with 1 on 0Ujeg and T5Pu = u.

Remark 46. Of course, the last condition implies that L5°Py = 0, where L3P is the
generalized generator of the semigroup 7P,

In potential analysis, solutions to the Dirichlet problem for L in U are called har-
monic functions.

To show that this definition of generalized solution is reasonable, one should prove
that any classical solution (i.e. a function u € Cp(U U dUyg) which satisfies the
boundary condition, is twice continuously differentiable and satisfies Lu = 0 in U),
is also a generalized solution. This question, as well as the well-posedness of the
problem, is addressed in the following theorem.

Theorem 6.2.3. Suppose the assumptions of Theorem 6.2.1 hold. Then

(1) a generalized solution exists, is unique, and is given by the formula
u(x) = Exh(Xe,)

forany h € Cp(0Uyreg);

(1) any classical solution is a generalized solution.

Proof. (i) By Theorem 6.2.1, this function u is a solution. To show uniqueness, sup-
pose u is a solution vanishing at 0U.,. Hence Ttmpu = u and from (6.6) it follows
that u = lim; oo T,St()pu =0.

(ii) If u € C2(R?) N Cp(R¥), Lu = 0, then T;"Pu = u, because u(X;""®) is
a martingale. If u € C2?(U) only, consider a sequence of functions u,, € C% N Cp,
Lu € Cx such that u,, coincide with u in U,, and vanishes outside U,,+1. Hence

min(¢,7,)
Ex”(Xmin(t,rm)) —u(x) = Ex/ Lu(Xs)ds =0,
0

where 7, denote the exit times from Uy,, and by the dominated convergence theorem

st
T, Pu = u. O
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An important further question is whether the semigroup of the stopped process
preserves the set of functions which are continuous up to the boundary of U. Let us
start with the following result in this direction.

Theorem 6.2.4. Let the assumptions of Theorem 6.2.1 hold, and let the inaccessible
set U \ 0Uyeg consists of natural boundary points only. Then the semigroup of the
stopped process Ttsmp preserves the subspace Co(U) of Cy,(U) consisting of functions
vanishing at 0U .

Proof. If x € Uy, then T,StOp f(x) = f(x) forall t > 0. Next, the definition of
natural boundary implies that for any given time ¢, if the initial point of the process
tends to a natural boundary point, the process is obliged to stay near the boundary the
whole time ¢. Consequently Ttmp f(x) = Ex f(X fmp ) tends to zero as x approaches
the boundary U whenever f(x) vanishes on the boundary. ad

It is not difficult to give an example when T:tOP does not preserve the whole space
Cp(U U dU). The following simple example is instructive. Let U = (0,1) x (0, 1) €
R? and Lf(x,y) = —df/dx. It is straightforward to see that dUsree = {(x,¥) :
x = 0} and T,mpf(x, y) = f((x —t) v 0, y). In particular, assuming f(x,y) = 0
if and only if x = 0, then T, f(x,y) = O forz > 1 and all (x,y) € U. Since
Ttsmp f(x,y) = f(x,y) for any (x,y) € dU, the resulting function Ttsmp f is not
continuous in U.

This example suggests the following modification of the notion of the stopped pro-
cess. Suppose for each x € dU, the family of distributions of X¥-*'P converges
weakly to a limit, as y — x, y € U. Let us then define the process X *51°P ag X XS0
for x € U and as the weak limit of the processes X %P as y — x for x € dU (unlike
X;"P = x for x € 9U).

For instance, in the above example, X%S0P exists and the corresponding semigroup
acts as f”,swp f(x,y) = f((x —t) v 0,y) on C(U) and preserves this space. This
example is of course trivial in the sense that L is extendable beyond U and X tx »SI0P
can be defined simply as the process X7 (defined by L in R?) restricted to U and
stopped at QUpreg.

Theorem 6.2.5. Let the assumptions of Theorem 6.2.1 hold, and let the inaccessible
set OU \ 0Uyreq consists of entrance boundary points only. Then the process X Xostop
exists in U and the space Cy(U) (not only Cp(U U 0Uyreg) as in Theorem 6.2.1)
is preserved by the corresponding semigroup f",swp. Moreover, for any continuous
bounded function h on 0Uyreg, the function Exh(Xz,) is continuous in U and for any
u € Cyp(U) there exists a limit

lim 7;"Pu(x) = Exu(Xz,).
t—00
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Proof. As in Theorem 4.9.2 we show that any sequence of the solutions X775 to
the stopped martingale problem with y, — x € dU, y, € U, is tight, and the limit
of any convergent subsequence specifies a process with cadlag paths in U solving
the martingale problem stopped at dUy;. One needs only show that this limit is
uniquely defined and depends continuously on x € dU. If x € Uy, then such
a limit is clearly the constant process X; = x. Hence only the case of x being
an entrance boundary needs to be analyzed. But in this case, by the definition of
entrance, inf{t : X € U} = 0 a.s. Consequently (by the uniqueness of the stopped
martingale problem solution with stating point in U), the distribution of this process
is uniquely specified after any given time ¢ > 0. Hence it is uniquely defined, because
a.s. Xo = lim;—o X;. The rest of the proof is the same as in Theorem 6.2.1. O

It is worth noting that, as in the simple example above, if L is extendable beyond
0U (or at least beyond dU \ dUyeg) the process X* ’S“’Ii constructed in Theorem 6.2.5
can be defined simply as the process X;* restricted to U and stopped at 0Uyyeg.

Remark 47. The results of Theorems 6.2.4 and 6.2.5 makes our classification of
boundary points consistent with the well-known classification of the boundary points
for one-dimensional diffusions, see e.g. [228].

Exercise 6.2.1. The aim here is to show that continuity of the stopped process on
the initial point (and consequently the preservation of continuous functions by the
corresponding Markov semigroup) proved in above results is not an obvious fact gen-
erally. As an example to illustrate this point, let us consider the operator —% on the
non-convex two-dimensional domain

U={(x,y):—1l<x<I1, -1<y<|x|}.

(i) Show that the point (0, 0) is neither entrance, nor natural, nor regular, but it is
accessible in the sense that there exist starting points x from which one can reach this
boundary point with a positive probability (in fact with probability one in this case).

(ii) The distributions Py , of the stopped process starting at (x,y) are discon-
tinuous on the interval 0 < x < 1,y = 0. In particular, the limit of Py y as
(x,y) — (0,0) depends on the way the points (x, y) are approaching the origin.

(iii) Show that the situation change drastically if one adds a diffusion term, i.e. if
one works in this domain with the operator —% + 531—22 In this case the open right side
of U, where x = 1,y € (—1, 1), consists of entrance points, and all other boundary
points are regular.

Exercise 6.2.2. Under the assumptions of Theorem 6.2.1, suppose that P(zf; > 1) —
0 uniformly in x (in particular, if sup, E‘L’ZC] < 00). Then the limit in (6.6) is uniform,
that is, it is a limit in the topology of Cp (U UdUjeg). In particular, in this case, the last
statement of Theorem 6.2.1 becomes straightforward from the contraction property of
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T:wp. Hint: In this case, the first term (6.9) tends to zero uniformly as well as the
second one

Ex (X))l <t) — Ex(u(Xy)) = Ex (u(Xgy) gy >1) -
Exercise 6.2.3. The semigroup of the process killed on the boundary is defined by
(T ) (x) = Exu(Xe) xe<zr) (6.11)

on the space of bounded measurable functions on U . Show that under the assumptions
of Theorem 6.2.1 the subset of C,(U U 0Ujyee) consisting of functions vanishing at
0U/reg is preserved by Ttsmp. The restriction of T,Stop coincides with the semigroup
Ttkﬂ. Hence T,Stop is a conservative extension of Ttkﬂ. However, unless 0Uy e, is empty,
the semigroup Ttkil itself is not conservative. All these facts are easily visualized on
the one-dimensional example of the operator —V on [0, 1].

6.3 The method of Lyapunov functions

We assume everywhere that the condition (U) holds and U is transmission-admissible.
Let us say that¢ € C 2(]R”I) satisfies the martingale condition if

t
FXE,) — /0 L f(XZ,,) ds

is a martingale for all x and L. By condition (U), all ¢ € CCZ(Rd) satisfy the
martingale condition.

For the analysis of the exit times from a domain and for the classification of the
boundary points, the major role is played by the method of Lyapunov (or barrier)
functions. The main idea can be seen from the following simple statement.

Proposition 6.3.1 (Method of Lyapunov functions). Let f € CZ(R?) satisfy the
martingale condition, and be non-negative in Dex for D C U.

(1) If Lf(x) <0forx € D, then forallt > 0and x € D

F(x) > Ex f(Xinp)- (6.12)
If, moreover, the process leaves D almost surely, then also
S (x) = Ex(f(Xcp))- (6.13)
(i) If Lf(x) < —c for x € D with some ¢ > 0, then for all t > 0
f(x) = cEx(t A 1p). (6.14)

In particular, the process leaves D a.s. and with a finite expectation

Ex(tp) = f(x)/c. (6.15)
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Proof. Let Dy, = D N Uy,. As f satisfies the martingale condition,

min(t,7p,,)
Ex/ Xningop, ) = £(0) + Ex /0 LF(Xy)ds.

Consequently

J(x) = Ex f(Xtnep,,)
in case (i) and

S (x) = cEx(t A1p,,)

in case (ii). Passing to the limit m — oo, using Fatou’s lemma and the continuity of
the processes at exit times (see Proposition 6.1.2) yields (6.12) in case (i) and (6.14)
in case (ii). Passing to the limit f — oo completes the proof. m|

We shall show how Proposition 6.3.1 works by deducing from it some criteria of
t-regularity, inaccessibility and entrance.

Proposition 6.3.2 (Criteria for regularity). Suppose
(1) Xo € 3U,
(ii) there exist f € C%(U) such that f(xo) = 0, and f(x) > 0 forall x € U\{xq},

(iii) the restrictions of f to Uy, can be extended to C 2(]R‘l’) functions that satisfy the
martingale conditions for L,

(iv) there exists a neighborhood V of x¢ such that Lf(x) < —c for x € U NV with
some ¢ > 0.

Then xq is a t-regular point, and

Ex(tynu) = f(x)/c (6.16)

Jorx € VN U. In particular, if f(x) < |x —xo|for x € VN U, then x¢ is normally
regular.

Proof. Proposition 6.3.1 (ii) implies (6.16). Hence Ex(tyny) — 0 as x — xp. And
consequently Py (tyny > t) — 0as x — xo for any # > 0. By Proposition 6.3.1 (i),
forxeUNV

f(x) = Exf(ermu) = Ex(f(XrU)ermu=fU) + Ex(f(XerU)ITVmU<fU)

> min P.(t < 1Uy).
_yeU\Vf(y) x(tvnu < Tv)

Hence Py (tyny < ty) — 0 as x — x¢. Consequently,
Py(tyny <tand tyny = tp) — |
as x — xg, x € VN U, and so does

Py(ty <1t) > Px(ty <t,tynu = w) = Px(tynu <t.tynu =tw). O
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Proposition 6.3.3 (Criteria for inaccessibility). Let I' be a subset of the boundary
dU. Suppose there is a neighborhood V of T and a twice continuously differentiable
non-negative function f on U such that f vanishes outside a compact subset of R4,
Lf(x) <0forx e VNU,and f(x) > casx - I, x € VNU. ThenT is
inaccessible from V.

Proof. For any m let us choose a function f;,, € CCZ(Rd) that coincides with f* in
Uy. For any r > 0 there exists a neighborhood V; of I' such that V,, C V and
inf{ f(y):y € V, NU} > r. By Proposition 6.3.1, forx e U,, N V,
F(x) = fm(x) = Ex fjn(Xumin(t, 2 00))
>min{ fm(y) : y € Vy N OUn}Px(vw,,nv) < t, Xey,,nr € Vi)
Hence
Pr(tWunv) =6 Xegyrw € Vi) < f(0)/7

for all ¢, and consequently

Px(T(UﬂV) <t, Xeyay €V N ) < f(x)/r.
Hence
Px(zwny) = 00, Xeyp €V NOU) < f(x)/r.

Since (Ny=; V» D T, the proof is complete. ad

Proposition 6.3.4 (Criteria for entrance). Suppose xo € U and V is a neighborhood
of xo such that the set V-0 0U is inaccessible. Suppose for any § > 0, there exist a
positive integer m and a non-negative function [ € Ccz(Rd ) such that f(x) € [0, ]
and Lf(x) < —=1forx € VN (U \ Uy). Then xy is an entrance boundary.

Proof. Since V N dU is inaccessible, the probability of leaving V N (U \ Uy,) via

dU vanishes. To check another condition in the definition of an entrance boundary,
observe that by Chebyshev’s inequality and Proposition 6.3.1

N 1 1 ]

P(TVm(U\Um) >1) < ;Ex(TVﬁ(U\Um)) = ;f(x) =< "

for x € V.N (U \ Uy), which can be made arbitrary small because § is arbitrary
small. m|

6.4 Local criteria for boundary points

Here we shall give concrete criteria in terms of the coefficients of the generator L
that we write in a form, where the Lévy measure is decomposed in two parts (with
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singularities at infinity and at the origin), that is

2

1 d
Lu(x) = Etr (G(x)ax—z)u(x) + (b(x), VIu(x)
+ /B (u(x +y) —ux) = (y, VIu(x))v(x, dy)
+ [+ )~ uGDnte. ) 6.17)

assuming

/B y?v(x.dy) < oo, /Iylu(x’dy) < 00
1

uniformly on x from compact sets. This representation for L allows us to include
naturally the criteria arising when v = 0.

We concentrate on local criteria for points lying on smooth parts of the bound-
ary (they can be used also for piecewise smooth boundaries). Since locally all these
parts look like hyper-spaces (can be reduced to them by an appropriate change of the
variables), we take U here to be the half-space

U=R. xR T ={z,v)eR?:z>0veRI,

and we denote by b, and b, the corresponding components of the vector field b and by
G (x) the first entry of the matrix G(x). We assume that the supports of all v(x,.)
and p(x,.) belong to U and that condition (U) holds with U,, = {z > 1/m}. Let us
pick up positive numbers a and r, and for any € > 0 let

Ve ={z € (0,a),|v| <r +¢€}.
Proposition 6.4.1. If

Imin(b,(x),0)| = O(z), Gz (x) = 0(z?), fzzv(x,d;Z):O(zz) (6.18)
By

in Ve where X = (Z,0),x = (z,v), then the ball {(0,v) : |v| < r} belongs to the
inaccessible part of the boundary U .

Proof. A direct application of Proposition 6.3.3 is not enough here, but a proof given
below is in the same spirit. Let a non-negative / € C2(U) be such that it is decreasing
in z, equals 1/z in Ve and vanishes for large v or z. By f;;, we denote a function
fec? (R?) that coincides with f in Uy,. Let 1,,, denote the exit time from V N Uy,.
Condition (6.18) implies that L f(x) < c¢f(x) for all x € V and some constant ¢ > 0.
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Hence, considering the stopped martingale problem in V' N U,, and taking as a test
function f;,, one obtains

min(¢,7;;)
E. fXmingoy) — £(x) = Ex [0 Lf(Xs)ds

min(¢,7,,) t
scly [ S0 ds = By [ f (a4
0 0
Consequently, applying Gronwall’s lemma yields the estimate

Exf(Xmin(l,rm)) =< f(X)ECt.

Hence :
Px(tm <t, Xq, € 0Up NVe) < — f(x)e,
m

which implies that (a neighborhood of) I' is inaccessible by taking the limit as
m — oo. m|

Remark 48. (i) The measure u does not enter this condition, as the possibility of
jumping away from the boundary cannot spoil the property of being inaccessible.

(i1) This criterion can be used also for piecewise smooth boundaries. For example,
letU = U N {v : v! > 0} and condition (6.18) holds in V. N U. Then the same
proof as below shows that {|v| < r} N {v : v! > 0} is inaccessible. The same remark
concerns other propositions below.

Exercise 6.4.1. Suppose there exist constants 0 < §; < d < 1 such that
G..(x) = 0(z11%2), /sz(x,d)?) = 0(z'1%)

in Ve (as above X = (Z,0),x = (z,v)), and also either

bz (x) = 0z
or b;(x) > 0 and
/ Zu(x,dx) > oz
Ven{z<z<3z/2}
in Ve with some w > 0. Then the ball {(0,v) : |v] < r} belongs to the inaccessible
part of the boundary.

Hint. Use Proposition 6.3.3 with function f* from Proposition 6.4.1. Observe that
under the given conditions the diffusion term and the integral term depending on v in
L are both of order 0(252_2) and either the drift term is negative of order 28172 and
the integral term depending on p is negative (because f is decreasing in z) or the drift
term is negative and the integral term depending on u is negative of order 2812,
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Proposition 6.4.2. Suppose that for |[v| < r + € either (i) G;;(0,v) # 0, or
(i1) b7 (0,v) < 0, or
1

(i) = 220((0,v),d%) > w
B Jv.niz=p)

with some w > 0 and all sufficiently small B. Then the origin 0 belongs to 0U yeg.

Proof. Let f be defined as

B/2

2 2 _ .2
z ): {cv +z—z%/B, z - (6.19)
7Z3

(B
f(x)zcvz_i_mln(z,Z_F Cv2+13/4’

<
=

in V, belong to C2? and be bounded from below and above by some positive constants.
Then

Lf(0,v) =b,(0,v) — %GZZ(O, v) + /min (E — %2 g),u((o, v),dX)
+/min (—%,g—%)v((o, v),dX) + O(c).

Clearly the integral term depending on u tends to zero as 8 — 0, and the integral
depending on v over the subset Z > 1/2p is negative. Hence

Lf(0,v) <b-(0,v) — 2 6.2 0.0) — 220((0,v),d %) + o(1),
p B Jveniz<p/2)
where o(1) tends to zero if ¢ — 0 and § — 0. The assumptions of the proposition
clearly imply that this expression becomes negative for small ¢ and . By continu-
ity, L f(z,v) will be also negative for small enough z. Consequently, application of
Proposition 6.3.2 completes the proof. m|

Proposition 6.4.3. Suppose G;;(z,v) = k(v)z(1 +o0(1))asz — 0in V.

(1) Ifk(v) > bz(z,v) for |v| < r + € and small z, then the ball {|v| < r} belongs
to aUtreg.

(i) Ifk(v) < bz(z,v) for |v| < r + € and small z, then the ball {|v| < r} belongs
to the inaccessible part of the boundary.

Proof. (i) As a barrier function, let us take f as z¥ + cv? witha y € (0, 1) in V and
smooth and bounded from below and above by positive constants outside. Then near
the boundary the sum of the drift and the diffusion terms of L f is

yz" bz (z,v) = (1 = y)k(v) + o ()] + O(1),
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which can be made negative by choosing small enough y. The integral term depending
on v is negative and the integral term depending on i can be made smaller than
€z?~1 with arbitrary € by changing f outside an arbitrarily small neighborhood of
the boundary. Then the origin belongs to 90U, by Proposition 6.3.2, and similarly
one deals with other points of {|v| < r}.

(i1) This follows from Proposition 6.3.3 if one uses the same barrier function as in
Proposition 6.4.1 and Exercise 6.4.1. |

The set where «(v) = b;(0, v) is a nasty set for the classification even in the case
of diffusions (see e.g. [117], [309]. The following result is intended to show what
kind of barrier function can be used to deal with this situation.

Exercise 6.4.2. Let the boundary of the open set I' = {v : b;(0,v) > 0} in U
be smooth, the vector field b(x) on 0" have a positive component in the direction
of outer normal 75 to dT", and the diffusion term and the integral terms vanish in a
neighborhood of " in U. Then the closed subset I' = I' U 9T of the boundary U is
inaccessible.

Hint. To apply Proposition 6.3.3, consider the barrier function f = (z24pr(v)?)™!,
where pr denotes the distance to I'. Then

zb;(x) —2pr(v) (by(x), 1)
z2 + (pr(v))? z2 + (pr(v))?’

and the second term dominates in a neighborhood of the boundary of I, because b (x)
is of order p(v).

Lf <2

Exercise 6.4.3. Let the ball {(0,v) : |v| < r + €} be inaccessible. Suppose b, (x) >
¢ >0and [Z2v(x,dX) = O(z) in V. Then all points from the ball {(0,v) : [v| < r}
are entrance boundaries.

Hint. It is enough to prove the statement for the origin. Suppose for brevity that
v(x,.) vanishes in V¢ (the modifications required in the general case are as above).
Then use Proposition 6.3.3 (ii) with Lyapunov function f(x) that equals § — z/c for
z < ¢8/2 and is non-negative and decreasing in z. Then f(x) € [§/2, 8] forz < ¢§/2
and Lf(x) < —1 for these z, because the contributions from the diffusion part of L
and the integral part depending on p are clearly negative.

< md
6.5 Decomposable generators in R%

There is a variety of situations when the state space of a stochastic model is parame-
trized by positive numbers only. This happens, for instance, if one is interested in the
evolution of the number (or the density) of particles (or species or prices) of different
kinds. In this case, the state space of a system is ]Ri. Consequently, one of the
most natural application of the results discussed above concerns the situation when
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U = Ri. By U; we shall denote the internal part of the boundary with vanishing
Jj-th coordinate: U; = {x € ]Rff_ cx; =0, xg£; > 0}.

This section is devoted to some examples of the applications of the general theory
developed above to processes in U = Ri. For definiteness, we shall work with de-

composable WDO studied in Section 5.7, that is with operators L = Zi\;l an(X)Vn,
where V,, are given by (5.66), i.e.

d
Un ) = 36"V 9) 0+ (875 ) 0
+ [0+ 3 = ) = VA an)
+ [ () = s,

where 1" and u” are Radon measures on the ball {|y| < 1} and on R¢ respectively
such that

/ Y PV(dy) < oo, / min(L, [yD"(dy) < oo, v"({0}) = 4" ({0}) = 0.

Ifl Ri, we shall say that L is [-subcritical (respectively, [-critical) if Y, f; <0
(respectively, ¥, f; = 0) for all x € R‘j_ and n, where f;(x) = (/, x). Notice that

Unfi = B"1) + /(Ly)u"(dy).

We say that [-subcritical L is strictly subcritical if there is n such that ¥, f; < 0.
We shall study the continuity property (Feller property) of the stopped semigroups
for decomposable generators under the following condition:

(B1) a, € C(U) for all n and they are (strictly) positive and of class CS(U) in U
withs > 2+ d/2;

(B2) for any n, the support of the measure u” + 1" is contained in the closure U
of R for all n (this condition ensures that U is transmission-admissible) and
[ 1yl (dy) < oo;

(B3) there exists [ € Ri such that L is /-subcritical.

The following simple result is a starting point for the analysis.

Proposition 6.5.1. Suppose the conditions (A1), (A2) (introduced in Section 5.7), as
well as (B1)—(B3) hold for L. Then the domain U is transmission-admissible and the
condition (U) from Section 6.1 holds for the triple (U, {Uy}, L), where Uy, = U +e/k,
e=(1,....1) € R4, implying the applicability of Proposition 6.1.1 and hence the
well-posedness of the stopped (L, Cé (R?))-martingale problem in Rf{_.



288 Chapter 6 Processes in domains with a boundary

Proof. Assume first that a, are extendable beyond the boundary BRi as positive
smooth functions. Let us show how to choose an appropriate extension of a, and
7 in a way to meet the requirements of Theorem 5.7.2. First let us choose an exten-
sion of a, in such a way that they are everywhere smooth and positive, and uniformly
bounded outside U — e. Let pc be a smooth function R — (—2¢,00) such that
p(y) =y for y > —e and p(y) = |y| for y < —2¢ and define

d
fr =D li(pe(xr) + 2€).

k=1

Clearly this f7, is smooth, positive, has uniformly bounded first and second derivatives
and f7(x) — oo as x — oo. Hence, Lf; < c outside U — e, because a, are
bounded there (and taking into account the last condition in (B2)). On the other hand,
Y fr < 0in U —e, because there f7, coincides with f; up to a constant. Consequently
L f1, < c everywhere, and the conditions of Theorem 5.7.2 are met implying the well-
posedness of the (L, C, E(Rd))-martingale problem in R<.

Applying this procedure to the restrictions of a, to Uy,, we prove the validity of the
condition (U). O

Theorem 6.5.1. (i) Suppose the assumptions of Proposition 6.5.1 hold for a de-
composable pseudo-differential operator L in U = R‘j_. Forany j =1,...,d
andn =1,...,N, letay(x) = O((x7)?) in a neighborhood oij uniformly on
compact sets whenever GJ’-’j # 0or f(xj)zv"(dx) #£ 0, and a,(x) = O(x/)
uniformly on compact sets whenever ,3]” < 0. Then the whole boundary oU
is inaccessible, and there exists a unique solution to the martingale problem
for L in U, which is a Markov process with a C-Feller semigroup Ty, i.e. this
semigroup preserves the space Cp(U).

(i) Suppose additionally that an(x) = O(x7)) uniformly on compact sets whenever
either B} # 0 or [ x7 u"(dx) # 0. Then all points of the boundary are natural

and Ty preserves the subspace of Cp(U) of functions vanishing on the boundary.

(i) If additionally conditions (A3) (introduced before Theorem 5.7.1) on the growth
of an hold, then Ty is a strongly continuous Feller semigroup on the Banach
space Coo(U) of continuous functions on U vanishing when x approaches in-
finity or the boundary of U.

Proof. (1) This follows directly from Theorem 6.2.1 and Propositions 6.5.1, 6.4.1.
(i1) Taking into account Theorem 6.2.4, we only need to prove that for an arbitrary
J €{1,....d} any point xg € Uj; is a natural boundary. To this end, let us show that

lim PR <1)=o0, (6.20)

R—o00,x—>x0,x€U
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t > 0, € > 0, uniformly for xo from an arbitrary compact subset K of U;, where
Br = {x0 € Uj : |xo| < R} and ‘CER denotes the exit time from VGR = {x :
d(x, BR) < €} (d denotes the usual distance, of course). By the uniform compact
containment, by taking R large enough one can ensure that the process does not leave
the domain {x € U : |x| < R} up to any given time with probability arbitrary close
to 1 when started in x € K. Let f(x) be a function from C2({x : x/ > 0}) such
that f(x) = (x/)” with some y € (0, 1) in a neighborhood of VGR and f vanishes
outside some compact set. Then |Lf(x)| < cf in a neighborhood of VX with some
constant ¢ and as in the proof of Proposition 6.4.1 (and taking into account that the
whole boundary dU is inaccessible) one shows that
Ef(XE, o) < F)e
for x from VER. As (up to an arbitrary small probability which allows the process to
leave the domain {x : |x| < R}) the Lh.s. of this inequality can be estimated from
below by

Py(te < )min{ f(x) : x’/ =€} = Px(te < 1)€’,

the limiting formula (6.20) follows.
(iii) this follows from Theorem 5.7.1 (or directly via Proposition 5.4.1). O

We shall conclude this section with simple estimates for exit times from U that can
be used to verify assumptions for the theorems given above. Let us assume for the
rest of this section that U = Ri and the assumptions of Proposition 6.5.1 hold.

Proposition 6.5.2. Let the assumptions of Proposition 6.5.1 hold. The process X;
leaves the domain U = Ri almost surely if there exists n such that a,(x) > a > 0
and either

1) Ynfi =—c <0, 0r
(ii) there exist j such that B} + [yiu*(dy) =—c <0, or
(i) G" # 0, or (iv) [5, [y[*v"(dy) # 0.

Moreover, in cases (i), (ii), the estimates

1, x X
Eréf( ), Eréf—l
ac ac

for the expectation of the exit time hold respectively.

Proof. In case (i), (ii), the statement together with the required estimates follow di-
rectly from Proposition 6.3.1 (ii) using the barrier functions f;(x) = (/,x) and
f(x) = xj respectively. Assume now the conditions (iii) or (iv). A key argu-
ment in the proof is based on the observation that (by subcriticality), the process
Z: = f1(Xmin(t,zy,)) 18 @ positive supermartingale, and hence it has a finite limit as
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t — oo almost surely (see Theorem 3.9.2). Hence there exists a.s. a compact subset
U = {x : (I,x) < b} in U, which the process does not exit. Consequently, up
to arbitrary small probability, the process remains in U b for all time. Consequently,
to prove the statement, one only needs to show that the process leaves the interior of
any subset U b almost surely. Under assumption (ii) or (iv), there exists j such that
either G;?j #0or [ B y]?v" (dy) # 0. It remains to use Proposition 6.3.1 (ii) with a

barrier function that equals f(x) = A~ (e*R —e*¥/) in U?, where R and A are large
enough. m|

If a, is not positive up to the boundary, one can combine the above exit criteria
applied Uy, with local criteria around the boundary 0U .

6.6 Gluing boundary

Here we study a natural class of processes which have possibly accessible boundary
but which do not stop on it, but just stick to it as soon as they reach it. Unlike the
previous section, we shall work with general Lévy type WDO of form (6.1), but for
simplicity will restrict our attention to the domain U = ]R’_{_. If the coordinates x; are
interpreted as number (or the density of) particles of type j, the gluing property of the
part U; of the boundary is naturally interpreted as non-revivability of the correspond-
ing particles (see Section 6.9).

Let us say that the face U; of the boundary is gluing for L if for any f € C é (Rd),
Lf(x)|xeu, does not depend on the values of f outside U;. In terms of the coeffi-
cients of L this is clearly equivalent to the requirement that

le(x)|xj=():0 Vk:197d3 bl(x)|xj=0:07

and

V(6. dy)le =0 = 80P (x.dys - dy;_1dyj 1+ dya)
with a certain Lévy measure V. Yet another way to express this property is by the
equation

0
a—gjp(x,é)lx,:o =0,

where p(x, &) denotes the symbol of the WDO L. More generally, for a subset / of
the set of indices {1,...,d}, let us say that the face Uy = (");¢; U; of the boundary
is gluing if for all j € I and all £

0
B_QP(X’EN’CEU’ =0,

or equivalently, if the values of Lf(x) for x € Uy do not depend on the behavior of
f outside Uy. This is the key property of the gluing boundary that allows the process
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(with generator L) to live on it without leaving it. In the Theorem below, we shall call
U; accessible if it is not inaccessible.

Theorem 6.6.1. Let the condition (U) from Section 6.1 hold for u = Ri and a
¥YDO L.

(1) Suppose that for any j, the boundary Uj is either inaccessible or gluing and the
same hold for the restrictions of L to any accessible Uj, i.e. for the process on
U; defined by the restriction of L to U; (well defined due to the gluing property)
each of its boundaries Uj;, i # j is either inaccessible or gluing, and the same

holds for the restriction of L to each accessible Uj; and so on. Then there exists

,glue

a unique Markov process X tx in U with sample paths in D 710, 00) such that

t
(X)) - / Lo (XZH) ds
0

is a martingale for any x € U and any ¢ € C2 (R?) and such that th’glue e U;

1 .
forallt > s almost surely whenever X; ¢ € U ;. This process can be charac-

; ; 1 ; ,
terized alternatively as the process X tx £ that represents a (unique) solution

to the stopped martingale problem in U up to the time t1 when it reaches the
boundary at some point y € Uj, with some j1 such that Uj, is not inaccessi-
ble and hence gluing. Starting from y it evolves like a unique solution to the
stopped martingale problem in Uj, (with the same generator L) till it reaches a
boundary point at Uj; N Uj, with some jz, hence it evolves as the unique solu-
tion of the stopped martingale problem in Uj, N Uj, and so on, so that it either
stops at the origin or ends at some Uy with an inaccessible boundary.

(ii) If additionally QU \ 0Uyreg is an inaccessible set (for all restrictions of L to all
accessible boundary spaces), then the corresponding semigroup preserves the
set of functions Cp(U U 0Uyreg). In particular, if either 0U = 0Ujreg or OU '\
0Utreg consists of entrance boundaries only, then the space Cy, (U) is preserved.

Proof. (i) The construction (and the proof if uniqueness) of the solutions of the mar-
tingale problem for L in U by gluing the solutions on various Uy is done as by gluing
the stopped solutions in different domains in Theorems 4.11.3 and 4.11.2. (ii) This
follows from Theorems 6.2.1 and 6.2.5. O

For conclusion let us give a simple extinction result.

Proposition 6.6.1. Suppose the assumptions of Proposition 6.5.1 hold for a decom-

posable pseudo-differential operator L in U = R‘j_, and the assumptions of Theo-

rem 6.6.1 (i) are valid so that the process X tx e e el defined. Assume finally that

there exists n such that a,(x) > a > 0 and Yy, fj = —c < 0. Then a.s. th’glue -0

. x,glue . . . .
as t — oo. More precisely, X; 8% becomes zero in a finite time not exceeding

(I,x)/(ac).
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Proof. Straightforward, because the process Z, = fj(X; ’glue) is a positive super-
martingale such that EZ; < Zy —act. O

6.7 Processes on the half-line

Of course, many problems become simpler for one-dimensional problems. As an ex-
ample, let us formulate a well-posedness result for stochastically monotone processes
on the half-line.

Theorem 6.7.1. Let an operator L be given by (5.112) for x > 0 and the following
conditions hold:

(1) The supports of measures v(x,.) and ju(x,.) belong to Ry = {x > 0},

sup Wun+am+[wmuﬂw+f@Aﬁmx@ﬂ<w,

x€(0,1]

and the condition (i) of Theorem 5.9.3 holds for x > 0.

(i1) For any a > 0 the functions

[Tvwan. [T utan

are non-decreasing in Xx.

(ii1) For a constant ¢ > 0
b(x) +/yu(x,dy) <c(l+x), x>1

Then the stopped martingale problem for L in_Cc2 (R) is well-posed and specifies a
stochastically monotone Markov process X in Ry = {x > 0}.

Proof. 1t follows from Theorem 5.9.3 and the localization procedure for martingale
problems, see Theorem 4.11.4. m|

Applying the local criteria for boundary points, developed above, one can deduce
various regularity properties of the stopped process and its semigroup (extending the
results from [183] obtained there under restrictive technical assumptions). For exam-
ple, one obtains the following.

Corollary 17. Let the assumptions of Theorem 6.7.1 hold.
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(1) Suppose
1
G(x) = 0(x?), / 2u(x.dz) = 0(?),  |b(x) A0] = Ox),
0

for x — 0. Then the point 0 is inaccessible for X} and its semigroup preserves
the space C(R ) of bounded continuous functions on R 4.

(ii) Suppose the limy_so b(x) exists and G(x) = ax(1 + o(1)) as x — 0 with a
constant o > 0. If a < b(0), then again the point 0 is inaccessible for X} and
its semigroup preserves the space C(R4). If a > b(0), then the boundary point
0 is t-regular for X and its semigroup preserves the space C (R4 of bounded
continuous functions on R+.

6.8 Generators of reflected processes

In this chapter we are working mostly with the stopped or killed processes that yield
the simplest reduction of a Markov dynamics to a domain with a boundary. Another
well-studied reduction is given by processes reflected at the boundary. We shall only
touch upon this subject here by deducing some more or less straightforward corollar-
ies from the results of Section 3.8. The notations introduced in that section will be
used here without further reminder. We shall describe the natural cores of the gen-
erators of the reflected processes in the simplest case of the reflection of processes
defined in the whole space (not discussing a boundary such that the original process
is not extendable beyond it, when the classification of the boundary points should be
taken into consideration as in the case of stopped processes).

Theorem 6.8.1. Let X[ be a Feller process in R4 with semigroup of transition op-
erators ®; and with generator L having the space Cé‘o (R?) with some k > 0 as an
invariant core. Suppose L commutes with the reflection R;, that is

LR f = R/Lf (6.21)

for f € Cfo(]Rd). Then the reflected process Y = R;(X[), y = Ri(x), is a
. Sd . k d .
Feller process in R} with generator having the space C 0.i (R%) of the functions from

Cfo (Rd ) that are invariant under R; as an invariant core.

Iiroof. Condition (6.21) implies that ®; commute with ﬁi _(because~ CD,I?’,‘ f and
R;®; f satisfy the same Cucahy problem for the equation f; = LR; f;). Hence
by Proposition 3.8.2 the reflected process is Markov with semigroup @ acting as

L f(x) = D, f(x), x€RE feCol(RY),

where f on the r.h.s. denotes (with some abuse of notations) the extension of f to a
function on R? invariant under R;. Clearly @' specify a Feller semigroup. Moreover,
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since the space C é‘o i(Rd) is invariant and belongs to the domain of the generator, it
specifies a core. (More precisely, this core is given by the space of functions from
Ceo (Rf) that can be obtained as the restriction to ]Rfl of a function from C fo i(]Rd).)

O

Exercise 6.8.1. Let L have the standard Lévy—Khintchine form

Lu(x) = %(G(X)V, V)u(x) + (b(x), Vu(x))

+ [T+ 3) =000 = 0. VU 1, v ).
Show that condition (6.21) holds for this L. whenever
G(Rix) = G(x), b(Rix) =—b(x), v(x.d(Riy)) =v(Rix.dy), (6.22)

and in this case the generator of <I>’; is given by the formula

Lu(x) = %(G(x)v, Vu(x) + (b(x), Vu(x))

+ /[u(Ri (x +») —u(x) = (v, Vu(x)1p, (»)]v(x, dy).

Notice that if f € CX (R?) with k > 1, then

=0 6.23
0x; ’ (6.23)

x;i =0

so that the function f; = ®.f = ®,f yields a solution to the mixed initial-
boundary-value problem in jo with the Neumann boundary condition (6.23).
Similarly to Theorem 6.8.1 one shows the following.

Theorem 6.8.2. Let X[ be a Feller process in R? with semigroup of transition op-
erators ®; and with generator L having the space Cg‘o (R?Y) with some k > 0 as an
invariant core. Suppose L commutes with all reflections R;, i = 1,...,d. Then the
process Yty obtained by reflection of X with respect to all coordinate hyperplanes
via Proposition 3.8.3 (with G being the group generated by all these reflections) is a
Feller process in Rf{_ with generator having the space Cé‘o,even(Rd) of the functions
Sfrom Cé‘o (Rd) such that

F(Ext . E2x?) = fxel . xD)

(better to say the space of functions from Cé‘o (Ri) that can be obtained as the restric-

tions of the functions from C, k

0.even (R)) as an invariant core.

As in the previous case one sees that the corresponding semigroup yields a solu-
tion to the mixed initial-boundary-value problem in Ri with the Neumann boundary
condition, that is satisfying (6.23) foralli = 1,...,d.
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6.9 Application to interacting particles: stochastic LLN

Here we show that Markov chains in Zi describing binary or more generally k-ary
interacting particles of d different types approximate (in the continuous-state limit)
Markov processes on Ri having pseudo-differential generators p(x, i %) with sym-
bols p(x, &) depending polynomially (degree k) on x. The case when the limiting
Markov process was deterministic was already discussed in Section 5.11.

Our general scheme of continuous-state (or finite-dimensional measure-valued)
limits to processes of k-nary interaction yields a unified description of these lim-
its for a large variety of models that are intensively studied in different domains of
natural science from interacting particles in statistical mechanics (e.g. coagulation-
fragmentation processes) to evolutionary games and multidimensional birth and death
processes from biology and social sciences.

Let Z¢ denote the integer lattice in R¢ and let Zi be its positive cone (which
consists of vectors with non-negative coordinates). We equip 74 with the usual partial
order saying that N < M iff M — N € Zi. A state N = {ny,...,ng} € Z’_{_
will designate a system consisting of n; particles of the first type, n, particles of the
second type, etc. For such a state we shall denote by supp(N) = {j : nj # 0} the
support of N (considered as a measure on {1,...,d}). We shall say that N has full
support if supp(N) coincides with the whole set {1,...,d}. We shall write |N| for
ny+---+ngq.

Roughly speaking, k-ary (or k-th order) interaction means that any group of k
particles (chosen randomly from a given state ) are allowed to have an act of inter-
action, with the result that some of these particles (maybe all or none of them) may
die, producing a random number of offspring of different types. More precisely, each
sort of k-ary interaction is specified by:

(i) a vector W = {Y1,..., ¥4} € Z2, which we shall call the profile of the inter-
action, with |W| = ¥ + --- + ¥4 = k, so that this sort of interaction is allowed to
occur only if N > W (i.e. ¥; denotes the number of particles of type j which take
part in this act of interaction);

(ii) a family of non-negative numbers gy (M) for M € 74, M # 0, vanishing
whenever M > —W does not hold.

The generator of a Markov process (with the state space Zi) describing k-nary

interacting particles of types {1, ..., d} is then an operator on B(Zi) defined as

GrHIN) = D Cl - Cla > " gu(M)(f(N + M) — f(N)). (6.24)
M

Y<N,|¥|=k

where C,f denote the usual binomial coefficients. Notice that each C,;ﬁ:’ in (6.24)
appears from the possibility of choosing randomly (with the uniform distribution) any
Y; particles of type j from a given group of n; particles. Consequently, the generator
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Zle:lO G, of the interactions of order not exceeding K can be written as

Gk IN)= Y Cl--Cle " gu(M)(f(N +M)— f(N)). (625

W<K Mezd

where we used the usual convention that C¥ = 0 for k > n. The term with ¥ = 0
corresponds to the external input of particles.

We shall show that the continuous state limits of the Markov chains with gener-
ators (6.25) are given by Markov processes on Ri having decomposable pseudo-
differential generators with polynomially growing symbols (studied in Section 6.5).
This limiting procedure can be used to prove the existence and non-explosion of such
Markov processes on R4, as well for numeric calculations of their basic characteris-
tics (say, exit times).

To this end, instead of Markov chains on Zf{_ we shall consider the corresponding
scaled Markov chains on hZ‘j_, h being a positive parameter, with generators of type

GLABN) = 3 WUCH ¥ S gu(MY(f(Nh+ M) — f(NR)),
V<K Mezd 6.26
(6.26)

which clearly can be considered as the restriction on B(hZi) of an operator on
B(]R‘_{_) (which we shall again denote by Glh( with some abuse of notations) defined as

GENE@) =D Cix) > guM)(f(x + Mh) — f(x)). (6.27)

U<K Mezd

where we introduced a function C\'Iﬁ on Rf{_ defined as

hey X1 —h)-- 1 —@Wi1—Dh)  xg(xg —h)---(xg = (Yqg — Dh)
Ci(x) = ' '
V1! Va!
in case x; > (yY; — 1)h for all j and Cé’,(x) vanishes otherwise.
As "
W d xVi
X
lim C =—=01-Z.
hl—r&) W(X) ! ]1:[1 j

one can expect that (with an appropriate choice of gy (M), possibly depending on
h) the operators Glh( will tend to the generator of a stochastic process on Ri which
has the form of a polynomial in x with “coefficients” being generators of spatially
homogeneous processes with i.i.d. increments (i.e. Lévy processes) on RZ, which
are given therefore by the Lévy—Khintchine formula with the Lévy measures having
support in Ri.

Clearly, as is usual in the theory of superprocesses and interacting superprocesses,
we can consider points on Zi as integer-valued measures on {1,...,d} (empirical
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measures). The limit Nh — x, h — 0, describes the limit of empirical measures as
the number of particles tend to infinity but the “mass” of each particle is re-scaled in
such a way that the whole mass tend to x.

Of course, the continuous-state limit obtained depends on the scaling of the coef-
ficients gw(M ). Roughly speaking, if one accelerates some short range interactions
(say, with |M| = 1 in (6.27)), one gets a second-order parabolic operator as part of
a limiting generator, and if one slows down the long-range interactions (large M in
(6.27)), one gets non-local (Lévy-type) terms.

Let us proceed to more detail. By Z;(Gg) (respectively Z; (Glh() we shall denote
the minimal Markov chain on Zi (respectively on hZi) specified by the generator
of type (6.25) (respectively (6.26)). For a given L € 74, we shall say that Z;(Gg)
and the generators G, GIh< are L-subcritical (respectively L-critical) if

> gu(M)(L.M) <0 (6.28)
M0

for all W < K (respectively, if the equality holds in (6.28)), where (L, M) denotes
the usual scalar product in RY. Putting for convenience gy (0) = — ) M08 (M),
we conclude from (6.28) that the Q-matrix QX of the chain Z;(Gg) defined as

ok, =Y ¢l .cligy(J —N) (6.29)
v<K

satisfies the condition ) ; Qﬁj(L,J —N)<Oforal N ={ny,...,ng}.

Proposition 6.9.1. If Gk is L-subcritical with some L having full support, then
(1) Z:(Gk) is a unique Markov chain with the Q-matrix (6.29),
(i) Z¢(Gk) is a regular jump process (i.e. it is non-explosive),

(i) (L, Z:(Gg)) is a non-negative supermartingale, which is a martingale iff Gg
is L-critical.

Proof. This is a direct consequence of (6.28) and the standard theory of continuous-
time Markov chains, see Section 3.7. For example, statement (iii) follows from
Dynkin’s formula. o

Let us describe now precisely the generators of limiting processes on Ri and the
approximating chains in Zi. Suppose that to each ¥ < K there correspond

(i) a non-negative symmetric d x d-matrix G(¥) = G;;(¥) such that G;; (V) = 0
whenever i or j does not belong to supp(¥),

(ii) vectors B(W) € R, y(¥) € Ri such that y; (¥) = 0 whenever j ¢ supp(¥),
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(iii) Radon measures vy and sy on {|y| < 1} ¢ R4 and on Ri \ {0} respectively
(Lévy measures) such that

/ E[2ve (d8) < oo, / £l (dE) < oo, u({0) = v({0}) = 0

and supp vy belongs to the subspace in R4 spanned by the unit vectors e; with j €

supp(W).
These objects specify an operator in C (Ri) by the formula

v
Ak )@ == Y Trpu(=iv). (6.30)

U<K

where

iV =1 (Gmf)ﬁ)ui(ﬂ-(m— )L
Py 9x2 —= J Vi 0x;

4 / G+ 9) = £0) = f1()y)valdy)

+ [ = o) 6.31)
is the pseudo-differential operator with the symbol — py (£), where
Pu(E) = (€ G(V)E) —i(B—1,6)
+ [a=et s iyeatan + [ -6
and where as usual

92 d
tr (G(\D)a—)f = Z Gij (¥)

x2 R
i,j=1

02 f
dx;0x;

Remark 49. Conditions in (i) and (iii) concerning the supp(¥) mean simply that a
particle of type i can not kill a particle of type j without an interaction. Condition
(iii) highlights the fact that in the framework of interacting particles, it is natural to
write the generators of a Lévy process in the form (6.31) with two measures v and pu.

It corresponds to Lévy-Itd decomposition of Lévy processes into parts with large and
small jumps.

We shall say that operator (6.31) is L-subcritical (respectively L-critical) for an
L e Z4 if for all ¥

BOW) — p(W) + / yw(dy). L) <0 6.32)

(respectively, if the equality holds).
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Next, let Ay (W, G) be a finite-difference operator of the form

(Ap(¥, G) f)(x) = hiz Y 0i(O)(f(x +hei) + f(x —her) =2 (x))

i esupp(¥)

1
t5 2 oy (WG hei +hej) + f(x —hei — hej) =2/(x))
i#j:i,j €supp(¥)
+ ojj (W)(f(x + he; —hej) + f(x —he; + hej) —2f(x))] (6.33)
with some constants w;, w;j, ®;; (Where e; are the vectors of the standard basis in
R9) that approximate tr (G(II’)£C—22) in the sense that

82
w(6w)5) - auw.6ns| = oGl (634

for f € C3(R?). If f € C*(R?), then the Lh.s. of (6.34) can be better estimated by
om)|f@1.

Putting By, = {x € Rfi : 0 < xj < hVj} and choosing an arbitrary w € (0, 1),
we can now define an operator as

A}I‘( = Z C\g(x)r[ff,,
Y<K

with
7wl = (Ay(¥, G) £)(x)

3 YOG hey) = ) + 7 (W0 —hey) = £()
J

Y (S ME) = £+ Y M = hey) = () )u(M. )
J

M:M;>h—®Vj
+ Y. (f&x+Mh) = f())pw(By + Mh), (6.35)
M:M;>h=®Vj

where

1 N
v(M,h) = WU(B;, + Mh), (dy) = y*v(dy).

Proposition 6.9.2. Operator (6.35) is L-subcritical, if and only if
(BOW) = y(¥) + Y Muw(By + Mh). L) <0.
M

In particular, if Ax is L-subcritical or critical, then the same holds for its approxi-
mation A}[’(.
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Proof. 1t follows from a simple observation that operator (6.33) and the operator given
by the sum in (6.35) that depends on the measure v are always L-critical for any L,
i.e. they are e;-critical for all ;. m|

Let Z f’h denote the minimal (cadlag) Markov chain in x + hZi c R generated
by AR

Proposition 6.9.3. Suppose Ak of form (6.30), (6.31) is L-subcritical with some L
having full support.

(1) There exists a solution to the martingale problem for A}Il( with sample paths
DRi [0, 00) for any x € ]Rf{_.

(i1) The family of processes Zf’N’h, h € (0,1], N = x/h, with any given x € ]Rff_ is
tight and it contains a subsequence that converges (in the sense of distributions)
as h — 0 to a solution of the martingale problem for A .

Proof. Part (i) is a consequence of (ii). Let us prove part (ii).

Step 1. Let us show that the family of processes Zth’h, h e (0,1, Nh = x is
tight.

First we observe that the compact containment condition holds, i.e. for every € > 0
and every T' > 0 there exists a compact set I'e 7 C Ri such that

inf PZN"h eT Vi e0.T) = 1—¢

uniformly for all starting points x from any compact subset of Ri. In fact, the com-

pact containment condition for (L, Z ?’ h’h) follows directly from maximal inequali-

ties for positive supermartingales and Proposition 6.9.1. It implies the compact con-
tainment condition for X}, because L is assumed to have full support. The tightness
can now be deduced by standard methods, that is using Theorem 4.9.2 and Step 2
below.

Step 2. Let us show that the operators A’;{ approximate A g on the space C3 (Ri) N

C.(R%), i.e. for an arbitrary function f in this space

I(A% = Ax)f Il = o(ysup(t + &) max (/0 + 1770 + 1D

(6.36)
with o(1) as 1 — 0 not depending on f (but only on the family of measures iy, Vy
(see below for a precise dependence of o(1) on #).

Estimate (6.34) shows that the diffusion part of A g is approximated by finite sums
of the form

> Ch)AR(E,G)
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in the required sense. It is obvious that the drift part of Ag is approximated by the
sum in (6.35) depending on B and y. Let us prove that the integral part of —py(—i V)
depending on vy is approximated by the corresponding sum from (6.35) (a similar
fact for the integral part depending on p is simpler and is omitted).

Since

1
(f(x —hej) = f(x)) = —hf'(x) + Ehzf”(x —0Oej), 0 €0.n],

and

d d
Yo Y MippPv(M.y <2 > Y Mjh*u(Bh+ Mh)

M:M;zh_wj=1 MZM/‘Zh_wj=l
d

<2h Z/ yjv(dy) < 2h“’/|y|2\)(dy),
j=1Yyizhlmev)

the sum in (6.35) depending on v can be written in the form

Y (fx+ Mh) = f(x) = h(f'(x), M))v(M, )

M:M; >h—®

Lot s 1O / v 2o(dy).

ly|=lx|—h

and hence the difference between this sum and the corresponding integral from (6.31)
has the form

Y (& + Mh)— f(x) = h(f(x), M)v(M, h)

MZMj tha)

- / (f(x+ )= fx) = f'(x)y)v(dy) (6.37)
Yy zh=®Vj

hl—a)
+ sup If”(y)I(O(l) /0 v +0ue) | |y|2v<dy>).

ly|=lx|—h

To estimate the difference between the sum and the integral here, we shall use the
following simple estimate:

> e th + 8 - [ gep@n] <hlg'eol [s@n 639
M

(valid for any continuously differentiable function g in the cube B) with

g) = I2(fx +y) = f(0) = f'(x)y)
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(that clearly satisfies the estimate [|g'[| < sup|y,|>|x| |/ ™ (¥)]), yielding for this differ-
ence the estimate

sup |£"(1)|0(h) / v Po(dy). 639)

ly[=Ix]

Clearly (6.36) follows from (6.37), (6.39) and the observation that Cé’, x) =00+
|x|IK1) for ¥ < K.

Step 3. End of the proof. As the coefficients of Ag grow at most polynomially as
x — 00, similarly to (6.36) one shows that the operators AL b >0, approximate
Ak on the Schwartz space S(R?), i.e. for an arbitrary f € S(R?) the estimate
(A" — Ak) f]| = o(1) as h — 0 holds uniformly for all f from the ball sup, (1 +
|x|)IKI+4] £77(x)| < R with any R. Again using Theorem 4.9.2 we conclude that the
distribution of the limit of a converging subsequence of the family Z ,Nh’h solves the
martingale problem for Ag. m|

We shall prove now a uniqueness result for solutions to the martingale problem
discussed above, using results from Section 6.5.
First we shall need some assumptions on the measures p and v. Let

po® =Y pu®.

V<K

We shall suppose that there exists ¢ > 0 and constants ey > 0, By < oy such that
for each W

(AD) [Im py () + Im pg(§)] < c|po(§),

(A2) Re py(§) = ¢ pr,,, (6)|*¥ and |(py) ()] < clpr,, (€)P¥, where pr,,, is the
orthogonal projection on the minimal subspace containing the support of the
measure Vy.

Let us say that a type j of particles is immortal if for any solution of the martingale
problem for A g, the j-th coordinate of the process X' is positive for all times almost
surely whenever the j-th coordinate of x was positive. In other words this means that
the boundary (_]j ={xeR?: xj = 0} is inaccessible.

Theorem 6.9.1. (i) Let the conditions of Proposition 6.9.3 together with (A1), (A2)
be satisfied. If, in addition, all types of particles are immortal, then the martin-
gale problem of Ak is well-posed and has sample paths in DRi [0, 00); ie.

the boundary is almost surely inaccessible. Hence this solution defines a strong
Markov process in ]R‘_{_, which is a limit (in the sense of distributions) of the

Markov chains ZtNh’h, as h — 0 with N h tending to a constant.
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(i) If, in addition to the hypotheses in (i), ¥j > 2 whenever either G;;(¥) # 0 or
[(xj)?vw(dx) # 0, and ¥j > 1 whenever either B (V) # 0 or [ xjjpuw(dx) #
0, the semigroup of the correspondmg Markov process preserves the space of
bounded continuous functions on R vanishing on the boundary. If, moreover,
|K| < 2 (i.e. only binary mteractlons are allowed) and for |K| = 2 the drift
term and the integral term depending on gy vanish, then the corresponding
semigroup is Feller, i.e. it preserves the space of continuous functions on R4
that tend to zero when the argument approaches either the boundary or infinity.

Proof. This is a consequence of a more general Theorem 6.5.1. m|

Our second result on uniqueness will be more general. Let us say that a type j of
particles is not revivable if Bj(¥) = 0 whenever j is not contained in the support of
W, and supp g belongs to the subspace spanned by the vectors e; with j € supp W,
that is, the boundary hyperspace U; = {x € R4 : xj = 0} is gluing. The meaning of
the term revivable is revealed in the following result.

Theorem 6.9.2. Let the conditions of Proposition 6.9.3 together with (A1), (A2) be
satisfied. Suppose additionally that all particles are either immortal or are not reviv-
able. Then for any x € Ri there exists a unique solution to the martingale problem
for Ak under the additional assumption that, for any j, if at some (random) time t
the j-th coordinate of X; vanishes, then it remains zero for all future times almost
surely (i.e. once dead, the particles of type j are never revived). Moreover, the family
of Markov chains Z th’h converges in distribution to this solution to the martingale
problem.

Proof. The uniqueness follow from more general Theorem 6.6.1. Since the family
of processes Z Nhh converges in distributional sense to the martingale solution X,
Proposition 6.9.3 applies to the effect that X; inherits the non-revivability property,

because each process Z ,N 71 i non-revivable. O

Let us discuss some examples of k-ary interactions from statistical mechanics and
population biology.

1. Branching processes and finite-dimensional superprocesses. Branching without
interaction in our model corresponds clearly to the cases with K = 1 and hence rep-
resents the simplest possible example. In this case the limiting processes in R? have
pseudo-differential generators with symbols p(x, &) depending linearly on the posi-
tion x. The corresponding processes are called (finite-dimensional) superprocesses
and are well studied, see e.g. Etheridge [109].

2. Coagulation-fragmentation and general mass preserving interactions. These are
natural models for the applications of our results in statistical mechanics. For these
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models, the function L from Proposition 6.9.3 usually represents the mass of a parti-
cle, see Kolokoltsov [188] and [196] for a detailed discussion. Notice only that in the
present finite-dimensional situation we always get an inaccessible boundary so that
Theorem 6.9.1 applies.

3. Local interactions (birth and death processes). Generalizing the notion of local
branching widely used in the theory of superprocesses, let us say that the interaction
of particles of d types is local if a group of particles specified by a profile ¥ can pro-
duce particles only of type j € supp W. Processes subject to this restriction include a
variety of the so-called birth-and-death processes from the theory of multidimensional
population processes (see, e.g. Anderson [18] and references therein), such as com-
petition processes, predator-prey processes, general stochastic epidemics and their
natural generalizations (seemingly not much studied yet) that take into account the
possibility of birth from groups of not only two (male, female) but also of more large
number of species (say, for animals, living in groups containing a male and several fe-
males, such as gorillas). Excluded by the assumption of locality are clearly migration
processes. In the framework of our general model, the assumption of locality gives
the following additional restrictions to the generators (6.31): B;(¥) = 0 whenever j
is not contained in the support of W, and supp py belongs to the subspace spanned by
the vectors e; with j € supp W. This clearly implies that the whole boundary of the
corresponding process in Ri is gluing and Theorem 6.9.2 is valid giving uniqueness
and convergence.

6.10 Application to evolutionary games

A popular way of modeling the evolution of behavioral patterns in populations is
given by the replicator dynamics (see Kolokoltsov and Malafeyev [199] or any other
text on evolutionary game theory), which is usually deduced by the following argu-
ments. Suppose a population consists of individuals with d different types of behavior
specified by their strategies in a symmetric two-player game given by the matrix A
whose elements A;; designate the payoffs to a player with strategy i whenever his
opponent plays j. Suppose the number of individuals playing strategy i at time ¢
is x; = x;(t), with the whole size of the population being u(x) = 27:1 xj. If
the payoff represents an individual’s fitness measured as the number of offsprings
per time unit, the average fitness A;;x;//u(x) of a player with strategy i coincides
with the payoff of the pure strategy i playing against the mixed strategy x/u(x) =
{x1/pm(x),...,xz5/m(x)}. Assuming additionally that the background fitness and
death rates of individuals (independent of outcomes in the game) are given by some
constants B and C yields the following dynamics:

d
.
X = B—C+§:A~-—])x~, (6.40)
’ ( = Yx) )
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called the standard replicator dynamics (usually written in terms of the normalized
vector x/u(x)); see Boylan [67] or Kolokoltsov and Malafeyev [199]. Of course, it
follows as a trivial consequence of Theorem 6.9.2 that this dynamics describes the
law of large numbers limit for the corresponding Markov process of interaction.
Having in mind the recent increase in interest in stochastic versions of replicator
dynamics (see Corradi and Sarin [89] and references therein), let us consider now
a general model of this kind and analyze the possible stochastic processes that may
arise as continuous state (or measure-valued) limits. Denoting by N; the number of
individuals playing strategy j and by N = Z;i=1 Nj the whole size of the population,
assuming that the outcome of a game between players with strategies i and j is a
probability distribution 4;; = {A '} of the number of offsprings m > —1 of the
players (3 o, AT ;= = 1) and the intensity a;; of the reproduction per time unit

(m = —1 means the death of the individual) yields the Markov chain on Zi with
generator

(e e]

d
Gf(N)=>_ N; Y. (B'”+ ZajkAjkf]vV|)(f(N+me]) F(N)) (6.41)
j=1

m=—1

(where BJ’-” describe the background reproduction process), which is similar to the
generator of binary interaction G, of form (6.24), but has an additional multiplier
1/|N| on the intensity of binary interaction that implies that in the corresponding
scaled version of type (6.26) one has to put a simple common multiplier / instead of
hl¥l, Apart from this modification, the same procedure as for (6.24)—(6.26) applies,
leading to the limiting process on ]R‘_{_ with generator of type

d

d
I e Y kg
Akc =) X (¢, + ]; p (x)gb,k), (6.42)

j=1

where all ¢; and ¢;; are the generators of one-dimensional Lévy processes, more
precisely

32 / of

ik S () = gjke 2( )+ By - ( )

¥ / (f(X+yej)—f(x) Ly 003 )eldy). (643

of

92
¢j f(x) = 8i5.2 2( )+/3/ (x)

¥ / (f(x+ye,->—f(x> L))y @) 64
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where 1)7 denotes as usual the indicator function of the set M and all vy, v; are
Borel measures on (0, 0o) such that the function min(y, y?) is integrable with respect
to these measures, g; and g, are non-negative. Let V;; (dy) = yzvjk(dy), Vi(dy) =
y2vj(dy) and vik = (WD) 720 ([(lh,Ih + 1)), vj = (h)=2;([Lh,lh + 1)). Then
the corresponding approximation to (6.42) of type (6.41) can be written after scaling
in the form

Mo WV =15, (¢, ol

j=1

)f(Nh)

where u(N) = 21_1 N; and ¢ f(Nh) equals

S8 (VI + he) + f(Nh— he;) = 2/ (NR)

1
+ 5 1Bkl (f (N + hej sgn (Bji)) — F(Nh))

+ Y [f(Nh+1lhej) = f(Nh) + I(f(Nh—hej) = f(Nh)]vjr(l. h)
I>h—®

+ Y f(Nh+ (1 +1h)ey) — FIND (1 + Th 1+ 1h +h).  (6.45)
=1

and similarly ¢J’.’ are defined. The terms in (6.45) that approximate diffusion, drift and
integral part of (6.43) have different scaling and have different interpretation in terms
of population dynamics. Clearly the first term (approximation for diffusion) stands
for a game that can be called “death or birth” game, which describes some sort of
fighting for reproduction, whose outcome is that an individual either dies or produces
offspring. The second term (approximating drift) describes games for death or for
life depending on the sign of ;. Other terms describe games for a large number of
offsprings and are analogues of usual branching but with game-theoretic interaction.
The same arguments as given for the proof of Proposition 6.9.3 and Theorem 6.9.2
yield the following result (observe only that no particles are revivable in this model,
and no additional assumption of subcriticallity is required, since the coefficients grow
at most linearly):

Proposition 6.10.1. Suppose conditions (A1), (A2) hold for all measures vy, vj.
Then for any x € ]Ri there exists a unique solution to the martingale problem for
Agg under the additional assumption that, for any j, if at some (random) time t©
the j-th coordinate of X; vanishes, then it remains zero for all future times almost
surely. Moreover, the family of Markov chains Zth’h defined by AﬁG converges in
distribution to this solution to the martingale problem as h — 0 and Nh — x.
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If the limiting operator is chosen to be deterministic (i.e. the diffusion and non-local
term vanish and only a drift term is left), we get the standard replicator dynamics
(6.40).

Similarly one obtains the corresponding generalization to the case of non-binary (k-
nary) evolutionary games (see again Corradi and Sarin [89] for biological and social
science examples of such games), the corresponding limiting generator having the
form Z}j=1 xj®j, where ®; are polynomials of the frequencies y; = x;/ Z;j=1 Xi
with coefficients being again generators of one-dimensional Lévy processes.

6.11 Application to finances: barrier options, credit
derivatives, etc.

Here we describe briefly the relevance of the boundary-value problems to some basic
questions in financial mathematics.

In the classical insurance models of Cramér—Lundberg and Sparre—Andersen, see
e.g. Ramasubramanian [269], the evolution of the capital of an insurance firm, called
also risk, or renewal risk process, or surplus process, is given by the formula

N;
Ri=u+ct—) X; (6.46)
=1
until the time /g when R; becomes negative (the ruin time). Here ¢ > 0 is a pre-
mium rate, u > 0 is the initial capital of the company, and the compound Poisson
process Z]N;1 X with positive i.i.d. random variables X; denotes the flow of claims
of insured customers.

Clearly R; is a stochastically monotone Markov process on R4. Under general
assumptions on X; the transmission property does not hold and the process eventually
leaves R4 with some probability pr € (0, 1) called the ruin probability (in infinite
time). One is also interested in the calculation of the ruin probability p% in finite time
t, which is the probability of exiting R4 before a given time ¢. Though from the point
of view of general Markov processes, the process (6.46) is very simple, a rich theory
was developed to describe its behavior, in particular to calculate the ruin probabilities
(see Ramasubramanian [269] or Korolev, Bening and Shorgin [208] and references
therein).

In reality, the capital of an insurance firm usually does not follow the simple law
(6.46). In particular, this is due to the possibility of investing free (not reclaimed)
capital aiming at additional gains. Amazingly enough, the models of insurance with
investment appeared in the mathematical finance literature quite recently, see Hipp
and Plum [130] and references therein, where the evolution of the invested capital is
described by a diffusion process. The resulting Markov process is still stochastically
monotone. Using other models for the dynamics of this capital leads to the analysis
of general Markov process on R . For any practical calculations, sensitivity analysis
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with respect to the initial data and the natural parameters of the model is crucial, for
which the results of this and the previous chapters provide a natural starting point.
Note that one-dimensional processes represent a reasonable setting for these models.

Let us turn to option pricing. The value of a barrier option based on a stock price
dynamics described by a Markov process S; in R is given by

Ex(e " Tg(ST)1y>7) + Ex(e "™ h(Se,) 1z <7),

where r > 0 is the risk free rat, 7" is the maturity time, t4 is the random time of
entering the knock-out set

A=10,l]U[u,00), 0=<I[<u<o0,

and g, f are given continuous functions, see detailed discussion and bibliography
in Mijatovic and Pistorius [245], so that we again in the setting of Section 6.2 (up to
some clear modifications). More practical issues are addressed in the collection edited
by Lipton and Rennie [221].

Unlike the previous model from insurance mathematics, here a multi-dimensional
extension is very natural, as investors are usually dealing with some baskets of op-
tions. Moreover, a similar multi-dimensional setting appear in the analysis of port-
folios of CDOs (credit derivative obligations), which can be described by a Markov
process in Ri. Reaching the boundary of dimension d — m means that k out of d
bonds underlying the portfolio of CDOs have defaulted. The boundary in this model
is of course gluing (defaulted firms are not revivable, as described in Section 6.6). Itis
worth stressing the necessity of considering general Markov processes in this setting,
as simple Lévy processes are spatially homogeneous and do not feel an approach to
the boundary, which cannot be the case in reality (a firm approaching a default should
be reflected in the decision making of the governing body of the firm).

Finally, of special interest for finance are the processes living in R”* x ]R‘_f_, where
the positive part may represent stochastic volatilities. Only quite particular classes of
these models, namely the affine processes, are studied in detail, see Duffie, Filipovic
and Schachermayer [104].

6.12 Comments

The exposition of this chapter is based essentially on Kolokoltsov [187], [186], though
many important improvements were introduced. The classification of boundary points
that we introduced are more general than in usual texts on diffusions (see e.g. Freidlin
[117] and Taira [307], but at the same time more concrete than in general potential
theory (see Bliedtner and Hansen [60]). In particular, we generalize the notion of en-
trance boundary from the theory of one-dimensional diffusions (see e.g. Mandl [228])
to the case of processes with general pseudo-differential generators. For the case of
one-dimensional problems special tools are available, see [183].
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Some bibliographical comments on the Dirichlet problem for the generators of
Markov processes seem to be in order. For degenerate diffusions the essential progress
was begun with the papers of Keldysh [157] and Fichera [112]. In particular, in
[112] the Fichera function was introduced giving the partition of a smooth bound-
ary into subsets X9, X1, X3, X4, which in one-dimensional case correspond to nat-
ural boundary, entrance boundary, exit boundary and regular boundary respectively
studied by Feller (see e.g. Mandl [228] for one-dimensional theory). Hard analytic
work was done afterwards on degenerate diffusions (see e.g. Kohn and Nirenberg
[168], [169], or Oleinik and Radkevich [261] or more recent development in Taira
[307], [308],[306]. The strongest results obtained by analytic methods require very
strong assumptions on the boundary, namely that it is smooth and the four basic parts
0, 21, 23, X4 are disjoint smooth manifolds.

Probability theory suggests very natural notions of generalized solutions to the
Dirichlet problem that can be defined and proved to exist in rather general situations
(see Stroock and Varadhan [303] for a definition based on the martingale problem
approach, Bliedtner and Hansen [60] for the approach based on the general balayage-
space technique, Jacob [141] for comparison of different approaches and the gener-
alized Dirichlet space approach). A natural language for the abstract approach (both
probabilistic and analytic) is that of a Martin space. Roughly speaking a Martin space
for a Markov process with a state space S is defined as a completion S* of S with a
certain metric in such a way that all harmonic functions are in one-to-one correspon-
dence with Borel measures on the set S* \ S, called the Martin boundary of S. This
theory is mostly developed for Markov chains, that is, when either the state space is
discrete, see e.g. [86], or the time is discrete, see [277], and for diffusions, see e.g.
[265] or [251] and references therein.

The interpretation of the abstract results of potential theory in terms of a given
concrete integro-differential generator is a non-trivial problem. Usually it is supposed,
in particular, that the process can be extended beyond the boundary. For degenerate
diffusions, a well developed theory of regularity of solutions can be found e.g. in
Freidlin [117] and Taira [307]. But for non-local generators of Feller processes with
jumps, the results obtained so far seem to deal only with the situations when the
boundary is infinitely smooth and there is a dominating non-degenerate diffusion term
in the generator, see e.g. Taira [306], Taira, Favini and Romanelli [309].

From Proposition 6.3.1, one can deduce some criteria for transience and recur-
rence for processes with pseudo-differential generators, see Kolokoltsov, Schilling
and Tyukov [202]. The method of Lyapunov function is also traditionally used for
analyzing stability and control, see e.g. [213].

Our discussion of reflected processes in Section 6.8 is only meant to give a very
brief introduction. For related development, we refer to Richou [279], Ghosh and
Kumar [122], Menaldi and Robin [240], [241], Garroni and Menaldi [119], Bass and
Burdzy [29] and references therein.



Chapter 7
Heat kernels for stable-like processes

This chapter deals with the transition probability densities of stable-like processes (in
analytic language, with the Green function of the corresponding integro-differential
evolutionary equations), i.e. of the processes with generators of stable type, but with
coefficients depending on the position of the process, as well as their extensions by
pure jumps. More precisely, we shall analyze semigroups generated by operators of
the form
Lu(x) = —a(x)|V|*®u(x)

and their time non-homogeneous versions (propagators). Roughly speaking, the main
result states that if the coefficient functions «, a are bounded and #-Holder continuous
with an arbitrary i € (0, 1], then this L generates a conservative Feller semigroup that
has a continuous transition density, which for finite times is bounded by, and for small
times and near diagonal is close to, the stable density, and is of the same order of
smoothness as the coefficients of the operator L.

After a warm-up Section 7.1 describing the well-known asymptotic expansions of
one-dimensional stable laws, the asymptotic expansions of finite-dimensional stable
laws are studied for small and large distances in Section 7.2. The section ends with cu-
rious identities expressing the multidimensional stable laws in terms of certain deriva-
tives of one-dimensional ones.

Next, in Section 7.3, we obtain global estimates for the derivatives of stable densi-
ties with respect to basic parameters in terms of the stable densities themselves, using
the asymptotics obtained above and the unimodality of stable laws.

Section 7.4 is devoted to some auxiliary estimates on the convolutions of stable
laws. In Sections 7.5, 7.6 the main results of this chapter are given, yielding the
existence and asymptotics for the Green function of stable-like processes and conse-
quently a construction of the corresponding Feller semigroup.

In Section 7.7, illustrating possible applications of our analytic results, some
sample-path properties of stable-like processes are proved, which extend to variable
coefficients some standard facts about the stable paths. Finally, Section 7.8 explains
how the heat kernel bounds obtained can be used to solve the related problems of
optimal control.

7.1 One-dimensional stable laws: asymptotic expansions

This section is devoted to a beautiful classical result on the asymptotic expansions of
stable laws (see Feller [111] for historical comments). We give it here anticipating
more general expansion of finite-dimensional laws given in Section 7.2.
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The characteristic function of the general (up to a shift) one-dimensional stable law
with the index of stability o € (0,2),« # 1, is

exp{—a|y|®el 2V ey} 7.1)

(see Section 1.4), where the parameter y (which measures the skewness of the distri-
bution) satisfies the conditions |y| < «,if 0 <o < 1,and |y| <2 —a,if l <o < 2.
The parameter 0 > 0 is called the scale. For « = 1 only in symmetric case, i.e.
for y = 0, the characteristic function can be written in form (7.1). In order to have
unified formulas we exclude the non-symmetric stable laws with the index of stability
o = 1 from our exposition and will always consider y = 0 whenever « = 1. The
probability density corresponding to characteristic function (7.1) is

1 +o0o .
S(x:a.y.0) = —/ exp{—ixy —o|y|%e' 2V ¥} dy. (7.2)

27 J_so

Due to the evident relations
S(_'x;a7 )’70) = S(x;a7 -V 0)7 (73)
S(x;a,y,0) = 0_1/“S(x0_1/°‘; a,y, 1), (7.4)

it is enough to investigate the properties of the normalized density S(x;,y, 1) for
positive values of x. Clearly for these x

1 o o
S(x;a,y,1) = ;Re/(; exp{—ixy — y“e'27} dy. (7.5)

It follows that all S are infinitely differentiable with bounded derivatives. Using a
linear change of the variable in (7.5) yields for x > 0

o0

1
Sx;a,y,1) = ERC/

ya 7 .
exp {——e’Z”}e_’y dy. (7.6)
0 x®

Proposition 7.1.1. For small x > 0 and any a € (0, 2), the function S(x;«a,y, 1) has
the following asymptotic expansion:

1 ST +kja) . kn(y—
Sx;a,y,1) ~ — Z ( a /%) sin JT(;X ) (—x)k. (7.7)
k=1

Moreover, for a € (1,2) (resp. for o = 1), the series on the r.h.s. of (7.7) is absolutely
convergent for all x (resp. for x from a neighborhood of the origin) and its sum is
equal to S(x; o, y, 1). The asymptotic expansion can be differentiated infinitely many
times.



312 Chapter 7 Heat kernels for stable-like processes

Proof. Expanding the function e ~**? in (7.5) in power series, yields for S(x;a, y, 1)
the expression

1 * o iny/2 . (—ixy)k (xy)k+1
;Re/o exp{—y“%e H1l—ixy+---+ Tl +9(k+1)! dy

with |#] < 1. Since

oo
/ yBVexp{=Ay®Ydy =« 'A7P/*T(B/a), ReA >0 (7.8)
0

(and these integrals are absolutely convergent for Re A > 0), one obtains

1 D) (—ix)™ 1
S(x;a,y,1) = —Re Z exp ny(m + D (i) r(Z + + Riy1
Ta A= 200 m! o

with

= L (£52)
k1l = T o (k+ 1)

Therefore, we have an asymptotic expansion for S. It is convenient to rewrite this
expansion in the form

I'(k/a) .
S(x;a, )/,1)~— —Z(— )k ;x)‘ { l%(gk—k—Fl)}.

Using the formula I'(k /o) = F(l + k/o)a/k and taking the real part yields (7.7).
The statement about convergence follows from the asymptotics of the Gamma func-
tion,

F'(x+1)=V2rxx*e (1 +0(1)), x— o0

(Stirling’s formula), which implies that the radius of convergence of series (7.7) is
equal to infinity, is finite, or is zero, respectively ife € (1,2), ¢ = l,ora € (0,1). O

Proposition 7.1.2. For any a € (0,2) and x — oo, the function S(x; o, y, 1) has the
following asymptotic expansion:

1 T +ka) . ka(y —a)
S(x;a,y, DNEZ A sin 3
k=1

(—x"Y)k, (7.9)

Fora € (0,1) (resp. « = 1, y = 0), the series on the r.h.s. of (7.9) is absolutely
convergent for all finite x™% (resp. for x~% in a neighbourhood of the origin) and
its sum is equal to S(x;«,y). The asymptotic expansion (7.9) can be differentiated
infinitely many times.

Moreover, if x > 0 and either o € (%, 1) or @ € (1,2), Zolotarev’s identity hold:

11
S(x;a,y,1) = x~ (It g (x_“; ——(+1-1, 1) . (7.10)
o o
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Proof. First let o € (0, 1]. Due to the Cauchy theorem, one can change the path of
integration in (7.6) to the negative imaginary axes, i.e.

1
Sx;a,y.1) = ERG/

—i00 ya . .
exp {——e’ﬂ}e_’y dy (7.11)
0 x*

because the magnitude of the integral along the arch I = {y = re™% ¢ < |0, b
does not exceed

/2 e P
/ r exp {—r sin¢ — — cos (aqS— —y)}d¢,
0 x% 2

and tends to zero as r — oo, due to the assumptions on « and y. Changing now the
variable of integration y to z = ye!™/2 = jy in (7.11) yields

i > z®
S(x;o,y,1) =Re—— exp{_z__e Z(r— Ol)}d
X Jo x®

By expanding exp{—< 22e' 7=} in power series, this rewrites as

i 1 Za ( ) k
- -z |z iy«
Re /(; e kE . X ( ae 2 ) dz.

Evaluating the standard integrals yields

. o0
) B i F(l+ka), _, 0k km
S(x;a,y,1) =Re ”ka_:l A (=x7%)" exp qi 2 (y —a)¢,

which implies (7.9). As in the proof of Proposition 7.1.1, one sees from the asymptotic
formula for the Gamma function that the radius of convergence of series (7.9) is equal
to infinity for « € (0, 1) and is finite non-vanishing for « = 1. Therefore, we have
proved (7.9) for ¢ € (0, 1]. Comparing formulas (7.9) for « € (1/2,1) and (7.7)
for « € (1,2) one gets Zolotarev’s identity (7.10). Using this identity and asymptotic
expansion (7.7) fora € (%, 1) one obtains asymptotic formula (7.9) fora € (1,2). O

For the analysis of processes with a variable index «, the following more general
integrals appear (that we consider only for the case of vanishing y):

[e.e]
op(x,a) = — Re/ ybe Y=Y gy
0

This function can be analyzed like the function S above. For instance, the following
holds

1 & x2™m 2m+1+4b
b (x.a) = ﬂ—; " o ),( - )+Rm+1, (7.12)
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where

2m+3+b x2m+2
R <TI .
ml = ( ) 2m +2)!

Moreover, the corresponding power series converges for ¢ € (1,2) and yields an
asymptotic expansion for all ¢ € (0, 2).

o

7.2 Stable laws: asymptotic expansions and identities

This section is devoted to the large- and small-distance asymptotics of finite-dimen-
sional stable laws that generalize the classical one-dimensional asymptotic expansions
given in Section 7.1. For simplicity, we reduce our attention to uniform spectral mea-
sures, in other words, to the stable densities in R4 of the form

S(x;a,0) =

1 oy ,—ipx
exp{—o e dp. 7.13
) /Rd p{—o|p|®} p (7.13)
Remark 50. Many results given below have a natural extension to non-uniform spec-
tral measures (with [gu—1 [(s, p)|*u(ds) instead of o| p|*), see [178].

As in the one-dimensional cases there is a straightforward reduction to the case of
unit o, i.e. the obvious change of the variable of integration yields

S(x;a,0) =0 VS (xa™V a, 1). (7.14)
In particular, this implies the simple global estimate
S(x;a,0) < co /e, (7.15)

which holds with a constant ¢ that can be chosen uniformly for all 0 > 0, x € R4
and « from any compact subinterval of (0, 2).

We shall denote by p the unit vector in the direction of p, i.e. p = p/|p|. Using
for pp spherical coordinates (8, ¢), 6 € [0, 7], ¢ € S?=2 with the main axis directed
along x, so that

dp = |p|?~d|p|sin0¢2d0d¢p

(0 being the angle between x and p), integrating over ¢, and then changing the vari-
able 0 to t = cos 0 yields

|Sd—2| [ee) 1 B 3
Swia,0)=— [ dip| / di exp{—o|p|*} cos(|pllx[0) pl4 =1 (1 =12)@ /2,
2m)¢ Jo -1
(7.16)
where |S%| = 2 and
(d-1)/2
1592 =2~ (7.17)
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for d > 2 is the area of the unit sphere S d=2 jp R4-1, Changing the variable of
integration |p| to y = |p||x| implies

S(x;a,0) = lSd—_2| /Oody /1 dt exp {—ai} cos(yt)yd_l(l — tz)(d_3)/2.
@x|x)4 Jo -1 |x]*
(7.18)

Theorem 7.2.1. For small |x|/o'/® the density S has the asymptotic expansion

, 15972 S (—DF [ gx] \*
S(x;a,0) (ol Z o] e\ ~1/a (7.19)
with % +d | d-1
ak:a_lF( + )B(k-i——,;), (7.20)
o 2 2
where .
_ _ I'(p)(q)
B(q, =/xp11—qudx=—
(4. p) ; ( ) R

is the standard Beta function. The modulus of each term in expansion (7.19) serves
also as an estimate for the remainder in this asymptotic representation, i.e. for each
m, S(x;a,0) equals

|Sd—2| i (_l)ka |x| 2k o A1 x| 2m—+1 721
(rot/eyd \ = (2k)! K\ o1/a 2m + DI\ ol/a '
with |0| < 1. Finally, if @« > 1 (resp. o« = 1), the series on the r.h.s. of (7.19) is

absolutely convergent for all | x| (resp. in a neighbourhood of the origin) and its sum
equals S(x; o, 0).

Proof. This is the same as the case d = 1 discussed in Section 7.1. Expanding the
function cos(|p||x|) in (7.16) in power series yields
|5972]

Sx;a,0) = o Jo

oo 1
dlpl [ drespi-olplilpl?! (1 2@

k
m (plx[)>™ (| pllx])>™ 2
X(MZZO(_I) emt T am o )

with |8] < 1. Due to (7.8) and the equation
1
1 d—-1
/ 21— 424 = B (m+ -, —— ).
) 2 2

we can integrate in |p| and ¢ to obtain for S(x;«, o) the expression (7.21). The
statement about the convergence of the series for « > 1 follows from the Stirling
formula for the Gamma function. |
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Next, we construct the asymptotic expansion of S in a more involved case, namely
for large distances. To this end, let us recall first some facts on the Bessel and Whit-
taker functions (see e.g. Whittaker and Watson [318] for details). For any complex
z that is not a negative real, and any real n > 1/2 the Bessel function J,(z) and the
Whittaker function Wy ,(z) can be defined by the integral formulae

_ (z/2)" ! 2\n—1/2
Jn(Z) = m/;l(l —1 ) COS(ZZ) d[,
—z/2 o0
_ n—1/2 —
Wonl®) = Fomrg [, B0+ 1/21 % .

where the principle value of arg z is chosen: |argz| < m. These functions are con-
nected by the formula

Jn(z) =

\/Zln_z[exp {%(n + %)ni}Wo,n(Ziz)

1 Iy . .
+ exp { - E(n + E)m}Wo,n(—ZIZ):I’

which for real positive z implies

1 1 Iy . .
Jn(z) =2Re [ﬁ exp {5 (n + E)m } Wo.n (212)]. (7.22)

If n = m+ 1/2 with nonnegative integer m, Wy , can be expressed in the closed form

Won(z) = e—z/z(1 L2 @ = (/207 - (327
z 7.2

n (n* = (1/2)*) - (n® = (m — 1/2)2))

mlzm

(7.23)

In particular, Wy 1/2(z) = e~%/2. More generally, for any n > 1/2 one has the
following asymptotic expansion as z — o0, |arg z| < m — € with some € > 0:

(/27 | 02 = (/2P0 = (3/27)

Wonu(z) ~ e 212 |:1 +

z 222
(7.24)
The following is the main result of this section.
Theorem 7.2.2. For |x|/c/® — oo, the asymptotic expansion
2 & aj
: (2 -@+D/2 Qe (1 —ark
S(xia.0) ~ (21) 2 @™ (7.25)

a
NI =
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holds, where
Ckma [° _
= (=¥ 1sin T/ gak+(d 1)/2W0’%_1(2$) dE. (7.26)
0
In particular, ay is positive for all d, and for odd dimensions d = 2m + 3, m > 0,

k
ap = (—1)**1sin ? [F(m 2+ ak) (7.27)

oo
drsen((m ) () (o))
RSO R e e

Moreover, for a € (0,1) (resp. a = 1) this series is convergent for all |x|~! (resp. in
a neighborhood of the origin) and its sum equals S(x;«, ). Furthermore, as in the
case of the expansion of Theorem 7.2.1, each term in (7.18) serves also as an estimate
for the remainder; in the sense that the difference between S and the sum of the (k —1)
terms of the expansion does not exceed in magnitude the magnitude of the kth term.

Proof. Due to (7.18) and the definition of the Bessel functions,

15972 / d-2)/2 ( /2
S(x;a,0) = 2 r NJ
(x;00,0) D Jo i_I(J’)y

ya
X exp|—0—dy. (7.28)
|x[*
The key idea of the proof is to use (7.22) and to rewrite the last expression in the form

re [ (1w (2iy)(2yei™/?)d=1/2
o ) 0,41\ £VNLY

ya
X exp { a—} dy. (7.29)

|x]*

542]

S06@.0) = e

First let @ € (0, 1]. By (7.24) we can justify the change of the variable of the path
of integration in (7.29) to the negative imaginary half-line. Taking this new path of

integration and then changing the variable of integration y = —i £ yields
1592 ./°° (d - 1) d-1)/2
S(x;o,0) = — Re —i r{—-—|w 28)(2
(vi0.0) = s Re=i | (5= W g, 0008)

a .
X exp Lot emian/2 dE. (7.30)
x|
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Expanding the exponent under this integral in power series yields

. _ 18972 (41 d-1)/2
S(x;a,0) = WRC—:/O F(T)Wo’g_l(zg)(zf)

> o \¥ 1 ko kra
XZ(—]) (W) & E(COST—ZSIH 5 )d&. (7.31)
k=0
Taking the real part yields

S(x'O{O')N |Sd—2| r _1)2(d 1)/22 (O’| |—Ot)k (7.32)
O ey \ 2 '

with ay given by (7.26). By (7.17) it rewrites as (7.25). Estlmating coefficients (7.26)
using the asymptotic formula (7.24) and the fact that zm=1 2Wo,m (z) is continuous
for z > 0 (which follows from the definition of Wy , given above) one gets the con-
vergence of series (7.25) and the estimate @; > 0. In the case of odd dimension one
calculates coefficients (7.26) explicitly using (7.23).

Let o € (1,2). In this case one cannot rotate the contour of integration in (7.29)
through the whole angle /2, but one can rotate it through the angle 7 /(2«). This
amounts to the possibility of making the change of the variable in (7.29) y = ze ™% /2
and then considering z to be again real, which gives

1§42 ®© rd—1 im(a—1)
stwsen) = e [T (557 o (220 {2524

n(d + 1)} z}

d—1
"‘+( ) 4a

X(ZZ)(d 1)/26Xp{l0| |

Using the Taylor formula for exp{io %} yields
|5972]

S0 0) = o

Reexp {Z—(i(a(d —-1)—(d+ 1))}F (%)
(ioz%) 0 (oz%)m+1
f [ Z Xk (m + 1)1 xeOn+1) }

[ -1
X (22)(d_1)/2W0,%_1 |:2z exp {ln((;—)}} dz

o

with |6] < 1. It implies the asymptotic expansion (7.25) with

ar = |S972| Re exp {%(oc(d —1)—(d + 1))}r (?) 2(d=D/2;k

()lk+(d—1)/2W 2 lﬂ(a d
X/O z 0,41 ( ZeXp{—2a zZ.
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To simplify this expression, one makes here a new rotation of the path of integration,

which amounts to changing the variable of integration z to § = 2z exp{%}
and then considering & to be real. After simple manipulations one obtains the same
formula (7.26) as for the case o € (0, 1). ]

As a corollary of the formulas of this section, let us deduce some curious identi-
ties for odd-dimensional stable densities, allowing to express them in terms of one-
dimensional densities.

Theorem 7.2.3. Let

Sa(|x|:e) =

557 o, i)~ P dp

be the density of the d-dimensional stable law of the index a with the uniform spec-
tral measure, which obviously depends on |x| only. Let Sa(ik)(|x|; a) denote its k-th
derivative with respect to |x|. Then

—1

Sa(vlie) = 5= i),
As 1
Ss(lrfie0 = g2 (S k) = - Sidrko )

and in general for each positive integer m

Tm+ DAsmyr [ (=)™ Gm+1)
(27.[)2m+2 |x|m+1 1

G (et
) -y
el - G-

Proof. By (7.27) one can represent S»,,+3 as the sum of m + 1 series. Each of these
series is obtained by differentiating series (7.10) with y = 0 respectively 1,2,...,
m + 1 times (up to a multiplier). m|

Som43 =

7.3 Stable laws: bounds

In this section we use the asymptotics obtained in the previous section to obtain ef-
fective global bounds for stable densities and their derivatives with respect to the
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parameters of stable laws. These bounds are of independent interest. Moreover, they
form the basis for the analysis of the case of variable coefficients, dealt with below.

Theorems 7.2.1, 7.2.2 describe the asymptotic behavior of the densities S for small
and large |x|/o1/%. The next result supplies an important two-sided estimate for the
intermediate regime.

Proposition 7.3.1. For any K > 1 there exists ¢ = ¢(K) > 1 such that ¢~ '|x|~% <
S(x;a,0) < c|lx|™@ whenever K~ < |x|/c'/® < K, uniformly for « from any
compact subinterval of the interval (0, 2).

Proof. Due to the small-distance and large-distance asymptotics and the property of
unimodality of symmetric stable laws (see Section 1.4), it follows that the stable den-
sities are always (strictly) positive. On the other hand, it follows from (7.18) that
|x|?S(x,a, 0) is a continuous function of |x|/c'/% and & € (0,2). Since on any
compact set it achieves its minimal and maximal values, which are both positive, the
statement of the proposition readily follows. m|

The next result supplies the basic two-sided estimate for stable laws.

Theorem 7.3.1. For any K > 0 there exists a constant ¢ = ¢(K) such that

1
—gdle < S(x;a,0) < co—d/ if% <K
c
v C’|x| (7.33)
c|x|°‘+d <S(xie,0) = |x|°‘+d if ol/a =z K

The constant c(K) can be chosen uniformly for « from any compact interval in (0, 2).

Proof. This follows by combining the bounds of Proposition 7.3.1 and the asymptotic
expansions (only the first terms of these expansions are needed) of Theorems 7.2.1
and 7.2.2. m|

For the analysis of stable-like processes one needs also estimates for the derivatives
of stable densities with respect to their parameters.

Theorem 7.3.2. There exists a constant C such that the following global estimates
hold uniformly for o from any compact subinterval of the interval (0, 2):

C
< —=S(x:a,0), (7.34)
o

0S
‘%(x,a,a)
l

ol < Cmin(c7 ! |x|HS(x;0,0), 1=1,2,... (7.35)
X

(x;a,0)
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and S
‘a—(x;a,o) < C(l1 + |loga| + |log |x|])S(x; &, 0). (7.36)
o
Moreover, one has the asymptotic relation
S 1 —
a—(x;a,o) =—=Sx;a,0)(1 + O(o|x|™)). (7.37)
o o

Proof. Clearly 5 95 has the expression of the r.h.s. of (7.16) but with additional multi-
plier —| p|%, leadmg to the expansion (7.19), (7.20), but with F(W) /o instead
of F(#) in the coefficients, which gives (7.34) for small |x|/o!/®. On the other

hand, % has the expression (7.28), (7.29), but with additional multiplier —y%/|x|%,
and hence (7.30) with the multiplier —£% exp{—iwa/2}/|x|*. Hence instead of (7.31)
one obtains

15472

] d—1
WRei/o F(T)Wo,g_1(2*5)(25)(01—1)/2

k k
| P Z( )k(|0 ) éakki! (COS( +21)noz_l,sin( +21)7'[a) "

x|*

—(x;a,0) =

do

Unlike (7.31) the term with k& = 0 does not vanish here, but equals

d—
l |S 2| F( )|x|a/ W 7_1(25)(25)(11' 1)/2§:aS11’1 E

o 2r|x|)4

which coincides up to a multiplier 0 ~! with the main term with k = 1 of (7.25). This
implies (7.37) and (7.34) for large |x|/o'/%. Consequently (7.34) is obtained as in
Proposition 7.3.1, because, by (7.18), o'|x|¢ g—g is a continuous function of |x|/o1/®.

Next let us analyze the first derivative with respect to x (higher derivatives are
considered analogously). As we noted, our asymptotic expansions for S can be dif-
ferentiated with respect to x. Consequently, for small |x|/o /¢

a9S Sd 2| |x|2k—2
S-(ria.0) ~ oy ; Z (2k)' Qs (2K) .

The first term here is bounded in magnitude by |x|/o /%

to the estimate

(up to a constant), leading

< Ca_l/“S(x;a,a)

aS
‘a(&a,ﬁ)
for small |x|/o1/2, so that

< Ca_l/aS(x;oz,o) < Ce|x|_lS(x;a,o), |1L/|a <e, (7.3%
o

‘g(x;a,o)
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1/a

for small enough €. For large |x|/o /% one obtains the expansion

N §d-2 d—1) —
—(x;,0) | |F( 3 ) a—kok(ak)|x|_“k_2x,

~ d !
ox (2r|x|) fa k!

leading to the estimate

< C|x|_lS(x;oz,0)

'g—i(x;a»o)

1/

for large |x|/o"/%. Moreover, as

S
—(x;a,0)|x|?|x]

0x

equals a continuous function of |x|/o'}/* multiplied by the bounded function x /| x|, it

follows that for |x|/c'/® from any bounded interval |g—‘§ (x)] is bounded by a multiple

of S, implying that the previous bound holds not only for large |x|/ ol/® but actually
for all |x|/o'/* bounded from below, i.e.
as
‘—(x;a,cr) <Clx|"'S(x;a,0) < Ce_la_l/“S(x;oz,a), ﬂ >e. (7.39)
dx ol/a

Clearly (7.35) follows from (7.38) and (7.39).
It remains to estimate the derivative of S with respect to «. It has the form of the
r.h.s. of (7.16) with the additional multiplier —o | p|% log | p|. Taking into account that

o0
/ xPlog x exp{—ox®} dx = o 20 B/*[I(B/a) — T(B/) log o]
0
(which follows from fooo xB~1logxe™ dx = I"(B)), one concludes that

<C(l + |loga|)S(x;a,0)

d
‘—S(x;a,(f)
oo

for small |x|/o'/%. For large |x|/o1/®

with the additional multiplier

, this derivative is given by the r.h.s. of (7.16)

o
—ay—log—,
x| =[x

and hence by the r.h.s. of (7.31) with the multiplier

a .
—oy—e_”m/z(logf;’ —i% —log |x]),

|x|



Section 7.4 Stable laws: auxiliary convolution estimates 323

implying the estimate

= C(1 + [log[x[)S(x:a,0)

08
‘—(x;oe, o)
Jda

l/oc. 1/a

for large |x|/o As above the latter estimate can be expanded to all |x|/o
bounded from below, which finally implies (7.36). m|

By the same argument as in Theorem 7.3.2, we can get the following slight exten-
sion of its results.

Proposition 7.3.2. Let

1
bx.a.p0) = o [ 1ol expt-i(pon) —alpl =) dp.

(2m)d
so that
a_¢(x a,p.o) = / |p|? log| p|exp{—i(p.x) —o|p|™*}dp
aﬂ 9 9 9 (27T)d ]Rd k) .
Then "
—Bleg( ) XL < K
co X, 0,0), /o = )
x,o,B,0) < o 7.40
Pl b0l {ca—1|x|“—ﬂs<x,a,o>, Ul g, 04O
and
—B/a |x]
’a—d)(x,a,ﬁﬁo) =< ¢t flogoho S(xﬂ’?)’ Wl =
ap c(1+ |loga| + |log |x|)o x| B S(x,a,0), ~7a > K.
(7.41)

7.4 Stable laws: auxiliary convolution estimates

In this section we obtain auxiliary estimates for the convolution of stable laws that are
needed for the proof of the main result of the next section.

Lemma 7.4.1. (i) Ifw, a are measurable functions on R4 ranging in compact sub-
sets of (0,2) and (0, 00) respectively, then uniformly for all x and bounded t,
one has

/ S(x—n,a(n),a(n)t)dn = O(l)z_d(““_“d)/(“““d). (7.42)

(i1) If additionally the function o(n) is Holder continuous, i.e. |a(x) — a(y)| =
O(|x — y|B) witha B € (0, 1], then for all x and bounded t

/ SGx — n.a(n). a(me) dn = O(1). (7.43)
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Proof. Let |x —y| > 1. Then |x — | > ct"/*™ with a constant ¢ depending on the
bound for ¢. Consequently, by (7.33),

o(r) _ 0@
|x — n|d+a(17) - |x — n|d+ad :

S(x —n,a(n),a(mt) =

Since this function is integrable outside any neighbourhood of the origin, it follows
that the integral from the Lh.s. of (7.42) over the set |x — n| > 1 is bounded. Next, let
1Y/ < |x —p| < 1. Again |x — 5| > /¢ in this set, and therefore

0@) 0@)

S(}C - 77’05(71)7‘1(7])[) = |x _ n|d+a(77) = |X _ T’|d+a“ ’

Consequently, the integral over this set can be estimated in magnitude by the expres-
sion

0(:)/too D ot = o).

1y y 14+oay
Lastly, by (7.15),

/ S = n.a(.an) dn = o(y-tle [ i
{|lx—n|<tl/ou}

{lx—n|<t!/ou}

= 01y~ Veay=d/ou

which has the form of the r.h.s. of (7.42), and therefore (7.42) is proven.
To obtain (7.43) under assumption (ii) we need now to consider only the integral
over the set {|x — | < t1/®}. For a positive ¢, denote

ay(x,c) =max{a(y) : [y—x| = c}.  ag(x,c) =minfa(y) : [y—x|[ < c}. (7.44)

Letb = b(t) = t'/% and M(x) = {n : 1/ < |y — x| < b}. Since
ay (x,b) > a(n) for n € M(x), |n — x| > t1/2M in M(x). Hence the integral on the
Lh.s. of (7.43) over the set M(x) can be estimated by

dn el/eu dy
o — =0 _ Y
( )/M(x) |x —_ n|d+a(7]) ( ) tl/au(xsh) y1+au(x,b)

— O(I)[Zl/au(x,b)]—au(x,b) = 0(1).

By (7.15), the integral on the Lh.s. of (7.43) over the set {|7 — x| < t1/®«(:D)} can be
estimated by

/ (=18 g = O (/e (x.b)) d e xb)
In—x|<t!/eux.b)

- (e (. ) — g (x. 1)
_Omﬁﬂ_ 0y (x. barg (x. D) “y}

= 0(1)exp{O(t#/* log 1} = O(1),

which completes the proof of Lemma 7.4.1. m|
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Let for a 8 > 0 the functions £ ﬂd be defined on R by the formulas
SR =+ [x]PHe), (7.45)

Lemma 7.4.2. Under the assumptions of Lemma 7.4.1 (ii) one has

f SGx — n.a(n).a()(t — S — xo.a(x0). a(x0)7)
= 0(1)S(x — x0.a(x0). a(x0)t) + O(t) £ (x — x0). (7.46)

Proof. We shall use the notations of the previous proof, in particular (7.44) and b =
b(t) = 11/,

Step 1. Assume |x — xo| > ¢1/%u&0:b) " n this case |x — xo| > 1/*&0) and
S(x — xo, (x0), a(xo)t) is of order ¢ /|x — xo|¢He(x0),

In the domain {7 : |n — xo| > |x — x0|/2},

O(7)
[0 = xoldFat)
_ 0(1)
- |x _ xO|d+a(x0)

S(n — x0,a(x0),a(xo)7) =

= 0(1)S(x — xq,a(x0), a(xp)t),

and therefore, due to Lemma 7.4.1, the corresponding part of the integral on the Lh.s.
of (7.46) is O(1)S(x — xo, ®(xg), a(xg)t). Consequently we can reduce our attention
to the region

D ={n:|n—xol <|x—x0|/2 < |x—n|>|x —x0|/2}.
Ifne D,

ot — 1) 0(t)

T~ [y xgd e (7.47)

S(x —n,am),aln) —1)) =

Let us consider three cases, keeping in mind throughout that n € D.
If [x — xo| > 1,

0@

S(x —n,a(m),a(m(t —1)) = W,

so that the corresponding part of the integral on the L.h.s. of (7.46) is of order O(¢) x
Jal, (x = x0).
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If 11/ < |x — x| < 1,

0]
S0 = natam - ) = 20
o(r)

- |_x —x0|d+a(x0) |X

a(xo)—ay (x0,|x—x
— xol (x0)—ay (x0,|x—x01)

= O(1)S(x — xo,@(x0), a(x0)1) exp{ O(|x — xo|”) log |x — xol}
= O(1)S(x — xo, &(x0), a(x0)1),

so that the corresponding part integral on the Lh.s. of (7.46) is O(1)S(x — xo, @ (x0),

a(xo)1).
Finally, if ¢!/« (x0:b) < |x — x| < ¢/,

0o(1)
|x —x0|d+au(x0,b)
_ o(r)

- |x — xO|d+a(xo)

= 0(1)S(x — xg,x(x0), a(xp)t),

S(x —n,a(m),a(m( —1)) =

exp{O(tP/) log 1}

so that again the corresponding integral on the 1.h.s. of (7.46) over D is O(1)S(x —xo,
a(xg),a(xg)t).

Step 2. Let us show that if [x — x¢| < 1/eu(x0.0) | then S(x — xg,a(xp),a(xg)t) is
of order 1 ~@/@(X0) If |x — xo| < t1/2(0) this holds directly by (7.33). Assume

/axo) Ix — xo| < 1/ (x0.b)

Then
S(x — xo. a(xo), a(xo)t) /1)
is of order
et l = d d a(x0)
t x — xo|d+aGo) - B — 14+ ———=logr .,
v = x| retxo) exp{ |:o¢u(x0,b) a(xo) - a0, )] ¢

which is bounded from above and from below, due to the Holder continuity of the
function a(x).

Step 3. Assume now that |x — xo| < ¢1/%«(¥0:0) By Step 2, it is sufficient to prove
that the integral on the Lh.s. of (7.46) can be estimated by O(1)r~4/2(0) Decompose
our integral into the sum /; + I decomposing the domain of integration into the union
Dy U Dy with Dy = {1 : |n — xo| = t1/®u&0:5)} and D, being its complement. If
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ne Dy,
_ O(z) _ —(d+a(x0)) /o (x0,b)
S(n — xo,a(x0),a(xe)r) = |77—x0|—d+°‘(x0) = 0()t
_ d d a(xo)
=Otd/a(x0) ex {|: — +1———logty;,
( ) exp a(xo)  ay(xo.b) oy (X0, b) &

which is of order O(1)r~4/2(*0)  Consequently, one obtains for /; the required esti-
mate by Lemma 7.4.1. Turning to /I, we distinguish two cases. If T > /2 we estimate
the second multiplier under the integral on the Lh.s. of (7.46) by

O(l)‘c_d/a(x(’) — O(l)t_d/“(x(’),

so that Lemma 7.4.1 again does the job. Finally, if 1 — 7 > ¢/2 we estimate the first
multiplier under the integral by

o)t — T)—d/Ot(n) — 0(1)[—d/06(77)’

which by the Holder continuity of the function o(x) again reduces to O (1)r~4/@(x0),
implying the required estimate also in this case. m|

It is often useful to know that the solution to a Cauchy problem preserves certain
rates of decay at infinity. We present now a result of this kind for stable semigroups.

Lemma 7.4.3. There exists a constant ¢ such that
/ S(x = n.a.t) f5 (0= x0) dn < cf ko5 (X — X0) (7.48)
R4 ’

uniformly for bounded t, B from any compact subset of R4 and o from a compact
subinterval of (0, 2).

Proof. Ttis enough to prove the statement for xo = 0. For brevity let us consider only
the case f = «.
For |n| > %|x|, one can estimate

A < (14 (|x]/2)2Hd) 7t < 20+ fd (1),

and therefore, for xo = 0, the integral on the Lh.s. of (7.48) over the set {|n| > %|x|}
does not exceed

|, Gottox.mat gy an = 2744 o).
Hence, it remains to show that

/ S — mat) f4 () dn < cf2 ().
{Inl<lx|/2}
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To this end, consider separately three domains |x| < /%, (/¢ < |x| < I and
|x| > 1. In the first case

r=oa e [ an=om = o £l w.
{In|<t1/e}

In the second case

0] 0]
= [ 00 ra gy ay = 2D _ o0y = 001) 2 ().
{ x|

Inl<lxl/2} 1x|4F+

In the third case

o(t) d 0(1) d
= - () dn = = 0() fy (x),
x|+ Jyipi<ixl/2) x| +d ¢
which completes the proof. m|

Exercise 7.4.1. Check that
[ £ Ge—mfdy dy = 0(1) £4 () (7.49)

Hint: decompose the integral into two parts with || < |x — 5| and |n| < |x — 7|.

7.5 Stable-like processes: heat kernel estimates

This section contains the key results of this chapter. Here we analyze the heat kernels
(or Green functions) of the stable-like evolution equation

9
8_”; = —a@)|V|*"@u, xeRY >0 (7.50)

If a(x) and «a(x) are constants, the Green function for the Cauchy problem of this
equation is given by the stable density (see Section 4.1)

S(xo —x;a,at) = (271)‘”1 /d exp{—at|p|* +ip(x —xo0)}dp. (7.51)
R,

In the theory of pseudo-differential operators, equation (7.50) is written in the
pseudo-differential form as

9
a—L; — D(x,—i V)u(x) (7.52)
with the symbol

d(x, p) = —a(x)|p|*™. (7.53)
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As follows from direct computations (see equation (1.72)), an equivalent form of
equation (7.50) is the following integro-differential form of Lévy—Khintchine type:

ou d|y|

G = e [ i) —u - VSt 059

with a certain constant ¢ (o). We shall not need this form much, but it will be important
for us to have in mind that the operator on the r.h.s. of (7.50) satisfies PMP, which is
clear from the representation given in (7.54), but is not so obvious from (7.50).
Recall that the functions f ﬂd is defined by (7.45).
Naturally, one expects that for small times the Green function of equation (7.50)
with varying coefficients can be approximated by the Green function of the corre-
sponding problem with constant coefficients, i.e. by the function

Go(t,x,x9) = S(x — x0, x(x9),a(xo)t). (7.55)

This is in fact true, as the following main result of this chapter shows.

Theorem 7.5.1. Let B € (0, 1] be arbitrary and let « € [ag,ay], a € [ag,ay] be
B-Hélder continuous functions on R4 with values in compact subsets of (0,2) and
(0, 00) respectively. Then there exists a function G(t,x,xp), t > 0,x,x9 € R?, the
Green function of the Cauchy problem for equation (7.50), such that

(1) G is continuous and continuously differentiable with respect to the time variable
t fort >0,

(i) it has Dirac initial data, in other words lim; o G(¢, x, x9) = 8(x — xg), and

(iii) it solves equation (7.50) in distribution, i.e.
G
[ Gt xopwix = [Gexarpar  aso

forany ¢ € C 2(Rd ) with compact support, where L is the dual operator to the
operator L on the r.h.s. of equation (7.50). Moreover,

G(t.x,x0) = S(x — xo:a(x). ta(x0))(1 + OP/*)(1 + |logt|))
+ 0() £ (x = xo) (7.57)

and

G _
5 = 07HS(x —xo:a(xo). ta(x0) + O() [, (x = x0).  (7.58)
Furthermore, if the functions «, a are of class C*(R?), then G(t, x, xo) solves the

equation (7.50) classically for t > 0, is twice continuously differentiable in x and

l

a—f,(r,x,xo) = 0(t™*)[S(x — xo:a(x0). ta(x0)) + O(1) £ (x — x0)] (7.59)

forl =1,2.
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Proof. The function (7.55) clearly satisfies the required initial conditions
Go(0, x,x9) = 8(x — xo)
and the equation
i
S (.3) = —a(xo) [ V[*COu e, ).

which can be equivalently rewritten as

ou o (x) ~

5 LX) = —a(x)|=iV|*Pu(t, x) — F(t, x,x0) — F(t,x, x0), (7.60)
with

F(t,x,x0) = (a(xo) — a(x))|V[*™Go(t, x, xo)

_ alxo) —aty)

y | p|*C) exp{—a(x0)| p|**t + ip(x — x0)} dp.
(2m) R

and

a(x)

b=

/ (Ip|%>0) — | p|*®)) expl{—a(x0)| p|* Ot +i(p, x —x0)} dp. (1.61)

where, in order to evaluate £, we used the fact (see Section 1.8) that applying |V|% to
a function is equivalent to multiplication of its Fourier transform on | p|%.

Therefore, due to the Duhamel principle (see formula (4.4)), if G is the Green
function for equation (7.50), then

Go(t,x,x9) = (G — FG)(t,x,x9), (7.62)

where the integral operator ¥ is defined by the formula

t
Eoers = [ [ pa—rxnE+ e 06

Introducing a special notation for the integral on the r.h.s. of (7.63), i.e. denoting

t
sovexe=[ [ o0t
one can represent a solution to equation (7.62) by the series
G=>1-F)"Go=(1+F+F>+--)Gy, FKGo=GoR(F+F)®. (7.64)

Let us prove the convergence of this series and the required estimate for its sum.
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Due to the mean-value theorem and Holder continuity of «(x),
F = 0(1) min(1, |x — x0|‘3)

X max
b

d
— [ pI® exp{—a(x0)| p|**t +i(p,x — x0)} dp|,
db

where the max is taken over b € [min(a(x), «(xp)), max(c(x), a(xp))]. If |x —xo| <
t1/2(x0) e finds using (7.41) that

F = 0(x = xo")i 71 (1 + llog r]) max ;=PG5 (x — xo, @ (x0)., a(x0)1)
= O(x — xoP)t ™1 (1 + [log 1) S(x — xo. &x(x0). a(x0)1).
since
¢~ Ibaoll/ax0) — explO(|x — x| logr} = exp{O(tP/2*))logr} = 0(1).
If 1 V/ealxo) < |x — xo| < t1/% one finds using (7.41) that
F = 0(x = x0P)r™ (1 + [log t])|x — x| T1* =@ g (x — x, (). a(xo)1)
= O(|x — xoP)t ™1 (1 + [log 1) S (x — xo. &(x0). a(x0)1).

In case |x — xo| < t1/®, one gets similar estimates for F.
If | x — xo| > /% we estimate each term in the expression

(F + F)(t.x.50) = @()|V[*® —a(xo)|V|*@) S (x — x0. (x0). a(x0)1)
separately, using (7.40) to obtain
|(F + F)(t.x.x0)| = O(1) fy, (x = x0)-
Therefore

[(F + F)(t,x.x0)| = 0@ ")(1 + [log 1)t/ Gy (1. x, xo) + 0(1)fa”f1 (x — x0)-
(7.65)
Consequently, by Lemmas 7.4.2, 7.4.3,

Go ® (F + F))(t.x.x0)| = OtP/®)(1 + [log 1])Go (2. x. x0) + O(1) £, (x — xo).
(7.66)
Using Lemmas 7.4.2, 7.4.3, estimate (7.49) and induction yields for any k

1Go ® (F + F))(t. x.x0)®| < cFr*=DB/auy (1 4 logr])*! (7.67)
x [tP/u (1 + |log t[)Go (2. x, x0) + tfd (x — x0)]
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with a constant ¢ > 0. This implies the convergence of series (7.64), the continuity of
its limit and estimate (7.57).

Let us turn to the derivatives of G. We want to show that term-by-term differ-
entiation of series (7.64) yield a convergent series. If one differentiates directly the
terms of these series and uses the estimates of Theorem 7.3.1, one obtains the expres-
sions which are not defined (because t ! is not an integrable function for small 7).
To avoid this difficulty, one needs to rearrange the variables of integration in (7.63)
appropriately before using the estimates for the derivatives.

First, by (7.40),

IF + F)
ot

The convolution (7.63) after the change of the variable t = st can be presented in
the equivalent form

(t.x,x0) = O(t ™) (1 + [log t[)t#/* Gy (¢, x. x0) + O™ 1) £, (x — x0).

1
G®(F+ F)(tx.b) =1 fo / $(t(1 —5).x.)(F + F)(ts.n. &) dnds.

One can now estimate the derivative of the second term in (7.64) as

d - 1 -
£(Go® (F + F)t.x.x0) = / / Go(t(1 = 5). x. m)(F + F)(ts.n.x0) dnds
t 0

! 3G i
+t/o /[(1 —8)— (1 =), x. n)(F + F)(ts.7. xo)

+5Go(t(1 —S),x,n)w

and all three terms of this expression are of the order O(t~1)(Go ® (F + F)(t, x, xo).
Estimating other terms similarly, one obtains (7.58) for the sum of the series obtained
by term-by-term differentiation of series (7.64) with respect to time.

Suppose now that o, @ are smooth functions. We restrict ourselves to the estimate
of the first derivative only, second derivatives being estimated similarly.

(s, n,xo)]dnds,

Remark 51. The consideration of the case when «; > 1 is trivial, because in that
case 7'/ is an integrable function for small 7, and consequently, differentiating
expansion (7.64) term by term and using estimate (7.35) yields the required result
straightforwardly.

In the general case, let observe first that by (7.40) (and due to the assumption of
smoothness of a ad «),
IF + F
%(LX,XO) = 0(~'71%)(1 + [log1)P/* Go(r. x. xo)
X

+ oV £ (x — xo). (7.68)
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To shorten the lengthy formulas we shall write below F instead of F + F. The
idea is that in the convolution-type integrals under consideration we have to rearrange
differentiation to act on the term with the time t or t+ — 7 being of order ¢. Thus, to
estimate the derivative of the second term in (7.64) let us rewrite it in the following
form:

FGo(t,x,x0) = (Go ® F)(t,x,x0)
t/2
- / / Golt — 7.x. 1) F(z. 0. x0) dnd
0

t
+/ fGo(l—r,x,x—n)F(r,x—n,xo)dndt.
t/2

Differentiating with respect to x, using the equation Go(f — 7, x,x —1n) = S(n, a(x —
n), ta(x—n) and estimates (7.35) and (7.68), yields for the magnitude of the derivative
of ¥ Gg the same estimate as for ¥ Gy itself but with an additional multiplier of the or-
der O(t~'/%¢). We now estimate similarly the derivative of the term FXG(r, x, xo)
in (7.64), which equals

dfl"'dfk/ dnl"'dnk
Rkd

(o3
X Go(t —t1 =+ — . x,n1) F (T, 1, m2) -+ F(Tke, M X0),
where we denoted by o; the simplex
or={t1>0,....,1%:>0:11+ -+ 10 <t}

To this end, we partition this simplex as the union of the k + 1 domains D;, [ =
0,...,k, (which clearly have disjoint interiors) with Do = 0/, and

Dy ={(t1.....t%x) €0 \0oyjp iy =max{z;, j = 1,....k}}, [ =1,... k.

and then change variables 7 to obtain F¥Go = .770k + -+ fkk with Iif'ok (t, x, x0)
being equal to

dTl"'di/ dr]l"'dnk
Rkd

012
XGo(t —t1 =+ — e, x,m) F(r1,m,m2) - -+ F(tk, Mk, Xo)
and with 3‘7/‘ (t, x, xp) being equal to
b, dfl"‘dfk/de dny---dngGo(t —t1 — -+ — Tg, X, X — 1)
X F(ty,x —y1,x —y2) -+ F(y—1,x = yi—1,x — y1)
X F(t, x = yr, n1+41) -+ F (T, 0k, xo)
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for/ = 1,...,k. Now, differentiating 370k with respect to x we use estimate (7.35),
and differentiating 37/‘ , 1 =1,...,k, we use (7.68) for the derivative of F(t;,x —
Y1, M1+1) and the estimate

%F(r,x —n.x —£) = 01 + [logt|)tP* Go (1, x, x0) + O(1) £ (x — x0).

(7.69)
i.e. the same estimate as for F itself. In this way one obtains (noticing also that
7 > t/(2k) in Dy) for the derivative of the term % ¥y in expansion (7.64) the same
estimate as for F*u itself, but with an additional multiplier of order

— O(I)Z_I/ak1+l/a.

Multiplying the terms of a power series by k¢ with any fixed positive ¢ does not
change the radius of convergence, which implies the required estimate for the deriva-
tive of G.

Now observe that though in previous arguments we presupposed the existence of
the Green function G, one verifies directly that the sum (7.64) satisfies equation (7.50)
whenever it converges together with its derivatives.

If o, a are not smooth, they can be approximated by smooth functions. As our
estimates for G do not depend on smoothness and the coefficients of series (7.64)
depend continuously on «, a, one can pass to the limit in equation (7.56). m|

Remark 52. If «(x) is a constant, the term (1 + [log?|) can be omitted from for-
mula (7.57). In fact it appears only when estimating F', which vanishes in case of a
constant «.

As a direct consequence, we get the following global (in space) upper bound for
the transition densities.

Theorem 7.5.2. Under the assumptions of Theorem 7.5.1
G(t,x,x0) < K[S(x — xg,a(xg), 1) + S(x — xg,04,1)] (7.70)
forallt < T with an arbitrary T and all x, xo, where K = K(T') is a constant.

Exercise 7.5.1. Show that the theorem holds also for the equation

2—? = (A(x), Vu(x)) —a(x)|—iV|*Pu, xeR? >0, (7.71)

if A is a bounded continuous function, « takes value in a compact subset of (1, 2) and
other conditions on «, a are the same as above. Hint: see [178] if necessary.

Finally, let us give a two-sided estimate for the heat kernel, which is valid at least
for the case of a constant stability index.
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Theorem 7.5.3. Under the assumptions of Theorem 7.5.1 assume that the index o (x)
does not depend on x. Then for any T > 0 there exists a constant K such that for all
t < T andall x, xg

K_IS(x —Xx0,0,1) < G(t,x,x9) < KS(x —x9,0,1).

Proof. The upper bound was obtained above. The details concerning the lower bound
can be found in [178]. O

7.6 Stable-like processes: Feller property

The existence of a Feller process generated by a stable-like generators was obtained
under rather general assumptions in Proposition 4.6.2 and further extended in Propo-
sition 4.6.2. Here we show how the same result can be obtained from the existence
of the Green function, but for non-degenerate stable-like processes only. However, in
this non-degenerate setting, we can essentially weaken the smoothness requirements.
Moreover, having the Green function and its asymptotics yields much more than just
a Feller process, which we shall demonstrate in the next two sections.
For an arbitrary f € C(R%) and 1 > 0, set

R = [ Glx0) /@ ds (.12
where the Green function G was constructed in the previous section.

Theorem 7.6.1. Suppose the assumptions of Theorem 7.5.1 hold. Let a and o are of
class C2(R?). Then the following statements hold.

(i) (R; f)(x) tends to f(x) ast — 0 for each x and any f € C(R%); moreover,
if f € Coo(R?), then R; f tends to [ uniformly, ast — 0.

(ii) R; is a continuous operator C(R?) — C2(R?) with the norm of the order
O(t72/%a),

(iii) If f € C(R?), the function R, f(x) satisfies equation (7.50) for t > 0.

(iv) R:, t €0, T), is a uniformly bounded family of operators C/(RY) — Cl(RY)
and C! (RY) — CL (R?) forl = 1,2.

(v) The Cauchy problem for equation (7.50) can have at most one solution in the
class of continuous functions belonging to Coo(R?) for each t; this solution is
necessarily non-negative whenever the initial function is non-negative.

(vi) The Green function G is everywhere non-negative, satisfies the semigroup iden-
tity (the Chapman—Kolmogorov equation) and the conservativity condition
JG(t.x.,n)dn = 1 holds for all t > 0, x € R?. In particular, equation
(7.72) specifies a conservative Feller semigroup, which therefore corresponds
to a certain Feller process.

(vii) The space Coz<> (]Rd) is an invariant core for the Feller semigroup of (vi).



336 Chapter 7 Heat kernels for stable-like processes

Proof. Statements (i)—(iii) follows directly from (7.72) and the properties of G ob-
tained in Theorem 7.5.1. To prove (iv), we rewrite the expression for R; in the fol-
lowing equivalent form:

R = [ Gxx =3 fG =) dy,

and use the estimates

!

a—G(t,x,x —y)=0(1)Go(t,y,0), [ =1,2,
ox!

which follow again from the series representation of G, formula

1
Go(t.x,x —y) = —d/ exp{—a(x — y)|p|*“ "1 +ipy} dp
2m)¢ Jra

and the estimates of Theorem 7.3.2. Statements (v), (vi) follow from Theorems 4.1.2,
4.1.3. O

Approximating Holder continuous functions a, @ by smooth ones, one deduces the
following corollary.

Theorem 7.6.2. Under the assumptions of Theorem 7.5.1 (not assuming additionally
the smoothness of a, o) the statements (1) and (vi) of Theorem 7.6.1 still hold.

7.7 Application to sample-path properties

Let X(¢) (resp. X(¢, xo)) be the Feller process starting at the origin (resp. at xo) and
corresponding to the Feller semigroup defined by Theorem 7.6.1.

In this section we show how the analytic results of the previous sections can be used
in studying the sample-path properties of this process. We start with estimates for the
distribution of maximal magnitude of stable-like processes, generalizing partially the
corresponding well-known estimates for stable processes (see e.g. Bingham [57]).
Then we obtain the principle of approximate scaling and the principle of approximate
independence of increments, and finally apply these results to the study of the lim sup
behaviour of |X(¢)| as ¢ — 0. For simplicity we reduce the discussion to the case
of a fixed index of stability. In other words, we shall suppose throughout this section
that the assumptions of Theorem 7.5.1 are satisfied and that «(x) = « is a constant.
From the general theory of Feller processes it follows that we can choose a cadlag
modification of X(¢, xg) with the natural filtration of o-algebras corresponding to
X(¢) satisfying usual conditions.

The Green function G(¢, x, x¢) constructed in this theorem defines the transition
probability density (from x to x¢ in time ¢ ) for the process X . The connection between



Section 7.7 Application to sample-path properties 337

the analytic language and the probabilistic language that we use in this section can be
expressed essentially by the formula

/ P(X(1.y) € dE) f(€) = / G(t.y.6)/(6) dE
A A

for A C RY. Let
X*(t,x0) = sup{|X(s, x0) — xo| : s € [0,¢]}, X*(t) = X*(z,0).

Theorem 7.7.1. For any T > 0 there exist positive constants C,K such that for all
t <T, xo, and . > Kt/

C UL <P(X*(t,x0) > ) < CtA™%. (7.73)
Proof. Since we shall use the uniform estimates from Theorem 7.5.3, it will be enough
to consider only x¢ = 0 in (7.73). Plainly P(X*(¢) > 1) > P(]X(¢)| > A), and thus
the left hand side inequality in (7.73) follows directly from Theorem 7.5.3. Turning
to the proof of the r.h.s. inequality, denote by T, the first time when the process X (¢)

leaves the ball B(a), i.e. T, = inf{t > 0 : |X(¢)] > a}. Notice now that due to
Theorem 7.5.3,

P(|X(s) —xo| = A/2) = O(s)A™% = O(K™)

uniformly for all xo and s < ¢. Therefore, due to the homogeneity and the strong
Markov property, one has that

P(X(0)] > 2/2) = P((X™(1) > 1) N (1X(1)] > A/2))

t
> /0 P(T; € ds)P(X(t — Ty. X(T3)) — X(T3)| < A/2)
> (1 - O(K™®)) [ BTy € ds) = (1 - O(K—P(X* (1) > 1),
0

It follows that
P((X*(1) > 4) = (1 + O(K™*)P(|X(1)| > 1/2),
which implies the r.h.s. inequality in (7.73) again by Theorem 7.5.3. m|

Let us formulate now explicitly the main tools in the investigation of the sample-
path properties of stable diffusions that can be used as substitutes to the scaling prop-
erty and the independence of increments, which constitute the main tools in studying
stable Lévy motions.
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Theorem 7.7.2 (Local principle of approximate scaling). There exists C such that for
t <landall x, xg

CTYG(1, xt V¥, xot V%) < G(t,x,x0) < CG(1, xt "%, xot/%) (7.74)

and
C71S((x — x0)t V¥, o, 1) < G(t, x, x0) < CS((x — x0)t /%, e, 1).  (7.75)
Proof. This follows directly from Theorem 7.5.3 and the scaling properties of the

stable densities themselves. O

Theorem 7.7.3 (Local principle of approximate independence of increments). For
any to there exists a constant C such that if 0 < 51 <ty < 8§ < tp < to, M1, M5 are
any measurable sets in R? and xg is any point in R4, then

C™'P(X (1, x0) — X (51, %0) € M1)P(X(12, X0) = X(s52, %) € M)
=< P((X(t1,x0) — X(s1,x0) € M1) N (X (22, x0) — X(s52, X0) € M2))
< CP(X(t1,x0) — X(s1,x0) € M1)P(X(t2, x0) — X(s52,X0) € M>). (7.76)
Proof. Consider for brevity only the case sp = f1, the case s, > f1 being similar.

Also by homogeneity one can set s; = 0 without loss of generality. Then, by Theo-
rem 7.5.3 and the Markov property, one has

/M . P(X(ll,X()) € dy)P(X(tz,xo) — X(tl,xo) € Mz)

< CP(X(t2 —11) € M>) P(X(t1, x0) € dy),
M +xo
which implies the r.h.s. inequality in (7.76) again by Theorem 7.5.3. Similarly one
obtains the L.h.s. inequality in (7.76). m|

As an application of these facts, let us prove now that the integral test on the limsup
behaviour of the stable processes (discovered first in Khintchine [158]) is valid also
for stable-like processes.

Theorem 7.7.4. Let f: (0, 00) — (0, 00) be an increasing function. Then lim sup,_
of the function (|X(t)|/f(t)) is equal to 0 or oo almost surely according to whether
the integral [y f(t)™® dt converges or diverges.

Proof. The proof generalizes the arguments given in Bertoin [49] for the proof of the
corresponding result for one-dimensional stable Lévy motions. Suppose first that the
integral converges. Then

tF () 5/0 F7%s)ds = o(1), t— 0.
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Consequently there exists 7o > 0 such that f(z/2)t="/* > K for t < to with small
enough f9, where K is the constant from Theorem 7.7.1. Consequently, for every
positive integer 7,

P(X*27") > f@" ) =c27 (T

Since the series > 27"(f(27"71))™* converges, the Borel-Cantelli lemma yields
X*(2™) < f(27"1) for all n large enough, almost surely. It follows that X *(¢) <
f(¢) forall > 0 small enough, almost surely (because, if » = n(¢) denotes the maxi-
mal natural number such that 1 < 27" then X*(¢) < X*(27") < f27" 1) < f(1)).
Using the function € f instead of f in the above arguments yields X *(¢)/f(t) < € for
any ¢ and all small enough ¢ almost surely. Consequently, lim;—o(X*(¢)/f(t)) = 0,
almost surely.

Now let the integral diverge. Let a > 0. For any integer n > 0 consider the event
An = Al 0 B, with

By ={|X@™™)| < a27/*},
A, ={XQ@TTH = X@T 2 f@TTY + a2,
By the local principle of approximate scaling,
CT'P(IX(1)| < a) <P(B,) < CP(X(1)| < a)

for all n uniformly. Consequently, by the Markov property, homogeneity and again
approximate scaling, one has

P(An) = P(B,) min P(X(27".§) =& = f@7") + a2

> C2P(1X(1)| < @)P(IX(1)] = 2" f27" ) +a)
> CP(X()| <)@ f7 ) +a)™.

for some positive C. The sum Y27 ( f(27"+1) 4+ a27/*)~* diverges, because it is
a Riemann sum for the integral of the function

(f(t) +at/2)"*)™ > 2% max(a~*(20)"", f(1)™)

and consequently the sum ) P(Aj) is divergent. Notice now that though the events
Ap are not independent, the events A/, and A}, are “approximately independent” in
the sense of Theorem 7.7.3, if n % m. The same remark concerns the events B,, and
Ap. Therefore, if n # m,

P(A, N Am) < P(4), N A;,) = O(1)P(4;)P(4;,)
= O(1)P(A,)P(A;n)P(By) 'P(By) !
= O()P(An)P(Am)P(X(1)| < a)72,
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and one can use the generalization of the second Borel-Cantelli lemma for dependent
events (see e.g. Spitzer [298]) to conclude that

limsup(X(2)/f(1)) = 1
t—0

with positive probability, and therefore almost surely, due to the Blumenthal zero-one
law (Theorem 3.11.3). Repeating the same arguments for the function € ! f instead
of f one gets

limsup(X(2)/f (1)) = o0
t—0

a.s., which completes the proof of the theorem. m|

7.8 Application to stochastic control

This section deviates from the mainstream of our exposition. The idea is to demon-
strate that the solution to the main optimization equation for Markov processes with
controlled drift can be easily constructed, once these Markov processes have regular
enough transition probabilities (or Green functions). This section can be well placed
at the end of Chapter 5, but now we have at our disposal an appropriate nontrivial
class of examples of processes (stable-like ones) with regular transition probability.
Suppose a space D C CL (R?) is a core for an operator L in Coo(R¥) that gen-
erates a Feller semigroup ®; in C (Rd ). Suppose the control parameters « and
belong to certain metric compact spaces, an integral payoff is specified by a function
g(x,a, B), and the control of the process can be carried out by controlling the ad-
ditional drift f(x,a, B). This leads (see any textbook on stochastic control) to the
Cauchy problem for the stochastic Hamilton—Jacobi—Bellman (HJB) equation

95 LS+ H 05 (7.77)
= X, — .
ot dx

where

H(x, p) = max min (f(x,a,ﬂ)a—s + g(x,a,ﬂ)) )
a B dax

If the process generated by L has a heat kernel (Green function) G (z, x, £), it is often
easier to work with the mild form of the HIB equation

9Ss(§)
3
which, according to Duhamel principle (see Theorem 4.1.3), is formally equivalent

(i.e. when both solutions are sufficiently smooth) to solving equation (7.78) with the
initial data Sp.

S (x) =/G(t,x,§)S0(§)d§+/o ds/G(z—s,x,g)H(g, )dg, (7.78)
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Theorem 7.8.1. Suppose

(i) H(x, p) is Lipschitz in p uniformly in x with a Lipschitz constant k, and
|H(x,0)| < hfora constant h and all x;

(i) the space Colo (Rd) is invariant under ®; and the operators ®; form a strongly
continuous semigroup in the Banach space CJ (R9);

(iii) the operators ®; are integral with an integral kernel (heat kernel or Green func-
tion) G(t, x, €), of class CL, (R?) with respect to x and such that

sgp /Ot ds/ (‘%G(s,x,é)‘ + IG(s,x,E)l) dé = o(1) (7.79)

fort > 0.
Then for any So € CL, (R?) there exists a unique solution S;(x) of equation (7.78),
which is of class Colo (R%) forall t.

Proof. Recall that C([0, T], CL (R?)) denotes the space of continuous functions 7 >
¢r € Colo(Rd) with the norm

[p.l = sup |dellcrway-

t€l0,7T]

Let Bgo denote the closed convex subset of C([0,T],CL (R?)) consisting of func-
tions with a given ¢9 = Sp. Let ¥ be a mapping in Bg:o given by the formula

t ds
v = [ Gex o3 + [ dS[G(f—S’x’f)H( %) o

In fact, it follows from assumptions (i)—(iii) that ® maps B£> into itself, because these
assumptions imply the inequality

[¥: (@)l crray < 1 TeSollcrray + 0(t)(h + « sup lésllcrway)-
S=

Fixed points of W are obviously solutions of equation (7.78). By (7.79), for ¢!, 2 €
BT
So’

196" = V@)l o1 ey < 00 sup [V = Veiel.
s<
where V denotes the derivative with respect to the spatial variable x. Hence @ is a

contraction in Bb?o for small enough 7', and consequently it has a unique fixed point.
For finite ¢, the solutions are constructed by iteration, as usual in such cases. O
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It is not difficult to see that a classical solution to the HIB equation, which belongs
to D for all times, solves the mild equation (7.78). Thus Theorem 7.8.1 provides
bypassing the uniqueness result for the solutions of the HIB equation. However, in
order to conclude that a solution to (7.78) actually solves the HIB equation (7.77)
one has to prove that it actually belongs to D, and in order to be able to do this,
additional regularity assumptions on the semigroup ®; are needed. Next theorem
gives an example of such assumptions.

Recall that we denote by Cijj (]Rd) the Banach space of Lipschitz continuous func-
tions on R? equipped with the norm

I/ llLip = sgplf(x)l + sup | f(x) = fO)I/|x =yl

xX#y

Theorem 7.8.2. Under the assumptions of Theorem 7.8.1 suppose additionally that
€
|H(x1, p) — H(x2, p)| = K|x1 — x2|(1 + [p]) (7.80)
with a certain constant K;

(i) D = Cozo (Rd) and the operators ®; are uniformly bounded for finite times as
the operators in the Banach space C2, (R%);

(iii) fort > 0, G is continuously differentiable in t, ®; maps the space Cj, (Rd) to
c2 (R%), and

<o®)l¢llLip (7.81)
C2(RY)

H / G(t.x. E)p(E) dE

forall ¢ € Crip (Rd), where w(t) is a positive integrable function of t > 0.

Then, if Sy € Cgo(Rd), the unique solution S;(x) of equation (7.78) constructed
in Theorem 7.8.1 belongs to COZO (]Rd) forallt > 0 and represents a classical solution
of the HIB equation (7.77).

Proof. Let Bg(’)R’Z denote a subset of Bg:o consisting of functions, which are twice
continuously differentiable in x with

sup [[¢¢llc2 (ray = R.
t<T

From (7.81) it follows that
t

[W: @)l c2ray = 1 TeSollc2ray +/0 w(s)ds(k + k) Slift)||V¢S”Lip- (7.82)
S=

Hence W maps B;’)R’z to itself whenever

T
sup @7 S0l c2(r4) +/ w(s)ds(& + k)R < R
t<T 0
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orif
-1

T
R > sup ||q>tS0||C2(Rd)(1 —/ w(s)ds(k + K)) , (7.83)
t<T 0

where T is reduced, if necessary, to make the dominator on the r.h.s. positive. By
Theorem 7.8.1, for any So € C2 (R?), the iterations W* (Sg) (of course, S here is
considered as embedded in Bg as a constant, in ¢, function) converge, as n — 00,
to the unique solution S; (x) of equation (7.78). Moreover, by the above argument, if
||S0||Cgo ®re) = R with R satisfying (7.83), then all iterations also belong to Bg(’)R’z.
Consequently, the limit S;(x) € Bgo has an additional property that its derivatives
in x are Lipschitz continuous with the Lipschitz constant bounded by R. Hence it
follows from (7.82) and equation (7.78) that S; (x) is twice continuously differentiable
in x and hence represents a classical solution to the HIB equation (7.77). m|

By Theorem 7.5.1, the ‘stable-like’ operator
L = —a(x)|V|*®u+ (b(x). V f(x)) + /R iy SN @vixdy) (78

where (i) infa(x) > 1 and a, o satisfy the requirements of Theorem 7.5.1, (ii) b, v
satisfy the requirements of Theorem 5.1.1, fits into the conditions of Theorem 7.8.1.
As it follows from Section 7.6 the additional regularity conditions needed for the va-
lidity of Theorem 7.8.2 follow from the appropriate additional regularity assumptions
on the coefficients of the stable-like operator L.

Remark 53. Showing that a classical (smooth) solution of the HIB equation yields a
solution to the corresponding optimization problem is a standard procedure, called the
verification theorem, see Fleming and Soner [114]. Moreover, by Theorem 7.8.1, the
solutions to the mild form of HJB equation form a semigroup, and hence, according to
a general result of control theory, see Theorem 5.1 in Chapter 2 of Fleming and Soner
[114], represent viscosity solutions, closely related to the corresponding optimization
problem.

The fixed-point argument used above for proving well-posedness of HIB equation
have a straightforward extension to time non-homogeneous situations. Notice how-
ever, that in applications to optimal control, the Cauchy problem for HIB equation
is usually given in inverse time. In time-homogeneous situations, one can easily re-
formulate it as a usual Cauchy problem by time reversion (which is often done in
practice). But in time non-homogeneous cases, one has to stick to the inverse time
formulation, as we are going to do now.

Namely, consider the time non-homogeneous stochastic HIB equation

0S 0S
— 4+ L;S+Hilx,— ) =0, t<T, (7.85)
ot ox
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with a given S|;=7 = S, where H; is a time-dependent family of functions on
R24 and L, a time-dependent family of conditionally positive operators in Coo (Rd).
If the family L, generate a backward propagator {U’"} on some common invariant
domain D C Colo(Rd) (see Section 1.9 for definitions related to propagators), one
often introduces the following mild form of HIB equation (7.85):

T
&=W1&+/I%WJN&QM& (7.86)
t

If U are integral operators with kernels G(z, s, x, y), then equation (7.86) can be
written in the form

_ r 9S5(§)
Si(x)= | G, T,x,§)So(§)dE + ds | G(t,s,x,E)H| &, 9% dg.
t
(7.87)
The proof of the following two results is almost literally the same as the proof of
Theorems 7.8.1, 7.8.2 and is omitted.

Theorem 7.8.3. Suppose

(1) Hy(x, p) is continuous in t and Lipschitz continuous in p uniformly in x and t
with a Lipschitz constant k, and |H;(x,0)| < h for a constant h and all x, t;

(i) the operators U™ form a strongly continuous backward propagator in the Ba-
nach space Cc}o (Rd ),

(iii) the operators U'S are smoothing, in the sense that they map Coo(R?) to
Colo(]Rd)fort <s, and

U dll e ay < @(r = DIl may (7.88)

fort < r < T, with an integrable positive function w on [0, T].

Then for any So € CL (R?) there exists a unique solution S (x) of equation (7.86),
which is of class Colo(Rd)for allt.

Theorem 7.8.4. Under the assumptions of Theorem 7.8.3 suppose additionally that
(1) (7.80) hold for all H; uniformly in t;

(i) D =CZ (R?) and the operators U"S are uniformly bounded for finite times as
the operators in the Banach space C2, (R9);

(i) Ly are bounded operators D — Coq (Rd) that depend continuously on t, U"*
maps the space CLip(Rd) to CZ RY) fort < s, and

U ¢l c2, ey < @ = Dll¢llLip (7.89)

forall ¢ € Cpip(R?).
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Then, if So € C2, (R?), the unique solution S;(x) of equation (7.86) constructed
in Theorem 7.8.3 belongs to CozO (Rd)for allt > 0 and represents a classical solution
of the HIB equation (7.77).

To apply these results to time nonhomogeneous stable-like process one has to use
the corresponding time non-homogeneous extensions of the theory of Section 7.6.
This extension is more or less straightforward and is discussed in Kolokoltsov [192]
and [196]. Of course, the conditions of Theorems 7.8.1-7.8.3 are satisfied for L;
generating non-degenerate diffusion processes with sufficiently smooth coefficients.

7.9 Application to Langevin equations driven by a stable
noise

As we already mentioned, the system of SDE dx = vdt, dv = dBy, describes
a behavior of a Newtonian particle with the white noise force and velocity being a
Brownian motion. The process (x, v) is often called a physical Brownian motion or
Kolmogorov’s diffusion. It is a Gaussian process with transition probability densities
that can be written in a simple closed form. Its natural extension to the stable case is
described by a process solving the corresponding stable noise driven Langevin equa-
tion dx = vdt, dv = dWf, where W% is an a-stable Lévy motion. Like with
the stable motion itself, the corresponding transition probabilities cannot be written
in closed form. However, one can obtain their asymptotic expansions. We shall not
develop here this story fully, but discuss only finite distance asymptotic expansions in
symmetric case.
Thus, suppose W/ is the simplest ¢ -dimensional a-stable process, so that

EeYWe — p—olyl®

witho > 0, «a € (0,2).
The solution (X, V;) of the corresponding Langevin equation with the initial con-
dition (x¢, vo) is
Xy =x0 +1tvg + fé W& ds,
{Vt =g + Wta.

Like with the stable laws, the starting point for the analysis of the densities is the
explicit expression for the characteristic function of the process (X, V¢), which is
given by

¢x,v(p.q.1) = EexplipX; +iqV;}
1

= exp {ip(xo + tvg) +iqvo—at/ lg + stp|* ds}. (7.90)
0



346 Chapter 7 Heat kernels for stable-like processes

This expression can be easily obtained from the methods of stochastic integration
with respect to stable random measure developed in Samorodnitski and Taqqu [288]
(details are given e.g. in Kolokoltsov and Tyukov [204] and will not be reproduced
here). Hence the transition density of the process (X;, V;) is given by the Fourier
transform

1
St(x,v;x0,v0) = W/dl)dq

1
X exp {—ip(x —xo—tvg) —iq(v—vo) — 0ot / lg + stp|® ds}. (7.91)
0

Proposition 7.9.1. (a) For any t > 0, the density (7.91) is well defined and is an
infinitely smooth function of x, v such that

Sy (x,v; x0, Vo) < Ca, d)t 4 (10)24/ (7.92)

with C(a) being a constant depending only on «.
(b) Fora € (1,2) the density (7.91) is a holomorphic function of x, v.

(c) Finally, the density (7.91) can be represented via an explicit asymptotic power
series (given below) which is absolutely convergent for o € (1, 2).

Proof. Let us start with the case d = 1. Changing p to w = tp/q in (7.90) yields for
St(x,v; X0, vg) the expression

1

(2m)2t // deLU|Q|eXP{—iQ[%(X—Xo—lvo)—{—(v_vo)}_O.Z|q|a](w)}’ (7.93)

where /(0) = 1 and

1

1

1(w)=/ 11+ sw*ds = ——— (1 +w|"¥sgn(1 + w) — 1), w #0.
0 UJ((X+1)

Notice that /(w) is a bounded below (by a strictly positive constant) function that
behaves like |z|* /(1 4+ «) for z — oo.
Next, changing the variable of integration ¢ to g[tol (w)]'/® in (7.93) yields

1
S¢(x,v;x0,00) = — f(tol(w))_z/a dw (7.94)
2rt
—1/a w
o (ot L s t00) + 0= )|
where the function ¢ introduced at the end of Section 7.1 is given by

1 o0 . o 1 [ «
%mm=—]'w%“%”w=—/y%mWwww
T T Jo

27 J oo
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Since the function ¢, is clearly uniformly bounded, it follows that S;(x, v; xg, vo)
is well defined and enjoys the estimate (7.92). Moreover, from expansion (7.12) it
follows that S; is given by the asymptotic expansion

R (—1)mr(2m+2)

o

2m
X /(zal(w))_z(m“)/“ [?(x — X0 —tvg) + (v — vo)} dw,

which can be written as

1 = (=D" _ (2m+2\
r C
2t mX: Z 2m)! ( o ) 2m

=0/=0

1
—Xx0—1
x (10)CmAD/a(y _ yg)2m=l [xx‘;—”"} Q. (7.95)
where Czlm are binomial coefficients and
Qm = / wh (I(w))20m D/ gy,

As these integrals are convergent and bounded by w”* with some @ uniformly in / and
m, all claims follow.
Let now d be arbitrary. Introducing spherical coordinate |p|, p = p/Ipl, lql.§ =

q/1ql, and using
g + tsp|® = (¢ + 2ts(q, p) + 125?p*)*/?,

allows one to rewrite (7.91) as
S . d d d d—1 d—1
t(x,v: X0, v0) = (on )2d Iql Ipl q plgl®lpl
XCOS(IPI(p’x—XO—tvo)-i-Iql(q,v—vo))
1
cenp (ot [ a2+ 25tlal ple + 252 p2y" ds .

where t denotes the cosine of the angle between ¢ and p. Next, as in one-dimensional
cases, change |p| to w = t|p|/|q| yielding

1 o0 00 ~ B 3 B
St(x,v:x0,v9) = (271)71’1/0 dlql/o a’w/Sd_1 a’q/:gd_l dplq?4 w1

 cos (|q|[?(ﬁ, X —Xo—1v0) + @ v — m)D expl—otlq|*I(z. w)}.
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where

1
I(zr,w) =/ (1 + 2swt + s2w?)*2 ds.
0

Finally, changing |¢| to r = |¢|(ot1(z, w))/* yields
n * d—1 2d)
. — = = d— —2d/a
St(x,v;x0,v0) = W/O dw /Sd_l dq /:gd_l dpw®  (tol(z,w))

X Pad—1 ((m](r, w))_l/“[%(ﬁ, X —x9—tvg) + (g, v — vo)},a). (7.96)

The proof is now complete again by the properties of the function ¢, ;1. m|

7.10 Comments

The extension of one-dimensional asymptotic expansions of stable laws to the finite-
dimensional case was obtained in Kolokoltsov [178], while the main term of the
large-distance asymptotic was previously calculated in Blumenthal, Getoor [61] and
Bendikov [43] and in particular cases by S. Chandrasekhar [75]. Turning to transition
probability densities (Green functions) for stable processes with varying coefficients,
in the case of a fixed index o > 1, let us first mention that the existence of the
transition probability density for such a process was first proved in a more general
framework by Kochubei [165], based on the theory of hyper-singular integrals from
Samko, Kilbas and Marichev [286]. For variable index « the existence of a measur-
able density was proved by Negoro [253] and Kikuchi, Negoro, [163] for uniform
spectral measure and infinitely smooth coefficients.

Our exposition follows essentially Kolokoltsov [178], [179], where the existence of
a smooth density for the case of variable o was proved under mild regularity assump-
tion on the coefficients (Holder continuity), and global (in space) bounds and local
multiplicative asymptotics for the density were provided. In the latter paper also the
extension to nonuniform symmetric spectral measures was developed, i.e. for gener-
ators of the form | |(s, V)¢S (x, 5) ds (with a continuous symmetric in s € $4~1
function S(x, s)) instead of |V|*™). The extensions to the time-dependent case and
to stable-like generators perturbed by integral generators, i.e. having form

ou

a7 = (A0, Vu() —a)VI*Ou(x) + / (u(x + y) —u(0)) f(x, ) dE,

are developed in Kolokoltsov [192] and [178]. It is worth stressing that the basic
idea of reconstructing the exact heat kernel of stable processes from its asymptotic
approximation is the same as for diffusions. For non-degenerate diffusions it was
seemingly first introduced by P. Lévy. With some modifications it works also for
degenerate and complex diffusions, see Sections 9.5, as well as the book [179] and
bibliography therein.
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In Chapter 6 of [179] one can also find the analogs of the small diffusion or quasi-
classical asymptotics for truncated stable-like processes, namely the asymptotics as
h — 0 to the Green function of Markov processes with generator

0 h 0
Lu(x) = (A(x), %) T %/}R [u(x ) U0 - (s, %)] b(x.dE).

where
v(x. d€) = G(X) g <a(n (EDIE[T T dé.

An approach to obtaining bounds for stable-like kernels and certain their extensions
based on the Poincaré inequality was developed by Chen, Kim and Kumagai [82]. The
analysis of stable-like processes by means of the martingale problem approach was
carried out in Bass [28] and Bass and Tang [33], see also Abels and Kassmann [1].
For an approach based on Dirichlet forms and the related notion of the carré du champ
operator we refer to Barlow et al [27] and Uemura [313] and references therein, for
numerical analysis to Zhuang et al. [326]. A study of the related Harnack inequality
was conducted in Song and Vondracek [297].

Extensions to related classes of nonlinear equations are numerous, see e.g. Bran-
dolese and Karch [68], where asymptotic expansions are developed for solutions to
the equation

deu + (—A)*2u + V(f () =0,

with 1 < o < 2, or Truman and Wu [310], devoted to the equation
(0 — ADu + dxq(u) = f(u) + &) Fr x.

where A generates a strong Feller semigroup and F' is a Lévy space-time white noise,
or Kolokoltsov [192], devoted to rather general interacting stable-like processes.

For infinite-dimensional extensions we refer e.g. to Chen and Kumagai [85]. Esti-
mates for heat kernels of stable-like processes on d-sets (which are defined as closed
subsets F' of R", 0 < d < n, equipped with a Borel measure p such that, for some
constants C, > C; > 0, the u-measures of balls centered at any point from F and
with any radius r belong to the interval [C 1, Czrd]), are obtained by Chen and Ku-
magai [84]. These d -sets arise naturally in the theory of function spaces and in fractal
geometry. An extension into a different direction can be performed by applying the
Feynman—Kac formula, see Wang [315] and references therein.

Applications of the stable-like heat kernel estimates to the analysis of the scaling
limit behavior of periodic stable-like processes can be found in Franke [116], and to
optimization and finance in Bennett and Wu [47].

On the intersection of the themes developed in this and the preceding chapters lies
an interesting topic of censored stable and stable-like processes, that represent stable-
like processes forced to stay inside a given domain, see Bogdan, Burdzy and Chen
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[62], Chen, Kim and Song [81], [83]. These censored stable-like process, in an open
domain D of ]Rd, can be defined via the Dirichlet forms

C(x,y)
|x—y|d+0‘

£ =3 [ [ 0 —uene o) dxdy,

where C(x, y) is a bounded function on D x D.

Stochastic control is of course widely developed. However, the mainstream of re-
search on Markov controls is still devoted mostly to either Markov chains, see e.g. Yin
and Zhang [321], Guo and Hernidndez-Lerma [124], Herndndez-Lerma and Lasserre
[129] and references therein, or diffusion processes, see Bensoussan [48] or Yong
and Zhou [322] and references therein. More difficult analysis of general controlled
Markov process is slowly developing, stimulated mostly by the needs of financial
mathematics, where Lévy processes are firmly establishing themselves.

Our Theorem 7.8.1 is an extension to stable-like processes of a result from Dro-
niou and Imbert [103] devoted to nonlinear equations arising from controlled stable
processes. On the other hand, Theorems 7.8.3 and 7.8.4 extend to general Feller
processes with a smoothing propagator (including stable-like processes) some known
results from the control of linear and nonlinear diffusions, see e.g. Huang, Caines
and Malhamé [135], [136], where such result was obtained as an intermediate step
in the analysis of controlled interacting diffusions. Our approach is different, as it is
direct and does not rely on the control theory interpretation and related tools (like the
verification theorem). Similar results are obtained in Jacob, Potrykus and Wu [144],
where the authors study the solutions of the related nonlinear equations in spaces of
integrable functions.

As in the analysis of Markov processes themselves, in analyzing general controlled
processes, a crucial simplification is achieved by assuming the presence of a non-
degenerate diffusion term that induces a regularizing effect on the dynamics. Under
this assumption an existence and uniqueness result for the classical solutions of the
HIJB equation can be found e.g. in Mikami [246] or Garroni and Menaldi [119].

Of course, in many situations the classical solutions to general nonlinear integro-
differential HIB equations do not exist, and one needs an appropriate notion of a
generalized solutions. These solutions can be introduced via vanishing viscosity ap-
proach, see e.g. Fleming and Soner [114], [296] or Ishikawa [139] and references
therein, or via the so called idempotent or max-plus algebras, see e.g. Fleming and
McEneaney [113], Kolokoltsov and Maslov [200], [201], Litvinov [224], Akian,
David and Gaubert [2], or Akian, Gaubert and Walsh [3].



Chapter 8
CTRW and fractional dynamics

Suppose (X1, T1), (X2, T2), ... is a sequence of i.i.d. pairs of random variables such
that X; € R4, T; € R4+ (jump sizes and waiting times between the jumps), the
distribution of each (X;, T};) being given by a probability measure ¥ (dx dr) on R4 x

R+. Let
n
N; =max{n:ZTi 51}.

i=1
The process
Sy, =X1+Xo 4+ + Xy, (8.1)

is called the continuous time random walk (CTRW) arising from .

Of particular interest are the situations where 7; belong to the domain of attraction
of a B € (0, 1)-stable law and X; belong to the domain of attraction of a @ € (0, 2)-
stable law. Here we extend the theory much further to include possible dependence of
(T, Xn) on the current position, i.e. to spatially non-homogeneous situations.

As a basis for our limit theorems, we develop the general theory of subordination
of Markov processes by the hitting-time process, showing that this procedure leads
naturally to (generalized) fractional evolutions.

After two introductory sections, we demonstrate our approach to the limits of
CTRW in Section 8.3 by obtaining simple limit theorems for position-dependent ran-
dom walks with jump sizes from the domain of attraction of stable laws. Section 8.4
is devoted to the theory of subordination by hitting times. Finally in Section 8.5 we
combine the two bits of the theory from Sections 8.3 and 8.4 giving our main results
on CTRW.

By a continuous family of transition probabilities (CFTP) in X we mean as usual
a family p(x;dy) of probability measures on X depending continuously on x € X,
where probability measures are considered in their weak topology (i, — @ asn —
oo means that (f, u,) — (f, 0) asn — oo forany f € C(X)).

8.1 Convergence of Markov semigroups and processes

Let Q2 be a locally compact space. For any & > 0, let 25, C 2 be a closed subset. In
basic examples Q = R and €, either coincides with Q or is a lattice in R¢ with
steps in each direction depending on /. By mj; we shall denote here the projection
Co(R2) = Coso(f2p) obtained by restriction. We shall mostly need the case with
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Qj = , but for numerical calculations and simulations the case of €2 a lattice is
important.

Theorem 8.1.1 (Convergence of semigroups with rates). Let T; be a Feller semigroup
in Coo(S2) with generator L and B be a dense invariant (under Ty) subspace of the
domain of L such that B is itself a normed space under a norm ||.||p and

IT: fllB < c@l flr (8.2)

Jorall f, for some non-decreasing continuous function ¢ on R4.

(1) Let Tth be a Feller semigroup in Coo(2y,) with generator Ly having domain
containing wy B such that

I(Lpmp —mp L) f I = 0D f 1B (8.3)

with w(h) = o(1) as h — 0 (i.e. w(h) — 0as h — 0). Then for anyt > 0
and f € Cxo(R2) the sequence Tsh f converges to Ts f as h — 0 uniformly for
s € [0, 1], in the sense that

sup | Ty f —mp Ts fIl = 0, 7 — 0 (8.4)

s<t

(in case Q = K this is the usual convergence in Co(S2)). Specifically, if
f € B, then

t
sup T f = mn To f 1) < w(h)/ c(s)ds|l fls- (8.5)
s=< 0
(ii) Let a function h(t), T > 0, be specified (that defines the scale of approximation

in the space, which is appropriate to a given time step T ), together with a family
U?" of contractions in Coo(2p (7)) such that

Ut —1
H( Th(z) — 7Th(r)L)f

=o@|fls. (8.6)

T

where lim; o w(t) = 0. Assume also that the limit defining L is uniform on
bounded sets of B, more precisely that

‘T,f—l

f—-Lf

with lim; g k(t) = 0. Then for all f € Coo(R2)

t =) f 15 87

kt
U™ mh) f = 7t T S| < (k(2) + w(f))/o c(s)dsll fls,  (8.8)

and
im sup [|(USY D0y £ = 7y Ts £ = 0. (8.9)

1
h—0 s<t
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Proof. In case 2 = Q the required statement follows from a more general, time
non-homogeneous, Theorem 1.9.5. In our new setting of different Banach spaces for
approximating semigroups, we shall still follow the same reasoning.

(i) For f € B

td
Timnf =mTef = =T{mTof Iy = = /0 (T Ty) f ds
t
= /0 Tth_s(thrh — n’hL)Tsf ds.
Consequently, by (8.3)

t t
70 = mifof 1 < [ W = maDTs £ ds = [ w017 f L d,
implying (8.5) by (8.2). Convergence for all f € Coo(£2) follows now as usual by

approximation of f by the elements of B.
(i1) Notice that (8.7) is equivalent to

1 t
H;/O (Ts—l)Lf‘

t
T,f-f:sz+/0 (Ts — V)L f ds.

Consequently, by (8.6) and the equations

ds < k()| fls.

because

T
Uty —nmpTy = (U — Dmy, —nh/ TsL ds
0

T
=U" - Da, —tmL —my, / (Ty — 1)L ds,
0

one concludes that

10 thr) f = wnmy Te f 1 < Tk (D) + 0 @) f 18- (8.10)
Consequently, since
U™ ey — 7o The
_ Urkﬂh(r) _ Ur(k_l)ﬂh(r)Tr + Ur(k_l)nh(r) T, — Ur(k—Z)nh(r) Ty
+ -+ Utmtp) Tk—1)r — Th(r) Tkr
_ Ut(k_l)(Uroh(r) — 7oy Te) + Uf(k_z)(Urﬂh(r) — o) To)Te
+ o+ (Ut — They T) Tk—1)e
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it follows from (8.10) that

U™ mtney f = 7wy T S|
<tk (r) + 0@ fllB(1 + c(x) + c2r) + -+ + c((k — 1)),

implying (8.8) by the assumed monotonicity of ¢(¢). The last statement follows again
by approximation. m|

8.2 Diffusive approximations for random walks and CLT

Let p(x, dy) be a continuous family of transition probabilities in R such that
/yp(x,dy) =0, sgp/|y|3p(x,dy) =C <oo. (8.11)

Consider the family of jump-type Markov process Z i’ (1), h > 0, generated by
L) = 35 [ (0 ) = FCeDp(xiay). 8.12)

For each h the operator Ly, is bounded in Coo(R?) (the second assumptions in (8.11)
ensures that Coo(R?) is invariant under L) and hence specifies a Feller semigroup
there (see Theorem 3.7.3 for its properties). If p does not depend on x,

ZE0) =x +h(Y1 4+ Yy,)

is a normalized random walk with i.i.d. ¥; being distributed according to p and the
number of jumps N, being a Poisson process with parameter 4 =2, so that EN; = h~2.

We are also interested in the discrete Markov chain ST (k), k € N, with the transi-
tion operator

UTf(x) = / Fx + VT p(x.dy).

If p does not depend on x, this Markov chain is represented by the sum (normalized
random walk)
Sik) =x+ V/T(Y1 + -+ Yp).

On the other hand, let

1 02
Lf = E/tr (a(x)W];), aij(x) = /yiyjp(x,dy)- (8.13)

Assume that the matrix square root (x) = +/a(x) is well defined with elements
belonging to C3 (Rd). By Section 4.6, L generates a semigroup 7; specifying a

diffusion process in R4 such that Cozo N Cinp (Rd) is an invariant core, and

k(T f) =cw(f). NTrlcz = cOllfllcz, (8.14)
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for some continuous ¢(z), where «( f) for f € Cfip denotes the Lipschitz constant of
its second derivative.

Theorem 8.2.1 (CLT for position-dependent random walks). Assume that the ma-
trix square root o(x) = /a(x) is well defined with elements belonging to C3(R%).
Then the semigroup Tth generated by Ly, and the discrete semigroup (UT*)[t/T]
both converge to the semigroup Ty generated by L. And more specifically, for f €

CZ, N CE (RY)
t
sup T 7n f —mnTs £ < CO(h)/o c(s)ds| fllB. (8.15)
and
kt
U™ 7wy f = Toney Tee £ < (6 (1) + w(f))/o c(s)dsll fB- (8.16)

Proof. From the Taylor series estimate

1 1
g(h) — g(0) — g'(0)h — Eg”(O)h2 < glc(g)h3,

where « denotes the Lipschitz constant of g”, one gets from (8.11), (8.12), (8.13) that

h
ILf = Lf| = 2CK(/).

with «(f) the Lipschitz constant of f”. The rest is a consequence of (8.14) and
Theorem 8.1.1. o

Corollary 18 (Functional CLT with convergence rates). If a(x) is the unit matrix for
all x, then c(t) = 1 in (8.14), implying the estimate

kt
1U* by f = 7wy T £ 1| < (k(z) + w(f))/o c(s)ds|| flB- (8.17)

According to Section 4.8 the convergence of semigroups can be recast in terms of
the convergence of distributions on the space of cadlag trajectories, showing that the
distributions of the processes Z”(¢) and S7([t/t]) converge to the distribution of the
diffusion process generated by L.

8.3 Stable-like limits for position-dependent random walks

For a measure j(dy) in R? and a positive number &, we denote by u(dy/h) the
scaled measure defined via its action

/ ¢()uldz/h) = / g(hy)u(dy)

on functions g € C(R9).
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For a vector y € R? we shall always denote by j its normalization j = y/|y|,
where |y| means the usual Euclidean norm.

Fix an arbitrary & € (0,2). Let S : R4 x §4-1 R4+ be a continuous pos-
itive function that is symmetric with respect to the second variable, i.e. S(x,y) =
S(x,—y). It defines a family of «-stable d-dimensional symmetric random vectors
(depending on x € R%) specified by its characteristic function ¢, with

_ [~ i(p£) _i(P’S)) d|§| oz
Ingx(p) —[0 [gd_l (e p 1 1 ¢ |E|1+aS(X’S)dSE’ (8.18)

where dg denotes Lebesgue measure on the sphere S d=1 1t can be also rewritten in
the form

nge(p) = Cu [ 10BN (x, Byds

for some constant Cy, (see Section 1.4), but for the present discussion the above inte-
gral representation will be the most convenient one.

By Section 4.6 (or Section 7.6 in case of non-degenerate spectral measure S), as-
suming that S(x,s) has bounded derivatives with respect to x up to and inclusive
order ¢ > 3 (if @ < 1, the assumption ¢ > 2 is sufficient), the pseudo-differential
operator

Lf(x) = 1n¢x(——)f()—[ [, e - reniE |'1y_JaS(x,y‘)dsy‘

(8.19)
generates a Feller semigroup 7y in Coo(R?) with the space Llp(Rd yNnCc2 (Rd ) as
its invariant core.

Denote by Z,(¢) the Feller process corresponding to the semigroup 7;. We are
interested here in discrete approximations to 7y and Z(¢).
We shall start with the following technical result.

Proposition 8.3.1. Assume that p(x;dy) is a CFTP in R? from the normal domain
of attraction of the stable law specified by (8.18). More precisely, assume that for an
arbitrary open @ C S4~V with a boundary of Lebesgue measure zero

1
/ / p(x;dy) ~ —a/ S(x,s)dss, n— oo, (8.20)
ly|>n JyeQ on Q

(i.e. the ratio of the two sides of this formula tends to one as n — 00) uniformly in x.
Assume also that p(x,{0}) = 0 for all x. Then

. - . d N
min(1, |y|?) p(x,dy/h)h~% — min(1, | y|?) |y|(|xy—i-|1 S(x,y)dsy, h—0, (821)




Section 8.3 Stable-like limits for position-dependent random walks 357

where both sides are finite measures on R4 \ {0} and the convergence is in the weak
sense and is uniform in x € R4, Ifa < 1, then also

d|yl

min(1, |y))p(x,dy/h)h™* — min(1, yI)MTH/QS(x,y_)dsy', h — 0,

holds in the same sense.

Remark 54. As the limiting measure has a density with respect to Lebesgue measure,
the uniform weak convergence means simply that the measures of any open set with
boundaries of Lebesgue measure zero converge uniformly in x.

Proof. By (8.20)

1
/ [ p(x;dz/h)h™® =/ /_ plx.dy)h™® ~ —a/ S(x,s)dss
Iz|>4 JzeQ Iyl>4/h Jyen aA* Jo

as h — 0. Hence

—a B d|z|
p(x;dz/h)h™% — I S(x,s)dss.
A<|z|<B JzeQ 4zl Jq

Hence p(x;dz/h)h~® converges weakly to |z|~@tVd|z|S(x,z/|z|)ds(z/|z|) on
any set separated from the origin. Consequently, (8.21) follows from the uniform

bound
/ min(1,
|y]<e

for some constant C. In order to prove (8.22), observe that

/ p(x.dy) <Cn™®
|y|>n

v p(x.dy/h)h™ < Ce* (8.22)

for some constant C, uniformly for all x and n > 0 (in fact it holds for large enough
n by 8.20 and is extended to all n, because all p(x,dy) are probability measures).
Hence for an arbitrary € < 1 one has

[ minClyPaptedy/ i = [ 21 pr.dy i
|yl<e lz|<e/h
Representing this integral as the countable sum of the integrals over the regions
/(2" h) <y < e/(2%h),
it can be estimated by
0o 2 o)
Z h2 (i) h_aCha2a(k+1)6_a — Z C62—a2a2—(2—a)k'
= \2kh

k=0

This yields (8.22), since the sum on the r.h.s. converges.
The improvement concerning the case @ < 1 is obtained similarly. m|



358 Chapter 8 CTRW and fractional dynamics

Consider the jump-type Markov process Z fc’ () generated by
1
Ln X)) =5 /(f(x + hy) — f(xX) p(x:dy). (8.23)

For each £ the operator Ly, is bounded in Co (Rd ), and hence specifies a Feller semi-
group Tth there. In case when p does not depend on Xx,

Zhey=x +h(Y1 +---+ Yn,)

is a normalized random walk with the number of jumps N; being a Poisson process
with parameter 2~ %, so that EN; = th™®. In particular, the number of jumps n =
Ny ~ th™® for small h, so that Z"(1) ~ n=Y%(Y; 4+ --- 4+ Yp).

On the other hand, approximations with a non-random number of jumps are spec-
ified by the process ST () = SZ([t]) (by the square bracket the integer part of a real
number was denoted) defined by

STO0)=x, SI()=x+7Y%, ..., SI()=SI( -1+, ...,

where each Y is distributed according to p(S;_1,dy). The corresponding transition
operator

UTf(x) = f £+ TV y) plx. dy)

specifies the discrete-time semigroup UX? f(x) = E f(S “(k)). If p(x;dy) does not
depend on x, then
STn) =x+ V4 + -+ Yy)

is just a standard random walk.

Theorem 8.3.1. Under the assumptions of Proposition 8.3.1, the semigroups Tlh and
U T)[’ /7] converge to the semigroup Ty generated by L. In particular, the correspond-
ing processes converge in distribution.

Proof. By (8.23)

L) = g [ S 42 = fnplssdz/b).

and by Proposition 8.3.1, these operators converge to L f(x) as 4 — 0 uniformly in x
for f € Coo (R%) N C%(R?). Hence our claim follows from Theorem 8.1.1. O

In case of p not depending on x, Theorem 8.3.1 reduces to the known fact on
the convergence of random walks with the distribution of jumps from the domain of
normal attraction of a stable law to the corresponding stable Lévy motion.
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For applications to CTRW a generalization of the above results to multi-scaled
walks is of importance. To this end, we shall discuss the process in R4 x R+ specified
by the generator

o d
£ = [T [ ey - o S S ) dss

+ /Ooo(f(x,u +v) — f(x,u))vl%ﬂw(x,u)dv. (8.24)

Again the results of Section 4.6 imply that if S(x,s) and w(x, u) have bounded
derivatives with respect to x and u up to and inclusive order ¢ > 3, then the pseudo-
differential operator (8.24) generates a Feller semigroup 7; in C (]Rd x R4) (con-
tinuous functions up to the boundary) with the space Cgo_l (Rd x R4) as its invariant
core and hence a Feller process (Y, V) (1) in R? x R .

We shall obtain now the corresponding extension of Theorem 8.3.1.

Theorem 8.3.2. Suppose S(x,s) and w(x,u) have bounded derivatives with respect
to x and u up to and inclusive order g > 3. Let p(x,u; dydv) be a CFTP in R% xR 4,
which is symmetric with respect to the reflection y — —y and for which

p(xui {0} x Ry) + p(x,us R x {0}) = 0.

Assume also that the projections belong to the domain of normal attraction of stable
laws; more precisely, that uniformly in (x,u)

1
[ / p(x,u;dydv) ~ —a/ S(x,u,s)dss, n — oo, (8.25)
ly|>n JyeQ on Q

and 1
/ / p(x,u;dydv) ~ —w(x,u, A), n — oo, (8.26)
v>n J|y|>A ﬁnﬂ

for any A > 0 with a measurable function w of three arguments such that

w(x,u,0) = w(x,u), Alim w(x,u,A) =0 (8.27)
—>0

(so that w(x,u, A) is a measure on Ry for any x, u).
Consider the jump-type processes generated by

(e = = [(Fa e oyt 80 = fleu)p(uidydo). (828)

Then the Feller semigroups 'J',h in Coo(Rd x R4) of these processes (which are
Feller, because £y, is bounded in Coo (]Rd x Ry) for any h) converge to the semi-
group Jz.
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Proof. As in Proposition 8.3.1 one deduces from (8.25), (8.26) that uniformly in x, u

o
d
min(1, P2 [ pC.us dy /o) min(t ), |Ly+'ls<x,y‘)dsy‘, b0,
0 y
(8.29)
and
. _B . dv
min(1, v) p(x,u;dydv/h)h™" — min(1,v)w(x,u, A)———, h — 0.
yl>4 vA+!
(8.30)

Next, assuming f € Cgo(Rd x Ry ) and writing
Lo f(x,u) =141

with
I= %/(f(x + ‘cl/Oly’u) — f(x,u)) p(x,u;dydv)

¥ f (fCeou + /8oy — £(xou) plx. s dydv)
and

1
== /[f(x +oty e VByy — f(x <y )] px, u dydv)

- / Lo+ 280) — fxau)]ple,us dydv),

one observes that, as in the proof of Theorem 8.3.1, (8.29) and (8.30) (the latter with
A = 0) imply that / converges to £ f(x,u) uniformly in x,u. Thus in order to
complete our proof we have to show that the function 7/ converges to zero, as T — 0.
We have

1
= /(g(x + %y uv) — g(x,u,v)) p(x, u;dydv/rl/ﬂ);

with
gx,u,v) = f(x,u+v)— f(x,u).

By our assumptions on f,

lg(x,u,v)| <C min(l,v)(max

%' +max|f|) < C’min(l,v),

ou
and
2
a—g(x,u,v) < C min(1, v)| max ’°f + max % < (:’min(l,v)
ox oudx 0x
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for some constants C and C. Hence by (8.30) and (8.27), for an arbitrary € > 0 there
exists a A such that

1
/ (g(x + rl/“y, u,v) —g(x,u,v))p(x,u; dydv/tl/ﬂ)— <€
ly|>A4 T
and on the other hand, for arbitrary A
1
[ (gx + fl/“y, u,v) —g(x,u, v))p(X,u;dydv/rl/ﬂ)— < 1% gg
lyl<A T

for some constant «, so that II can be made arbitrary small by first choosing large
enough A and then choosing small enough 7. |

Define now the process (Y, V)%, (t/7) = (Y, V)5, ([t/7]), where
Y. V)L, 0) = (xow). (Y.L, () =&+t ut+ Py,
V)W) = 5,0 =D+ @ Py,

and each pair (¥}, V;) is distributed according to p((Y, V)3 ,(j — 1);dydv). If
p(x,u;dydv) does not depend on x, u, then

Y V)5u) = (o) + @Y o4 V) P (V4 V),
The following result is proved similarly to Theorem 8.3.2.
Theorem 8.3.3. Under the assumptions of Theorem 8.3.2, the linear contractions

Ef((Y,V)}u(t/7)) in Coo(R?4 x R4 converge to the semigroup Ty f (x,u) of the
process (Y, V)(t) uniformly on t € [0, to], as T — 0.

8.4 Subordination by hitting times and generalized
fractional evolutions

Let X(u), u > 0 be a Lévy subordinator, i.e. an increasing i.i.d. cadlag Feller process
(adapted to a filtration on a suitable probability space) with generator

o0 d
Af(x) = [0 (Fx + ) = F@Wy) +ak (8.31)

where @ > 0 and v is a Borel measure on {y > 0} such that

/oomin(l, y)v(dy) < oo.
0
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We are interested in the inverse-function process or the first-hitting time process Z(t)
defined as

Zx(t)=Z(t)=inf{u : X(u) >t} = sup{u : X(u) <t}, (8.32)

which is of course also an increasing cadlad process. To make our further analysis
more transparent (avoiding heavy technicalities of the most general case) we shall
assume that there exist € > 0 and 8 € (0, 1) such that

v(dy) =yt Pdy, 0<y<e (8.33)

For convenient reference we collect in the next statement (without proofs) the elemen-
tary (well known) properties of X (u).

Proposition 8.4.1. Under condition (8.33),

(i) the process X (u) is a.s. increasing at each point, i.e. it is not a constant on any
finite time interval;

(ii) the distribution of X (u) for u > 0 has a density G(u, y) vanishing for y < 0,

which is infinitely differentiable in both variable and satisfies the equation

G

— = A*G, (8.34)
ou

where A* is the dual operator to A given by

o 0
lvfu>=[;cﬂx—w—fu»wmo—%§,

(iii) if extended by zero to the half-space {u < 0} the locally integrable function
G(u, y) on R? specifies a generalized function (which is in fact infinitely smooth
outside (0, 0)) satisfying (in the sense of distribution) the equation

88—5 = A*G + 8)8(y). (8.35)

Corollary 19. Under condition (8.33),
(i) the process Z(t) is a.s. continuous and Z(0) = 0;

(ii) the distribution of Z(t) has a continuously differentiable probability density
function Q(t,u) foru > 0 given by

a t
Qmm=—;[ G, y) dy. (8.36)
U J—o0o
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Proof. (i) follows from Proposition 8.4.1 (i) and for (ii) one observes that

t

P(Z(t) <u) =PX(u)>1t) = ft G(u,y)dy =1 —/(; G(u,y)dy,

which implies (8.36) by the differentiability of G. Let us stress for clarity that (8.36)
defines Q(t, u) as a smooth function for all # as long as u > 0 and Q(¢,u) = 0 for
t<0andu > 0. O

Theorem 8.4.1. Under condition (8.33), the density Q satisfies the equation

A*Q = Q (8.37)

foru > 0, where A™ acts on the variable t, and the boundary condition

lim O, u) = —A*6(1), (8.38)
u—>04

where 0(t) is the indicator function equal one (respectively 0) for positive (respec-
tively negative) t. If Q is extended by zero to the half-space {u < 0}, it satisfies the
equation

00

A*Q = S + S(u)A*6(1), (8.39)
u
in the sense of distribution (generalized functions).

Moreover the (point-wise) derivative %—? also satisfies equation (8.37) foru > 0
and satisfies the equation

00 900
A ot ou ot

in the sense of distributions.

+ 8(u )—A 0(t) (8.40)

Remark 55. In the case of a 8-stable subordinator X (1) with the generator

— 1-8
afw =~ [T - fen T e s
one has 5 5
d d
A=——0— A =——o 42
d(—x)B’ dxh (842)
(see Section 1.8), in which case equation (8.39) takes the form
db 0, Q B =B
dt'B =(u )F(l ~5 (8.43)

coinciding with equation (B14) from Saichev and Zaslavsky [285]. This remark gives
rise to the idea of calling the operator (8.31) a generalized fractional derivative.
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Proof. Notice that by (8.36), (8.34) and by the commutativity of the integration and
A*, one has

t9a
0t =~ [ Gy

t

_ /_ (A*G(u. ))(y) dy = —A* / Gu. y) dy.

This implies (8.37) (by differentiating with respect to u and again using (8.36)) and
(8.38), because G(0, y) = 6(y).

Assume now that Q is extended by zero to {u < 0}. Let ¢ be a test function
(infinitely differentiable with a compact support) in R?. Then in the sense of distribu-
tions,

((Gem)ee)= (e (a-))

= lim Oodu/Rdt Q(t,u)(—%—A)q’)(t,u)

e—0 €

*© 0
= lim [/ du/ dt¢(l,u)(— — A*)Q(t,u) —|—/ ¢(t,e)O(t,¢€) dti|.
€e—0 € R ou R
The first term here vanishes by (8.37). Hence by (8.38)

o, - ,
((@—A )Q,¢) ——/Rqs(t,om 6(1) di,

which clearly implies (8.39). The required properties of %—? follows similarly from

the representation
00 G
8—t(l, M) = —E(M, l).

For instance for u > 0

00 0 a9 d 00
=tu)=——A"Gu,t) = ———Gu,t) = ——.
o ) = g ATOM D = g g, O D = 5%
Remark 56. Let us stress that the generalized function Q coincides with an in-
finitely differentiable function outside the ray {# > 0,u = 0}, vanishes on the set
{t < 0,u < 0} and satisfies the limiting condition lim; o, Q(t,u) = &(u). The

latter holds, because for > 0 and a smooth test function ¢

A m|

o0 o0 a o0
| _etapaan= [z [ 6o

=_/0 duqb(u)/t G(u,y)dy%—/o ¢ (w)du = $(0).

ast — 0.
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We are interested now in the random time-change of Markov processes specified
by the process Z(t).

Theorem 8.4.2. Under the conditions of Theorem 8.4.1 let Y(t) be a Feller pro-
cess in R4, independent of Z(t), and with the domain of the generator L containing
Cgo (Rd). Denote the transition probabilities of Y (t) by

T'(t.x.dy) = P(Yx(1) € dy) = Px(Y (1) € dy).

Then the distributions of the (time changed or subordinated) process Y(Z(t)) for
t > 0 are given by

P, (Y(Z()) e dy) = /Ooo T(u,x,dy)Q(t,u)du, (8.44)

the averages f(t,x) = Ef(Yx(Z(t))) of [ € Cgo(Rd) satisfy the (generalized)
fractional evolution equation

ATt x) = =Ly f(t.x) + f(x)A"0(1)

(where the subscripts indicate the variables, on which the operators act), and their
time derivatives h = df /0t satisfy fort > O the equation

d
Ath = —Lyh+ f(x)EA*e(z).

Moreover, if Y(t) has a smooth transition probability density so that T(t,x,dy) =
T(t,x,y)dy and the forward and backward equations

T
%—t(t,x, y) = LxT(t,x,y) = L}T(t,x,y) (8.45)

hold, then the distributions of Y(Z(t)) have smooth density

gt,x,y)= /000 T(u,x,y)Q(t,u)du (8.46)
satisfying the forward (generalized) fractional evolution equation
Ajg = —L;g +8(x —y)A*0(1t) (8.47)
and the backward (generalized) fractional evolution equation
Ajg=—Lxg +8(x—y)A*0(t) (8.48)

(when g is continued by zero to the domain {t < 0}) with the time derivative h =
dg /0t satisfying for the equation

d
Afh = =L3h +8(x = y) - A"0(1) (8.49)
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Remark 57. In the case of a B-stable Lévy subordinator X (u) with the generator
(8.41), where (8.42) hold, the L.h.s. of the above equations become fractional deriva-
tives per se. In particular, if Y(¢) is a symmetric a-stable Lévy motion, equation (8.47)
takes the form

P 3¢ -

t
B8y =) = gogelt.y =) + 80 =g (8.50)

deduced in Saichev and Zaslavsky [285] and Uchaikin [311]. The corresponding
particular case of (8.46) also appeared in Meerschaert and Scheffler [239] as well as
in [285], where it is called a formula of separation of variables. Our general approach
makes it clear that this separation of variables comes from the independence of Y (¢)
and the subordinator X (1) (see Theorem 8.4.3 for a more general situation).

Proof. For a continuous bounded function f, one has for ¢ > 0 that
[e.e]
Ef(Yx(Z(1) = /0 E(f(Yx(Z@)|Z(t) =u)Q(t.u) du

- /0 Ef (Y () Q(t.u) du,

by independence of Z and Y. This implies (8.44) and (8.46).
From Theorem 8.4.1 it follows that for ¢t > 0

Ajg = hm T(u x,»)A;Q(t,u)du = hm/ T(u,x, y) Q(t u)du
/ T(u X, )0, u)du + §(x — y)A*0(1),

where by (8.45) the first term equals —L;g = L,g, implying (8.47) and (8.48). Of
course for < 0 both sides of (8.47) and (8.48) vanish. Other equations are proved
analogously. m|

Now we generalize this theory to the case of Lévy type subordinators X (u) speci-
fied by the generators of the form

o0 d
Af(x) = /0 (fx + ) = FEx.dy) +alo) o (8.51)

with position-dependent Lévy measure and drift. We need some regularity assump-
tions in order to have a smooth transition probability density as in case of Lévy mo-
tions.
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Proposition 8.4.2. Assume that

(i) v has a density v(x, y) with respect to Lebesgue measure such that
Cq min(y_l_Bl,y_l_ﬂz) <v(x,y) < max(y_l_ﬂl,y_l_ﬂz) (8.52)

with some constants C1,Cy > 0and 0 < 1 < 2 < 1

(1) v is thrice continuously differentiable with respect to x with the derivatives sat-
isfying the right estimate (8.52),

(iii) a(x) is non-negative with bounded derivatives up to the order three.

Then the generator (8.51) specifies an increasing Feller process having for u > 0
a transition probability density G(u, y) = P(X(u) € dy) (we assume that X (u) starts
at the origin) that is twice continuously differentiable in u.

Remark 58. Condition (8.52) holds for popular stable-like processes with a position-
dependent stability index.

Proof. The existence of the Feller process follows again from Proposition 4.6.2. A
proof of the existence of a smooth transition probability density can be carried out
in the same way as for symmetric multidimensional stable-like processes, see Sec-
tion 7.5. O

One can see now that the hitting-time process defined by (8.32) with X(u) from
the previous Proposition is again continuous and has a continuously differentiable
density Q(z,u) for t > 0 given by (8.36). However (8.37) does not hold, because
the operators A and integration do not commute. On the other hand, equation (8.40)
remains true (as easily seen from the proof). This leads directly to the following
partial generalization of Theorem 8.4.2.

Proposition 8.4.3. Let Y(t) be the same Feller process in R4 as in Theorem 8.4.3,
but independent hitting-time process Z(t) be constructed from X(u) under the as-
sumptions of Proposition 8.4.2.

Then the distributions of the (time changed or subordinated) process Y(Z(t)) for
t > 0 are given by (8.44) and the time derivatives h = df/dt of the averages
f(t,x) = Ef(Yx(Z(t))) of continuous bounded functions f satisfy (8.49).

Lastly, we extend this to the case of dependent hitting times.

Theorem 8.4.3. Let (Y, V)(t) be a random process in R¢ x R such that
(i) the components Y (t), V(s) at different times have a joint probability density

¢(5,u:Y0,00: Y, V) = P(yg,00)(Y(s) € dy, V(u) € dv) (8.53)

that is continuously differentiable in u for u,s > 0, and
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(ii) the component V(t) is increasing and is a.s. not constant on any finite interval.
For instance, assuming that

C < / S41| (5. 9) %S (xou, $)dss < Co, €1 < w(x.u) < Ca,

the process generated by (8.24) enjoys these properties (by a straightforward
extension of Theorem 7.5.1).

Then

(i) the hitting-time process Z(t) = Zy (t) (defined by (8.32) with V instead of X)
Is a.s. continuous;

(ii) there exists a continuous joint probability density of Y (s), Z(t) given by

a [e.e]
gy(s),z@) (y0,0; y,u) = 5/ ¢(s,u;y,v)dv; (8.54)
t
(iii) the distribution of the composition Y(Z(t)) has the probability density

o0
Dy z@)(y) =/O gy(s),z@) (00, 0; y,5) ds

o0 a o0
:/0 (5/ d(s,u; 9,05 y,v) dv)
t

(iv) in particular, if (Y, V')(t) is a Feller process with a transition probability density
Gyvy (u, yo, Vo, ¥, v) and a generator of the form (L + A) f(y, v), where L acts
on the variable y and does not depend on v (intuition: jumps do not depend on
waiting times) and A acts on v (but may depend on y), then for s > u

ds; (8.55)

u=s

¢(s,u;yo,vo;y,v)=/Gy(s—u,z,y)Gyv(u,yo,vo;z,v)dz, (8.56)

where Gy denotes of course the transition probability density of the component
Y, and

ot

i.e. the time-derivative of the density of the subordinated process equals the
generalized fractional derivative of the ‘time component V' of the integrated
Jjoint density of the process (Y, V). This derivative h = (%d) satisfies instead of
(8.49) the more complicated equation

8 o0
3 Przan(y) = /0 A*Gyy(u, y0,0:y.1)du, (8.57)

oo
(A" + L*)h = 8(y — yo)A*S(v) + [L*. A*] [ Gyv (. 0,0: v, v) dut.
0
(8.58)
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Proof. (1) and (ii) are straightforward extensions of the corollary to Proposition 8.4.1.
Statement (iii) follows from conditioning and the definition of the joint distribution.
To prove (iv) we write for s > u by conditioning at time u

Ef(Yyo(s)’ V(yo,vo)(u)) = E/GY (S —Uu, Yyo (M), y)f(y7 V(yo,vo)) du

=//Gy(s 4, 2:9) £, 0)Gy v (u, yo, v0; 2, v) dy dz dv,

implying (8.56). Consequently
ad > 9
7 Przany) = —/ —/GY(S —u.z,y)Gyyu, yo.0:z,1) dz|y=s ds
ot o Ou
o0
=/ /_(LZGY(S_u»ZaY))GYV(UJ’O»O;ZJ)CZZM:S ds
0

o0
+ / / Gy (s — 1.2, y))(A* + L))Gyy (s y0.0:.1) dz s ds.
0

which yields (8.57), as L cancels due to the assumptions on the form of the generator.
Finally (8.57) implies (8.58) by straightforward inspection. m|

8.5 Limit theorems for position dependent CTRW

Now everything is ready for the main result of this chapter.

Theorem 8.5.1. Under the assumptions of Theorem 8.3.2 let Z*(t), Z(t) be the hit-
ting-time processes for V¥ (t/t) and V(t) respectively (defined by the corresponding
SJormula (8.32)). Then the subordinated processes Y*(Z*(t)/t) converge to the sub-
ordinated process Y (Z(t)) in the sense of marginal distributions, i.e.

Exof(Y(Z%(1)/7)) = Ex0(Y(Z(1))), ©—0, (8.59)
for arbitrary x € R%, f € Coo(R? xR ), uniformly fort from any compact interval.

Remark 59. (i) The distribution of the limiting process is described in Theorem
8.4.3.

(ii)) We show the convergence in the weakest possible sense. One can extend it to the
convergence in the Skorohod space of trajectories using standard compactness
tools from Section 4.8.

(iii) Similar result holds for the continuous-time approximation from Theorem 8.3.2.
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Proof. Since the time is effectively discrete in V(¢ /1), it follows that
Z%(t) = max{u : X(u) <1},

and that the events (Z%(¢) < u) and (V*(u/t) > t) coincide, which implies that the
convergence of finite-dimensional distributions of (Y *(s /1), V¥ (u/7)) to (Y (s), V(u))
(proved in Theorem 8.3.3) is equivalent to the corresponding convergence of the dis-
tributions of (Y *(s/t), Z%(¢)) to (Y (s), Z(2)).

Next, since V(0) = 0, V(u) is continuous and V' (u) — oo as u — oo and because
the limiting distribution is absolutely continuous, to show (8.59) it is sufficient to show
that

PeolY ' (Zg(t)/1) € A] = Pxo[Y(Zk(t)) € A], ©—0, (8.60)

for large enough K > 0 and any compact set A, whose boundary has Lebesgue mea-
sure zero, where

Zk()=Z"(1), K '<Z'(1) <K,

and vanishes otherwise, and similarly Zg (¢) is defined.

Now
K/t
PY"(ZE(n)/t) e Al= Y PVT(k) € Aand Z7(t) € [kz. (k + 1))] (8.61)
k=1/Kzt
and
K/ T(k+1)
rrzeened= > [ar [ eozovods 66
k=1/Kzt A tk
which can be rewritten as
K/ t(k+1)
> /d)// 8y (), z(t)(y.s) ds
k=1/kc’4 Itk
K/ t(k+1)
+ Z /dy[ (8Y(s).2(t) — 8Y(xk),z(1)) (¥, s) ds. (8.63)
k=1/kc’4 Itk

The second term here tends to zero as t — 0 due to the continuity of the function
(8.54), and the difference between the first term and (8.61) tends to zero, because the
distributions of (Y *(s/t), Z*¥(¢) converge to the distribution of (Y (s), Z(¢)). Hence
(8.60) follows. O
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In the case when S does not depend on u and w does not depend on x in (8.24),
the limiting process (Y, V)(¢) has independent components, so that the averages of
the limiting subordinated process satisfy the generalized fractional evolution equation
from Proposition 8.4.3, and if moreover w is a constant, they satisfy the fractional
equations from Theorem 8.4.2. In particular, if p(x,u,dydv) does not depend on
(x,u) and decomposes into a product p(dy)q(dv), and the limit V'(¢) is stable, we
recover the main result from Meerschaert and Scheffler [239] (in a slightly less general
setting, since we worked with symmetric stable laws and not with operator-stable
motions as in [239]), as well as the corresponding results from Kotulski [209] or
Kolokoltsov, Korolev and Uchaikin [198] (put f = 1 in (8.59)) on the long-time
behavior of the normalized subordinated sums (8.1).

8.6 Comments

CTRW were introduced in Montroll and Weiss [248] and found numerous applica-
tions in physics and economics, see e.g. Zaslavsky [324], Meerschaert, Nane and Vel-
laisamy [236], Bening et al [46], Korolev [207], Metzler and Klafter [243], Uchaikin
[311] and references therein. The limit distributions of appropriately normalized sums
S, were first studied in Kotulski [209] in the case of independent 7; and X; (see also
Kolokoltsov, Korolev and Uchaikin [198]). In Bening, Korolev and Kolokoltsov [44]
the rate of convergence in double-array schemes was analyzed and in Meerschaert and
Scheffler [239] the corresponding functional limit was obtained, which was shown to
be specified by a fractional differential equation. The basic cases of dependent 7; and
X; were developed in Becker-Kern, Meerschaert and Scheffler [34] in the framework
of the theory of the operator stable processes (see monograph [238] for the latter).

An important observation that the fractional evolution can arise from the subordina-
tion of Levy processes by the hitting times of stable Levy subordinators was made in
Meerschaert and Scheffler [239]. Implicitly this idea was present already in Saichev
and Zaslavsky [285].

Our extension to (7}, X,) depending on a current position, i.e. to spatially non-
homogeneous situations, is based on [193]. The approach is quite different from
those used in Kotulski [209] or Kolokoltsov, Korolev and Uchaikin [198], Meerschaert
and Scheffler [238] and is based on the general philosophy of the present book: to
study processes from their generators. Analytically, this means using finite-difference
approximations to continuous-time operator semigroups.

A detailed analytic study of the fractional evolution was recently carried out in
Kochubei [166], [167].

In Econophysics, the CTRW model describes the evolution of log-prices, see e.g.
Meerschaert and Scalas [237], Mainardi et al. [227], Raberto et al. [267], Sabatelli
et al. [283]. Namely, let Jy, J»,... denote the waiting times between trades and
Y1, Y5, ... denote the log-returns. The sum 7,, = J; + --- 4+ J, represents the time
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of the nth trade. The log-returns are linked with the prices P(7},) via the relation
Y, = log[P(T,,)/P(T,,—1)]. The log-price at time ¢ is

logP(t) = SN; =Y +.'.+YN[’

where Ny = max{n : T;, < t}. The asymptotic theory of CTRW models describes
the behavior of the long-time limit. Empirical study shows the dependence of the
variables J,, Y;,. They can also depend on S, the position of the process at time n.



Chapter 9
Complex Markov chains and Feynman integral

There exist several approaches to the rigorous mathematical construction of the Feyn-
man path integral. However, most of these methods cover only a very restrictive class
of potentials, which is not sufficient for physical applications, where path integra-
tion is widely used without rigorous justification. On the other hand, most of the
approaches define the path integral not as a genuine integral (in the sense of Lebesgue
or Riemann), but as a certain generalized functional. In this chapter we give a rigor-
ous construction of the path integral which, on the one hand, covers a wide class of
potentials and can be applied in a uniform way to the Schrodinger, heat and complex
diffusion equations, and on the other hand, it is defined as a genuine integral over a
bona fide o- additive (or even finite) measure on path space. Such a measure turns out
to be connected with a jump-type Markov process.

Following our strategy of giving several points of view on the key objects, in the
next two sections we develop two approaches for such a construction in the sim-
plest setting. Afterwards we concentrate on the extension of the second approach
fertilized by the important idea of regularization, whose various versions are dis-
cussed. The applications to the Schrodinger equation are then presented in various
cases including singular potentials, polynomially growing potentials and curvilinear
state spaces.

Let us note finally that the representation of Feynman integrals in terms of the in-
finite sum of finite-dimensional integrals given in Theorems 9.3.1-9.3.3 corresponds
to the general methodology of quantum physics of representing quantum evolutions
(propagators) in terms of the sums over the contributions of the Feynman diagrams.
Each diagram describes a situation with several interactions (specified by the operator
V' in Theorems 9.3.1-9.3.3) that occur at certain random times, between which the
system evolves freely (according to the evolution ¢4 in the abstract formulation of
Theorems 9.3.1-9.3.3).

9.1 Infinitely-divisible complex distributions and complex
Markov chains

We present here a general approach to the construction of the measures on the path
space, which is based on the application of the Riesz—Markov theorem to the space of
trajectories in the (compact) Tikhonov topology. It can be used for the path-integral
representation of various evolution equations.
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Let us recall from Section 1.1 that a complex o-finite measure @ on R is a set
function of the form

pu(dy) = f(y)M(dy) ©.1

with some positive measure M (which can be chosen to be finite whenever p is finite)
and some bounded complex-valued function f (a possible choice of M is |Re u| +
|Im p]). Representation (9.1) can be also considered as a definition of a complex
measure. Though it is not unique, one way to specify the measure M uniquely is by
imposing the additional assumption that | f(y)| = 1 for all y. If this condition is
fulfilled, the positive measure M is called the rotal variation measure of the complex
measure u and is denoted by |u|. If a complex measure p is presented in form (9.1)
with some positive measure M, then ||| = [ | f(y)|M(dy).

We say that a map v from RY x B(Rd ) into C is a complex transition kernel
if for every x, the map A — v(x, A) is a finite complex measure on R?, and for
every A € B (Rd), the map x — v(x, A) is B-measurable. A (time homogeneous)
complex transition function (abbreviated CTF) on R% isa family v, ¢ > 0, of complex
transition kernels such that vo(x, dy) = §(y — x) for all x, where §x(y) = 6(y — x)
is the Dirac measure in x, and for every non-negative s, ¢, the Chapman—Kolmogorov
equation

[ v, dy)ve (v, A) = vy y(x. A)

holds. For simplicity, we consider here only time homogeneous CTF (the generaliza-
tion to non-homogeneous case is straightforward).

A CTF is said to be spatially homogeneous if v¢(x, A) depends on x, A only
through the difference A —x. If a CTF is spatially homogeneous it is natural to denote
v£(0, A) by v;(A) and to write the Chapman—Kolmogorov equation in the form

/ v (d)vs(A— y) = vess(A).

A CTF will be called regular if there exists a positive constant K such that for all
x and ¢t > 0, the norm ||v;(x,.)|| of the measure A + v;(x, A) does not exceed
exp{Kt}.

CTF appear naturally in the theory of evolution equations: if 7} is a strongly con-
tinuous semigroup of bounded linear operators in Ceo (R%), then there exists a time-
homogeneous CTF v such that

T, f(x) = [ ve G dy) £ (). 9.2)

In fact, the existence of a measure v;(x,.) such that (9.2) is satisfied follows from
the Riesz—Markov theorem, and the semigroup identity 757y = Ty, is equivalent
to the Chapman-Kolmogorov equation. Since [ v;(x,dy) f(y) is continuous for all
felCx (]Rd), it follows by the monotone convergence theorem (and the fact that each
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complex measure is a linear combination of four positive measures) that v;(x, A) is a
Borel function of x.

Let us say that the semigroup 7} is regular if the corresponding CTF is regular. This
is equivalent to the assumption that || 7| < eX? for all + > 0 and some constant K.

Now we construct a measure on the path space corresponding to each regular CTF,
introducing first some (rather standard) notations. Let R 4 denote the one-point com-
pactification of the Euclidean space R¥ (i.e. R; = R? U {oo} and is homeomorphic
to the sphere S 4y Let Rg’t] denote the infinite product of [s, ¢] copies of Rd, ie. it
is the set of all functions from [s, #] to Rd, the path space. As usual, we equip this
set with the product topology, in which it is a compact space (due to the celebrated
Tikhonov theorem). Let Cylﬁ,t] denote the set of functions on REIS’” having the form

B it 0O = FO(t0). o ¥ (trt1)

for some bounded complex Borel function f on (]Rd )k *2 and some points ti, J =
0,....,k + 1,suchthats = 1yp < t; <t < -+ <ty < tgy1 = t. The union
Cyls = Ugen Cylﬁ,t] is called the set of cylindrical functions (or functionals) on
Rg’t]. It follows from the Stone—Weierstrass theorem that the linear span of all con-
tinuous cylindrical functions is dense in the space C (Rg’t]) of all complex continuous
functions on ]RE;J]. Any CTF v defines a family of linear functionals v;‘, X € Rd,
on Cyl, ;1 by the formula

vil(¢tf0,...,tk+l) (93)

=/f(xvYL---»Yk+1)Vt1—to(xadJ’1)Vtz—t1()’17dY2)"'Vtk+1—tk()’k7d)’k+1)-

Due to the Chapman—Kolmogorov equation, this definition is correct, i.e. if one con-
siders an element from Cyll[‘s,t] as an element from Cylﬁ';]l (any function of / variables
¥1,-.., Y can be considered as a function of / + 1 variables y1, ..., y;41, which does
not depend on y; 1), then the two corresponding formulae (9.3) will be consistent.

Proposition 9.1.1. Ifa semigroup Tt in Coo (Rd) is regular and v is its corresponding
CTE, then the functional (9.3) is bounded. Hence, it can be extended by continuity to
a unique bounded linear functional v* on C (R[jt]) and consequently there exists a

complex Borel measure D;’t on the path space Rg’t] such that
B = [ FOODEO 04

forall F € C(Rg’t]). In particular,

(T, f)(x) = / FO@)IDE Y ().
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Proof. This is a direct consequence of the Riesz—Markov theorem, because the
regularity of CTF implies that the norm of the functional vy, does not exceed
exp{K(t — s5)}. m]

Formula (9.3) defines the family of finite-dimensional complex distributions on the
path space. It gives rise to a finite complex measure on this path space and to a linear
evolution of marginal measures, and can be called a complex Markov process. Unlike
the case of the standard Markov processes, the generator, say A, of the corresponding
semigroup 77 is not conditionally positive, and the corresponding bilinear Dirichlet
form (Av, v) is complex.

The following simple fact can be used for proving the regularity of a semigroup.

Proposition 9.1.2. Let B and A be linear operators in Coo(R?) such that A is
bounded and B is the generator of a strongly continuous regular semigroup Ty. Then
A + B is also the generator of a regular semigroup, which we denote by Ty.

Proof. This follows directly from the fact that T; can be presented as the convergent
(in the sense of the norm) series of standard perturbation theory

t t N
T; =Ty +/ T;—sATs ds +/ ds/ dvTi—sATs_ ATy + -+ . |
0 0 0

Of major importance for our purposes are the spatially homogeneous CTF. Let us
discuss them in greater detail, in particular, their connection with infinitely divisible
characteristic functions. Let & (Rd ) denote the Banach space of Fourier transforms
of the elements of the space Mc (]Rd) of finite complex Borel measures on R, ie.
the space of (automatically continuous) functions on R4 of form

V) = V) = [ e i) ©.5)

for some 1 € Mc(R9), with the induced norm Vil = [lpll. Since Mc (R%) is a
Banach algebra with convolution as the multiplication, it follows that ¥ (Rd) is also
a Banach algebra with respect to the standard (pointwise) multiplication. We say that
an element f € % (R?) is infinitely divisible if there exists a family (f;, ¢ > 0,) of
elements of ¥ (R?) depending continuously on 7 such that fo = 1, f{ = f, and
ft+s = [t fs for all positive s, ¢. Clearly if f is infinitely divisible, then it has no
zeros and a continuous function g = log f is well defined (and is unique up to an
imaginary shift). Moreover, the family f; has the form f; = exp{fg} and is defined
uniquely up to a multiplier of the form e27? k e N. Let us say that a continuous
function g on R% isa complex characteristic exponent (abbreviated CCE) if ¢® is an
infinitely divisible element of % (R?), or equivalently, if e’% belongs to % (R¥) for
allt > 0.
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Remark 60. The problem of the explicit characterization of the whole class of infinite
divisible functions (or of the corresponding complex CCEs) seems to be quite non-
trivial. When dealing with this problem, it is reasonable to describe first some natural
subclasses. For example, it is easy to show that if f; € F (R) is infinitely divisible
and such that the measures corresponding to all functions f;, ¢ > 0, are concentrated
on the half line R (complex generalization of subordinators) and have densities from
L*(R), then fi belongs to the Hardy space H, of analytic functions on the upper
half plane, which have no Blaschke product in their canonical decomposition.

It follows from the definitions that the set of spatially homogeneous CTF v;(dx) is
in one-to-one correspondence with CCE g, in such a way that for any positive ¢ the
function e’ is the Fourier transform of the transition measure v, (dx).

Proposition 9.1.3. If V is a CCE, then the solution to the Cauchy problem

ou d
—=V{i—|u 9.6
ot (l ay) 00
defines a strongly continuous and spatially homogeneous semigroup Ty of bounded
linear operators in Coo(R?) (i.e. (Ty1uo)(y) is the solution to equation (9.6) with the
initial function ug). Conversely, each such semigroup is the solution to the Cauchy
problem of an equation of type (9.6) with some CCE g.

Proof. This is straightforward. Since (9.6) is a pseudo-differential equation, it follows
that the inverse Fourier transform (¢, x) of the function u(¢, y) satisfies the ordinary
differential equation

oy B
5 (X)) =V (2. x),

whose solution is o (x) exp{V(x)}. Since e*" is the Fourier transform of a complex
measure vs(dy), it follows that the solution to the Cauchy problem of equation (9.6)
is given by the formula (T;u0)(y) = [ uo(z)v;(dz — y), which is as required. |

We say that a CCE is regular if equation (9.6) defines a regular semigroup.

It would be very interesting to describe explicitly all regular CCE. We only give
here two classes of examples. First of all, if a CCE is given by the Lévy—Khintchine
formula (i.e. it defines a transition function consisting of probability measures), then
this CCE is regular, because all CTF consisting of probability measures are regular.
Another class is given by the following result.

Proposition 9.1.4. Let V € F(R?), i.e. it is given by (9.5) with u € M(R?). Then
V' is a regular CCE. Moreover, if the positive measure M in the representation (9.1)
SJor u has no atom at the origin, i.e. M({0}) = 0, then the corresponding measure
Dg’t on the path space from Proposition 9.1.1 is concentrated on the set of piecewise-
constant paths in Rg)’t] with a finite number of jumps. In other words, Dg’l is the
measure of a jump-process.
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Proof. Let W = W)y be defined by the formula
W(x) = / e 7% M(dp). 9.7)
R4

The function exp{t V' } is the Fourier transform of the measure 8o + it + %u * A
which can be denoted by exp* (r11) (it is equal to the sum of the standard exponential
series, but with the convolution of measures instead of the standard multiplication).
Clearly |lexp*(tp)|| < |lexp* (¢ f M)||, where we denoted by f the supremum of the
function f, and both these series are convergent series in the Banach algebra M (Rd).
Therefore |e"?|| < |le"?|| < exp{t f||i||}, and consequently V is a regular CCE.
Moreover, the same estimate shows that the measure on the path space corresponding
to the CCE V is absolutely continuous with respect to the measure on the path space
corresponding to the CCE W. But the latter coincides up to a positive constant mul-
tiplier with the probability measure of the compound Poisson process with the Lévy
measure M defined by the equation

W WGV~ Al 9.8)

where Ayr = M(R?), or equivalently

ou

o = [+ 9 —u0n M. 09

because the condition M ({0}) = 0 ensures that M is actually a measure on R4 \ {0},

i.e. it is a finite Lévy measure. It remains to note that the measures of compound

Poisson processes are concentrated on piecewise-constant paths (see Theorem 3.7.3).
O

Therefore, we have two different classes (essentially different, because they obvi-
ously are not disjoint) of regular CCE: those given by the Lévy—Khintchine formula,
and those given by Proposition 9.1.4. It is easy to prove that one can combine these
regular CCEs, more precisely that the class of regular CCE is a convex cone.

Let us apply the results obtained so far to the case of the pseudo-differential equa-
tion of Schrodinger type

oy , :

o O(—iVY)Yy —iV ()Y, (9.10)
where ®(—i V) is a WDO with a continuous symbol ®(p) having bounded real part
on real arguments:

Re®(p) <c, peR?, 9.11)
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for some constant ¢, and where V' is a complex-valued function of form (9.5). As the
main example we have in mind the equation

Iy
ot

where G is a complex constant with a non-negative real part, ¢ is any positive con-
stant, A is a real-valued vector. In this case ®(p) = —G|p|?>* +i(A, p). The standard
Schrodinger equation corresponds to the case ¢ = 1, G = i, A = 0 and V being
purely imaginary. Our general equation includes the Schrédinger equation, the heat
equation with drifts and sources, and their stable (when o € (0, 1)) and complex
generalizations in one formula. This general consideration also shows directly how
the functional integral corresponding to the Schrédinger equation can be obtained by
analytic continuation from the functional integral corresponding to the heat equation,
which gives a connection with other approaches to the path integration. The equation
on the Fourier transform

= —G(—A)*y + (A, %)w — iV, 9.12)

um = [ ey ds

of ¥ (or equation (9.12) in momentum representation) clearly has the form

0
a—”t’ — d(y)u —iV(iVu, (9.13)
which in case of equation (9.12) takes the form
ad a
Y 6ot i u—iV([is 9.14)
dr dy

One easily sees that already in the trivial case V' = 0, A = 0, « = 1, equation
(9.12) defines a regular semigroup only in the case of real positive G, i.e. only in the
case of the heat equation. It turns out however that for equation (9.14) the situation is
completely different.

Proposition 9.1.5. The solution to the Cauchy problem of equation (9.13) can be
written in the form of the complex Feynman—Kac formula

! 0,1
s = b d D>*q(.), 9.15
u(t. y) /exp{fo (4(0) r}uo(qa» %440) ©.15)
or more explicitly
t
ut.n) = | exp{— /0 [G(q(r)2>“—i(A,q(r))]dr}uo(q(r»D;”q(.) 9.16)

in the case of equation (9.14), where D, is the measure of the jump process corre-

sponding to the equation
w_ (il 9.17)
— =- — |u. .
o~ \'sy



380 Chapter 9 Complex Markov chains and Feynman integral

Proof. Let T; be the regular semigroup corresponding to equation (9.17). By the
Trotter formula, the solution to the Cauchy problem of equation (9.14) can be written
in the form

) = i ((ex0{ Lol Tn) w0 )

) [ n n
= 1im [ exp {; 3 @(qk>}uo(qn) TT ve/n s dai).
k=1 k=1

n—oo

where in the last product gg = y. Using (9.3), we can rewrite this as

— i y . B 0,t
u(t.y) = fim o3 (F) = tim [ Fu@()DY7g0),

where F;, is the cylindrical function

Fu(q) = exp {100 /m) + 0g(21/m) + -+ D] fuolg(0),

By the dominated convergence theorem this implies (9.16). m|

The statement of the proposition can be generalized easily to the following situa-
tion, which includes all Schrédinger equations, namely to the case of the equation
o _ .
T i(A— B)¢,
where A is a selfadjoint operator, for which therefore there exists (according to spec-
tral theory, see any textbook on functional analysis) a unitary transformation U such
that UAU ! is the multiplication operator in some L2(X,du), where X is locally
compact, and B is such that UBU ™! is a bounded operator in Coo(X). We shall
expand on this observation in Section 9.3.

It is of course more convenient to write a path integral as an integral over a positive,
and not a complex, measure. This surely can be done, because any complex measure
has a density with respect to its total variation measure. Explicit calculation of the
density for the complex measure in (9.16) can be found e.g. in [179]. We shall deduce
the corresponding representation with respect to a positive measure in the next section
by using a different, more straightforward, approach.

9.2 Path integral and perturbation theory

In this section we introduce an alternative approach to the construction of path inte-
grals specially suited to the case of underlying pure-jump processes. We begin with a
simple proof of a version of formula (9.15), where the complex measure on paths is
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expressed in terms of a density with respect to a positive measure. This proof clearly
indicates the route for the generalizations that are the subject of this chapter.

We shall work with equation (9.10), where & satisfies (9.11) and V' is given by
(9.5), that is

Ve = V) = [ P utap)
R4
with a finite complex Borel measure p on R that is presented in the form

u(dy) = f(y)M(dy) (9.18)

with a finite positive measure M. The equation (9.10) in momentum representation
(i.e. after the Fourier transform) has the form (9.13), i.e.

ou . . 0
o = d(y)u —zV(z E)u (9.19)

In order to represent Feynman’s integral probabilistically, it is convenient to as-
sume that M has no atom at the origin, i.e. M({0}) = 0. This assumption is by no
means restrictive, because one can ensure its validity by shifting V' by an appropriate
constant. Under this assumption, if

W(x) = / e 77X M(dp), (9.20)
R4

ou 0
i (W(l@) —/\M)u, 9.21)

where Apy = M(R?), or equivalently

ou

o = [+ o -u0) M@, ©22)

defines a Feller semigroup, which is the semigroup associated with the compound
Poisson process having Lévy measure M. Such a process has a.s. piecewise constant
paths. More precisely, a sample path Y of this process on the time interval [0, ¢]
starting at a point y is defined by a finite number, say 7, of jump-times 0 < s1 <
-+- < 5, <t, which are distributed according to the Poisson process N with intensity
Ay = M(R?), and by independent jumps §;. ..., 5, at these times, each of which
is a random variable with values in R? \ {0} and with distribution defined by the
probability measure M/Ajps. This path has the form

the equation

Yo =y, s <87,
Y1 =y+6, 51 <5 <82,
Yy(s) =y + Y,gs'";gs: (s) = . (9.23)

Leee

Yo=y+4+61+8+ -+, sn<s=<t.
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We shall denote by Eg,o’t] the expectation with respect to this process. To visualize
such an expectation, let us introduce some notations. Let PCy (s, t) (abbreviated to
PCy (1), if s = 0) denote the set of all right-continuous and piecewise-constant paths
[s.1] = R¥ starting from the point y, and let PCJ (s, 1) denote the subset of paths with
exactly n discontinuities. Topologically, ch is a pointand PC} = Simy x(R4\{0})",
n=1,2,..., where

Sim} ={s1,....5,:0<s1 <s2 <--- <5, <t} (9.24)

denotes the standard n-dimensional simplex. In fact, the numbers s; are the jump-
times, and the n copies of R4 \ {0} represent the magnitudes of these jumps. To each
o-finite measure M on R¥ \ {0} (or on R¥, but without an atom at the origin), there
corresponds a o-finite measure MP© = MFC(z, p) on PC,(¢), which is defined as
the sum of measures M, n = 0,1, ..., where each MFC is the product-measure on
PCZ (¢) of the Lebesgue measure on Sim/ and of n copies of the measure M on R9.
Thus if Y is parametrized as in (9.23), then

MFPC@Y () = dsy - dsyM(d8y) - M(d5y).

From properties of the Poisson process (or more generally pure-jump Markov pro-
cesses, see Section 3.7), it follows that, for ug € Cp (Rd), the function

u(t, y) = exp{t A JELT [F(Y ())uo (Y (1)) (9.25)
can be rewritten in the form
u(t.y) = / MPCY () F(Y (Do (Y (1), 9.26)
PC,, (7)

or, equivalently, as the sum

[e.°] oo
u(t,y) =Y unlt,y) = Z/ M, dY()F(Y ()uo(Y(1)).  (927)
n=0 n=0 PC; ®
The integrals in this series can be written more explicitly as

)= [ MO PO )

'y t
= dﬁndM[ m/ M(d8y) - M(dSy) (9.28)
Sim?} R4 R4
x F(y + Y;I{'.'.;:)uo(y + 6814+ 8n).

Notice that the multiplier exp{fAs} in (9.25) arises because this integral is not over
the measure MFC, but over a probability measure obtained from MFC by an appro-
priate normalization, where the jumps are distributed according to the probability law
M /. The following path-integral representation for solution to equation (9.19) can
now be obtained.
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Proposition 9.2.1. Let V be given by (9.5) and ug be a bounded continuous function.
Then the solution to the Cauchy problem of equation (9.19) with initial function ug
has the form (9.25) or equivalently (9.26), where Y is given by (9.23) and

FYO) =exp{ 3 @) (s41 = s [T=ir )
j=0 j=1
t n
= exp { /0 (Y(s))ds + Y In(—i f(sj))} (9.29)
j=1

(here sp+1 = t, 5o = 0, and the function f is as from (9.18). In particular, choosing
U to be the exponential function e'’*°, one obtains a path-integral representation for
the Green function of equation (9.10) in momentum representation.

Proof. Let us rewrite equation (9.19) in the mild integral form using Duhamel princi-
ple (see Theorem 1.9.2) considering the second operator as a perturbation to the free
motion described by ®(y):

t
u(t,y) = e ®Mug(y) —i / et=920) (V(i%)u(s, .)) (y)ds. (9.30)
0

Since the operator V(—i(d/dy)) acts as the convolution with the measure p, the cor-
responding perturbation series representation for the solution of this equation is pre-
cisely series (9.28). It remains to observe that this series is absolutely convergent in
the Banach spaces Coo (Rd) or Cp, (Rd) (and all its terms are absolutely convergent
integrals). m|

Proposition 9.1.5 is a direct consequence of Proposition 9.2.1. In fact, formula
(9.25) with F from (9.29) rewrites as

t
u(t.y) = / exp{ / <1>(Y(s>)ds}uo(Y(z))(—iu)"C(dY(.», ©.31)
PC, (t) 0

showing that the measure Dg’tq(.) in (9.15) is (—i)PC = (—ifM)FC in the notation
of this section.

Proposition 9.2.2. Under the assumptions and notations of Proposition 9.2.1, sup-
pose X is any continuous curve. Then

t t
exp{—i /0 V(X(s)) ds} = /P - exp{—i /0 Xdes}(—iu)Pc(dY(.)). (9.32)
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Proof. Expanding the Lh.s. of (9.32) in the exponential power series and ordering the
time arguments in each term, we get

t 00
exp {—i/o V(X(s))ds} 1+ Z(_i)nfs
n=1

which by the definition of V rewrites as

1+ f:(—i)”/s
n=1

and hence coincides with the r.h.s. of (9.32). O

} V(Xs,) - V(Xg,)dsy -+ dsy,

1m;

n

exp | Y —i XS (db1) - pu(d8y) dsy -+ dsy,

im? k=1

The r.h.s. of (9.32) is sometimes called the Fourier—Feynman transform of the com-
plex measure (—iu)"C.

Remark 61. We introduced the Fourier—Feynman transform in order to be able to
make the link with the theory of infinite-dimensional oscillatory integrals of Albeve-
rio and Hoegh-Krohn. This approach for the construction of the path-integral repre-
sentation of Schrodinger equations also works for potentials being Fourier transforms
of a finite measure. This method is based on the possibility of representing the func-
tion exp{—i fé V(X(s))ds} as the Fourier transform of a finite measure My on the
Cameron—Martin space of curves with square-integrable derivatives. Formula (9.32)
yields a precise description of this measure. Namely, as on the classical paths of the
free dynamics the position and velocity are connected via the trivial ODE x = p, the
set PC of piecewise-constant paths in the velocity space corresponds to the set CPL
of continuous piecewise-linear paths in the position space. The path X (s) starting at
xo and such that Xxo (s) = Yy (s) with Yy, of form (9.23) is

X0 + Yo, s <81,

xo + s1Yo + (s —51)Y71, 51 <5 <53,

Xy (5) = (9.33)

xo+ 1Yo+ (s2 —s)Y1+ -+ (¢ —sp)Vn, sp <s<t.

One can thus transform a measure on the set PC to the measure on CPL. It is not
difficult to deduce from (9.32) that the function exp{—i fot V(X(s)) ds} can be repre-
sented as the Fourier transform of the measure on CPL (which is a subspace of the
Cameron—Martin space) that is obtained by transforming the measure (—i )P from
PC to PC via the transformation (9.33).
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9.3 Extensions

Even if V' is not the Fourier transform of a finite measure, one can hope to prove the
convergence of series (9.28), and hence a path-integral representation for the solutions
of the corresponding equation, if the functional (9.29) is decreasing strongly enough
for large Y;. We shall start with the following extension of Proposition 9.2.1.

Proposition 9.3.1. Assume that

(1) the continuous function ® is such that
/ RO gy < 7P (9.34)

with B > 0 with a constant ¢ uniformly for finite positive times t (for instance,
fO(y) = —|y|* then p = d/a),

(1) the measure M in (9.1) is Lebesgue measure, i.e.

Ve = [ ey dp 935)
R4
and finally
(iii) that f € Lq(Rd) with arbitrary ¢ > lincase B < 1l and q < B/(B — 1)
otherwise.

Then the statement of Proposition 9.2.1, more precisely formula (9.26) (not neces-
sarily (9.25)), still holds.

Remark 62. The integral in (9.35) may not be defined in the Lebesgue sense, but it
is defined as the Fourier transform of a distribution.

Proof. We want to show that series (9.28) converges in Cp, (Rd). Hence we need to
estimate the integrals

dsy---dsp /Rnd exp { Z SYj)(sj+1 — Sj)} H(—if(gj))d& e ddy.
j=0 =1
(9.36)

Sim?}
Let us estimate the last integral (over d §,), namely

/R exp{(t = 5) Re DTt + 8)}.f () 6.

By Holder’s inequality, this does not exceed

1/p
11, ( [, explpc —s)Re @y + ids)
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where p = ¢/(q — 1), and hence, by (9.34), it is bounded by

I £z, clp(t —sa)]~B/P.

Thus by induction, one gets for integral (9.36) the estimate
n
(I £l ep™/P)" / 10 T (sj11 —5)#/Pdsy - dsn,
Sim?} j=1
implying the convergence of (9.28) for 8 < p. m|

We shall give now simple abstract formulations that will form the basis for the path-
integral representation of regularized Schrodinger equations in momentum, position,
or energy representations.

Let us consider the linear equation

V= Ay + Vi, 9.37)

where A and V' are operators in the complex Hilbert space #. As was already ex-
ploited above, if A generates a strongly continuous semigroup e’ 4'in #, solutions to
the Cauchy problem for this equation are often constructed via the integral equation
(mild form of (9.37)):

t
Ve = ety + / =AYy ds. (9.38)
0

Plugging the r.h.s. of this equation repeatedly into its integral part leads to the follow-
ing perturbation series representation of the solution (if necessary, see Theorem 1.9.2
for detail):

t
v = ety +/ Ay eS Ay ds + -
0

n / =S Ay plsn—sn-DAy 4 .
0<s|<-<sy<t

+Ves1Adesl'.'dsn+.“' (939)

Theorem 9.3.1. Let (2,5, M) be a Borel measure space such that in L,(2) the
operator A is represented as the multiplication operator on the function A(x), and V
be an integral operator of the form Vf(x) = [ f(y)V(x.dy) with certain (possibly
unbounded) transition kernel V(x, dy). Suppose Re A(x) < ¢ and

[Ve'd| e, < ct P, (9.40)
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with ¢ > 0 and B < 1. Then series (9.39) converges in Cp(2) for any o € Cp(2)
and all finite t > 0. Its sum Yy solves equation (9.38) and is represented as a path
integral similar to (9.26), that is

Vi(y) = /P oo VECAY () FY ()oY (1)),

= E VPC(dY () F(Y(. Y(1)), 9.41
: 0/ "o w ([dY()F(Y()Yo(Y(2)) ( )
where

/ VECW@Y () F(Y()Vo(Y (1) = / dsy - dsn / V(y,dys) — (9.42)
PCY (1) Sim”! Qn

n—1

< [TVj+1.dyj) expl(t =s2) A(Y) + (Sn = $Sn—1) A(yn) + -+ + 51 A1) 1o (31).
j=1

Proof. Condition (9.40) ensures that the terms of series (9.41) are estimated by

c(t—s, n - _ﬂ
/ e ( n)c (Sn — Sn—1) le )
0<s;<=<s;=<t

which implies the required convergence. m|

Clearly Proposition 9.3.1 is a concrete version of Theorem 9.3.1, where the kernels
V' are spatially homogeneous, i.e.

/ V. dyyu(y) = —i [ FOulx + ) dy.

The momentum representation for wave functions is known to be usually conve-
nient for the study of interacting quantum fields. In quantum mechanics one usu-
ally deals with the Schrodinger equation in position representation. Since in p-
representation our measure is concentrated on the space PC of piecewise constant
paths, and since classically trajectories x(¢) and momenta p(¢) are connected by the
equation X = p, one can expect that in position representation the corresponding
measure is concentrated on the set of continuous piecewise-linear paths. To anticipate
this application to the Schrodinger equation, our next result will be devoted to mea-
sures on path spaces that are concentrated on continuous piecewise-linear paths so
that their velocities are piecewise constant. Denote this set by CPL. Let CPL*Y (0, 1)
denote the class of paths g : [0,7] — R4 from CPL joining x and y in time ¢, i.e.
such that ¢(0) = y, ¢(t) = x. By CPL;;’> (0, ) we denote the subclass consisting of
all paths from CPL**? (0, 7) that have exactly n jumps of their derivative. Obviously,

o0
CPL*?(0,1) = (] CPLY(0.1).

n=0
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Notice also that the set CPL**Y (0, ¢) belongs to the Cameron—Martin space of curves
that have derivatives in L2([0, ¢]).

To any o-finite measure M on R4 there corresponds a unique o-finite measure
MCPL on CPL*¥(0,¢), which is the sum of the measures M- on CPL, (0, 1),
where MOCPL is just the unit measure on the one-point set CPLg’y (0,¢) and each
MnCPL, n > 0, is the direct product of the Lebesgue measure on the simplex (9.24)
of the jump times 0 < 57 < --- < 5, < ¢ of the derivatives of the paths ¢(.) and of
n copies of the measure M on the values ¢(s;) of the paths at these times. In other
words, if
)77j+1 -1

. S e[sj,si41] (9.43)
Sj+1—Sj

q(s) =gl (s) =n; + (s —s;

(where 5o = 0,5,41 = 1,10 = ¥, Jns1 = X) is a typical path in CPL;;’” (0, ¢) and ®
is a functional on CPL*” (0, ), then

(g()M P (dq()) = (g() M, (dg(.
Lo, PEOM ) ,;)[CPL @) ME (g ()

7 (0,0)

o0

= Z/S , dsieeedsn /Rd---/Rd M(dn)---M(dna)®(q().  (9.44)

n=0

Theorem 9.3.2. Let the operator V in (9.37) be the multiplication operator by a
function 'V on R4 or, more generally, by a measure V on R4, and the operator e'4
in Lo(R%) be an integral operator of the form e'4 f(x) = [ Ai(x,y) f(y)dy with
certain measurable function A;(x,y). Suppose ||e’A||ch(Q) <cand

eV, @) < ct™ (9.45)

with ¢ > 0 and B < 1. Then series (9.39) converges in Cp(2) for any Yo € Cp(2)
and all finite t > 0. Its sum ; solves equation (9.38) and is represented as a path
integral on the space CPL:

e = [ [ 1ot @ov g, (9.46)
CPLXY(0,t) JR4
where

D4(q() = Ar—s, (X, 1) Asp—s, s s 1) -+~ A, (71, ). (9.47)

Proof. By the definition of the measure VP the integral (9.46) is nothing else but

series (9.39). Condition (9.45) ensures that the terms of this series are estimated as
/ = 50 B sn = sue) P
0<sy<-<sp=t

which implies the required convergence. m|
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For applications to the Schodinger equation with magnetic fields one needs to han-
dle the case when V' is the composition of a multiplication and the derivation operator,
which is the subject of the next result.

Theorem 9.3.3. As in Theorem 9.3.3, assume that ¢4 is an integral operator of the

form e f(x) = [ A¢(x,y) f(y)dy with certain measurable function A;(x,y) such
that ||€tA||Cb(Q) < c. But suppose now that V = (V, F) with a bounded measurable
vector-function F on Rd, ie.

d

V()= VI(F ).

J=1

Assume that A;(x, ) is differentiable with respect to the second variable fort > 0
and A;(x,y) = 0as y — oo for any x. Denote by Voe'4 the integral operator with
the kernel being the derivative of A with respect to the second variable, i.e.

. 0
(W) = | [—a ,At(x,y)]f(y)dy-
Vi

Finally, assume
(V2" F)lc, ) < ct™” (9.48)

with ¢ > 0 and B < 1. Then series (9.39) converges in Cp(2) for any o € Cp(2)
and all finite t > 0. Its sum ; solves equation (9.38) and is represented as a path
integral on the space CPL:

Yi(x) = [ / Yo (q() FP(dq ().
CPLYY(0,t) JR4
where

- d d
CDA(‘](')) = _87] At—sn (x.np) -+ _8771 Asz—sl (n2, Ul)Asl (71, ).
n

Proof. This is a consequence of Theorem 9.3.3, if one notices that
MV = AV, F) = (Vae', F)
by integration by parts. O
Finally, when working with Schrodinger equation, the most natural convergence is

mean-square. The following statement is a mean-square version of the above results.
Its proof is straightforward.
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Proposition 9.3.2. Under the assumptions of Theorems 9.3.1 or 9.3.2 suppose instead
of (9.40) and (9.45) one has the estimates

Ve llz,@) < et (9.49)
or respectively
le" V||, may < ct™P. (9.50)

Then the statements of the theorems remain true, but for Yo € L,(S2), and with
the convergence of the series understood in the mean-square sense (meaning that the
corresponding path integral should be considered as an improper Riemann integral).

9.4 Regularization of the Schrodinger equation by complex
time or mass, or continuous observation

To apply the path-integral construction (as well as their extensions) to the Schrodinger
equations beyond the case of potentials representing Fourier transform of finite mea-
sures, one often needs certain regularization. For instance, one can use the same
regularization as is used to define the finite-dimensional integral

_ —d/2 _| Elz
(Uo f)(x) = (2mti) o P f§)dé (9.51)

giving the free propagator e'! A2 f. Namely, this integral is not well-defined for
general f € L%(R%). The most natural way to define it is based on the observation
that, according to the spectral theorem (see e.g. Reed and Simon [273] or any other
text on functional analysis), for all # > 0

eitA/Zf _ 11r(r)1 plt(1— te)A/2f (9.52)
e—04

in L2(R9). Since

|x — 7

(et ATOA2 £y () = Qi + €))~4/2 /Rd eXp{ 2t(i + )

et MOLL

(the argument of +/i + € is assumed to belong to (0, 7)) and the integral on the r.h.s.
of this equation is already absolutely convergent for all f* € L2(R%), one can define
the integral (9.51) by the formula

lx — &

L . —d)2
(Uo)x) = i @rrti + )2 [ dexp{ e

}f(é) e (9.53)

where convergence holds in L2(R%).
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More generally, if the operator —A /2 + V(x) is self-adjoint and bounded from
below, again by the spectral theorem,

explit(A/2—=V(x)}f = lirgl explit(l —ie)(A/2—=V(x))}f. (9.54)
€—>04

In other words, solutions to the Schrodinger equation

W) _ g ~ iV o) 9.59

can be approximated by the solutions to the equation

a‘//atz(X) = %(i + O)AY(x) — (I + ) V(x) Y (x), (9.56)

which describes the Schrodinger evolution in complex time. The corresponding equa-
tion on the Fourier transform u is

W Lirentu—i+ E)V(ii)u. 9.57)

ot ay

As we shall see, the results of the previous section are often applicable to regular-
ized equations (9.56) with arbitrary € > 0, so that (9.54) yields an improper Riemann
integral representation for € = 0, i.e. to the Schrodinger equation per se. Thus, unlike
the usual method of analytical continuation often used for defining Feynman integrals,
where the rigorous integral is defined only for purely imaginary Planck’s constant
h, and for real & the integral is defined as the analytical continuation by rotating A
through a right angle, in our approach, the measure is defined rigorously and is the
same for all complex & with non-negative real part. Only on the boundary Ims = 0
does the corresponding integral usually become an improper Riemann integral.

Equation (9.56) is certainly only one of many different ways to regularize the Feyn-
man integral. However, this method is one of the simplest methods, because the limit
(9.54) follows directly from the spectral theorem, and other methods may require ad-
ditional work to obtain the corresponding convergence result. For instance, one can
use regularization by introducing complex mass, which boils down to solving the
equation

by 1 .
T E(l + ) AY —iV(x)y.

A more physically motivated regularization can be obtained from the quantum the-
ory of continuous measurement describing spontaneous collapse of quantum states,
which regularizes the divergences of Feynman’s integral for large position or momen-
tum. The work with this regularization is technically more difficult than with the
above regularization by complex times, but it is a matter of independent interest. We
only sketch it, referring for detail to original papers.
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The standard Schrodinger equation describes an isolated quantum system. In the
quantum theory of open systems one considers a quantum system under observation in
a quantum environment (reservoir). This leads to a generalization of the Schrodinger
equation, which is called stochastic Schrodinger equation (SSE), or quantum state
diffusion model, or Belavkin’s quantum filtering equation (see Section 9.7 for refer-
ences). In the case of a non-demolition measurement of diffusion type, the SSE has
the form

1
du + (iH + EAZR*R)M dt = \RudW, (9.58)

where u is the unknown a posterior (non-normalised) wave function of the given con-
tinuously observed quantum system in a Hilbert space #, the self-adjoint operator
H = H* in J is the Hamiltonian of a free (unobserved) quantum system, the vector-
valued operator R = (R!,..., R%) in # represents the observed physical values, W
is the standard d-dimensional Brownian motion, and the positive constant A repre-
sents the precision of measurement. The simplest natural examples of (9.58) concern
the case when H is the standard quantum mechanical Hamiltonian and the observed
physical value R is either the position or momentum of the particle. For the purposes
of regularization, the second case is usually more handy, that is the equation

dy = (%(l + %)Aw - iV(x)w) dt + ;\/g%w aw. 9-59)

The equation on the Fourier transform u(y) of i has the form

YA A \/7
du—(—5(1+§)y u—zV(za)u) dt + EyudW. (9.60)

Solutions to this equation are quite peculiar. Say, if V' = 0, one can write the
solutions to the Cauchy problem with initial function ug explicitly:

(T3 wuol(y) = eXp{ - %(i + 1)yt + \/gyW(t)}uo(y) 9.61)

(notice the change of the coefficient at A which is due to the correction term in Itd
formula). The operators T)f,W are bounded both in C(R?) and Coo(R?) for each
t > 0, but their norms tend to oo a.s. as t — 0.

As A — 0, equation (9.59) approaches the standard Schrodinger equation. We
refer to Kolokoltsov [179] for the path-integral representation of the solutions to this
equation and its use as regularization to the path integral of the Schrodinger equation.
In what follows, we restrict our attention only to the simpler regularization by complex
times.
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9.5 Singular and growing potentials, magnetic fields
and curvilinear state spaces

Here we use the ideas from the previous two sections to give a rigorous path-integral
representation for solutions to the Schrodinger equation with various kinds of poten-
tials and with a possibly curvilinear state space. Our first result is a direct corollary of
Proposition 9.3.1.

Proposition 9.5.1. Let V' have form (9.35) (again in the sense of distributions) and
fel'+ 1LY ie [ = fi+ frwith fi € L\R?), f, € LY(R?), with q in the
interval (1,d/(d —2)), d > 2. Then for any € > 0 the regularized Schrodinger equa-
tion in momentum representation (9.57) satisfies the conditions of Proposition 9.3.1
yielding a representation for its solutions in terms of the path integral. Moreover,
the operator —A /2 + V is self-adjoint, so that (9.54) yields an improper Riemann
integral representation for € = 0, i.e. to the Schrodinger equation per se.

Proof. Self-adjointness of the Schrédinger operators for this class of potentials is well
known, see e.g. Section X.2 in Reed and Simon [274]. Condition (9.34) clearly holds
with 8 = d/2 for any € > 0. Thus ¢ < d/(d —2) is equivalentto g < B8/(8 — 1).
Finally one observes that one can combine (take sums of) the potentials satisfying
Propositions 9.5.1 and 9.2.1. m|

Remark 63. The class of potentials from Proposition 9.5.1 includes the Coulomb
case V(x) = |x|7! in R3, because for this case f(y) = |y|~2 in representation
(9.35).

We shall turn now to the Schrodinger equation in the position representation, aim-
ing at the application of Theorem 9.3.2. Of course, if V' is a bounded function, the
conditions of this theorem for regularized Schrodinger equation (9.56) are trivially
satisfied (with 8 = 0). Let us discuss singular potentials. The most important class of
these potentials represent Radon measures supported by null sets such as discrete sets
(point interaction), smooth surfaces (surface delta interactions), Brownian paths and
more general fractals. Less exotic examples of potentials satisfying the assumptions
of Proposition 9.5.3 below are given by measures with a density V' (x) having bounded
support and such that V € L?(R%) with p > d /2.

The one-dimensional situation turns out to be particularly simple in our approach,
because in this case no regularization is needed to express the solutions to the corre-
sponding Schroédinger equation and its propagator in terms of path integrals.

Proposition 9.5.2. Let V' be a bounded (complex) measure on R. Then the solution
VG to equation (9.56) with € > 0 (i.e. including equation (9.55)) and the initial
Sunction Yo(x) = 8(x — xo) (i.e. the propagator or the Green function of (9.56))
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exists and is a continuous function of the form

|x — xo/?

olt. 1) = Cnli + N ep |-

} + 0(1),

uniformly for finite times. Moreover, one has the path-integral representation for Vg
of the form

Vo(t.x) = / BV (dg ().

CPL*-Y(0,¢)

where VL s related to V as MPY is to M in Theorem 9.3.2, and

n+1 1 t
®(q() = l_[[271(sJ- — ;)i + )] V2 exp {—2(1, O /0 *(s) ds}.

j=1
Remark 64. The same holds for e = 1 — i, i.e. for the heat equation.

Proof. Clearly the condition of Theorem 9.3.2 are satisfied with § = 1/2 (one-
dimensional effect). O

For the Schrodinger equation in the finite-dimensional case one needs a regulariza-
tion, say (9.56) with € > 0 or (9.59) with A > 0. As we mentioned, here we work
only with the simpler regularization (9.56).

A number dim(V) is called the dimensionality of a measure V if it is the least upper
bound of all & > 0 such that there exists a constant C = C(«) such that

|V(Br(x))| < Cr®
forall x € R? and all r > 0.

Proposition 9.5.3. Let V be a finite complex Borel measure on R4 with dim(V) >
d —2. Then

(1) for any € > 0 the regularized Schrodinger equation (9.56) satisfies the condi-
tions of Theorem 9.3.2 with A = (i + €)A/2 and V replaced by —(i + €)V,
vielding a representation for its solutions in terms of the path integral:

v =[] wmedaOV gy 06

where

O _n+12 i i ] —d/2 A 1 t-2 ds !
(9.63)
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(ii) one can give rigorous meaning to the formal expression H = —A/2 + V
as a bounded-below self-adjoint operator in such a way that the operators
exp{—t(i + €)H} defined by means of functional operator calculus are given
by the path integral of Theorem 9.3.2;

(1) formula (9.54) yields an improper Riemann integral representation for € = 0.

Proof. To check the conditions of Theorem 9.3.2 for the regularized Schrodinger
equation (9.56) we need to show that for any € > 0
/ Rri(i +€)] % exp{ — -8 V(dE) < c(e)t™
R4 2t(i + €) -
with B < 1 uniformly for all x. To this end, let us decompose this integral into the
sum of two integrals /7 4+ I, by decomposing the domain of integration into two parts:

Dy ={t:|x—&| >tV py={f:|x—&| <1702y

Then I is exponentially small for small ¢ and

I < 2mtV1 +e2]—d/2/ V(dE) < c(o, )t~ 20412

D>

with @ > d — 2. This expression is of order r—# with f = §a + (d —a)/2 < 1
whenever § < (¢ — d + 2)/(2a). It remains to prove self-adjointness. This can be
obtained from the properties of the corresponding semigroup. We refer for details
to Kolokoltsov [185]," where this is done in a more general setting of the equation
including magnetic fields discussed below. O

Remark 65. It is not difficult to see that expression (9.62) still converges for the
Green function, that is for the the solution G€(¢, x, y) with initial function ¥o(x) =
8y (x) with an arbitrary y, yielding

G<(t.x.) = [ |, oclavertdao. 9.64)
CPL*-Y(0,¢) /R4
see again [185] for detail.

Let us extend this result to the case of a formal Schrédinger operator with magnetic
fields in L2(R?) of the form

1/19 2
H=- (T— + A(x)) + V(x) (9.65)
2 \i ox

under the following conditions:

I'This paper contains nasty typos messing up the coefficient 1/2 and signs + before A in several
places.
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(C1) the magnetic vector-potential 4 is a bounded measurable mapping R4 - R4,

(C2) the potential V' and the divergence div A = Z}i 047 (defined in hte sense of

=1 jx/
distributions) are both (signed) Borel measures,

(C3) ifd > 1thereexistoe > d —2 and C > 0 such that forall x € R¢ and r € (0, 1]
|div A|(Br(x)) = Cr®,  [V|(Br(x)) = Cr,

if d = 1 the same holds for « = 0.

The corresponding regularized Schrodinger equation can be written in the form

oy
-~ = _—DHv,
ot 4

where D is a complex number with Re D = € > 0, |D| > 0, and the corresponding
integral (mild) equation is

t
Yy = ePB2y / P2y L (Y Aysds,  (9.66)
0

where | .
W) = V) + 514 + %divA(x).

More precisely, W is a measure, which is the sum of the measure V(x)+i div A(x)/2
and the measure having the density |4(x)|?/2 with respect to Lebesgue measure.

Theorem 9.5.1. Suppose (C1)-(C3) hold for operator (9.65). Then all the statements
of Proposition 9.5.3 are valid for the operator H (only the explicit expression (9.63)
for ® should be appropriately modified).

Proof. This is the same as for Proposition 9.5.3 above, but one needs to use Theo-
rem 9.3.3 instead of Theorem 9.3.2. O

In fact much more can be proved. One can get rather precise estimates for the heat
kernel of e *PH Namely, let GP(t,x, y) denotes the fundamental solution (Green
function or heat kernel) of the Cauchy problem generated by DH,, i.e. the solution of
(9.66) with the Dirac initial condition ¥o(x) = §(x — y). It can be sought (as for the
vanishing A above) via the perturbation series representation for equation (9.66).

Theorem 9.5.2. Under the assumptions of Theorem 9.5.1 the following holds.

1) Ife = Re D > 0, the perturbation series expressin GP is absolutely conver-
p P 8 y
gent and its sum GD(Z, X, Y) is continuous in x,y € RY ¢t > 0and satisfies the
estimate

2
1GP (1, x. )| < G2/, x — y)exple]x — yl} (9.67)
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uniformly fort < to with any ty and a constant ¢ = c(tp), where GfrDee denotes
the kernel of the ‘free’ propagator:
2
D —d (x—y)
Gfree(t’x_.)/) = (2ntD) /Zexp {_2—I)I}
(i1) The integral operators
P ex) = [ 6P wx 3000 dy 0.68)

defining the solutions to equation (9.66) fort € [0, to] form a uniformly bounded
family of operators L2(R%) — L%(R9).

(ii1) If D is real, i.e. D = € > 0, then there exists a constant w > 0 such that the
Green function G€ has the asymptotic representation

G(1.%.7) = Gl (L. x. M1+ 0G°) + O(x — )] (9.69)

for small t and x — y. In case of vanishing A, the multiplier exp{c|x — y|} in
(9.67) can be dropped and formula (9.69) gives global (uniform for all x, Y')
small time asymptotics for G€.

Proof. See [185]. Notice only that the estimates for G can be obtained by estimating
the first term of the corresponding perturbation series representation with ¥o(x) =
8(x — y). Thus obtained estimates (9.69) allows us to deduce statement (ii), which in
turn implies selfadjointness of H. m|

Let us discuss now shortly the case of operators with discrete spectrum. Namely,
let us consider the Schrédinger equation

8‘/’8’Z(X) = —iHY (x) — iV (x) P (x), (9.70)

where V is the operator of multiplication by a function V' and H is a selfadjoint
operator in L?($2) with discrete spectrum, where Q is a Borel measurable space.
Basic examples of interest are as follows:

(1) H is the Laplace operator (or more generally an elliptic operator) on a compact
Riemann manifold (curvilinear state space),

(i) H = —A + W(x) in L2(R%), where W is bounded below and W(x) — oo for
x — oo (see e.g. [276] for a proof that such H has a discrete spectrum),

(iii)) many-particle versions of the situation from (ii).
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In this case the most natural representation for the Schrodinger equation is the en-
ergy representation. In other words, if A; < A, < --. are eigenvalues of H and
V1,2, ... are the corresponding normalized eigenfunctions, then any ¥ € L?(R2)
can be represented by its Fourier coefficients {c,}, where ¥ = Y 72 | ¢, Yy is the
expansion of ¥ with respect to the orthonormal basis {;}. In terms of {c,} the op-
erator e ~*H acts as the multiplication ¢, > exp{—itA,}cu, and V is represented by
the infinite-dimensional symmetric matrix Ve = [ ¥ (X)V(X) ¥ (x) dx (ie. it is
a discrete integral operator). If V' is a bounded function, condition (9.49) of Propo-
sition 9.3.2 is trivially satisfied (with § = 0) yielding a path-integral representation
for the solutions of equation (9.70) in the spectral representation of the operator H . It
is not difficult to find examples when the conditions of Theorem 9.3.1 hold, but these
examples do not seem to be generic.

9.6 Fock-space representation

Let us start with the simplest probabilistic interpretation of the solutions to the Cauchy
problem of equation (9.56) in terms of an expectation with respect to a compound
Poisson process. The following statement is a direct consequence of Proposition 9.5.3
and the standard properties of Poisson processes.

Proposition 9.6.1. Suppose a measure V' satisfies the assumptions of Proposition
9.5.3. Let Ay = V(R?). Let paths of CPL be parametrized by (9.43) and let E denote
the expectation with respect to the process of jumps 1; which are identically inde-
pendently distributed according to the probability measure V /Ay and which occur at
times s; from [0, t] that are distributed according to Poisson process of intensity Ay .
Then the solution to the Cauchy problem of (9.56) can be written in the form

Velt.x) = [ po(E@clg() dy. ©71)

Next let us move to the representations in terms of Wiener measures, for which we
shall use the Fock spaces.

The paths of the spaces PC and CPL used above are parametrised by finite se-
quences (51, X1), ..., (Sy, xXy) With sy < .-+ < s, and x; € Rd,j =1,...,d. De-
note by & 4 the set of all these sequences and by and its subset consisting of sequences
of the length n. Thus, functionals on the path spaces PC or CPL can be considered
as functions on ¢, To each measure v on R¥ there corresponds a measure vp on
P4 which is the sum of the measures v"* on P¢, where v" are the product measures
dsy---dspdv(xy)---dv(x,). The Hilbert space L2(P%, vp) is isomorphic to the
Fock space I 51 over the Hilbert space L2(R4 x R?, dx x v) (which is isomorphic to
the space of square-integrable functions on R4 with values in L2(R%,v)). Therefore,
square-integrable functionals on CPL can be considered as vectors in the Fock space

d
1—‘V(dx)'
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Let us consider the Green function of equation (9.56), given by (9.64). First let
us rewrite it as the integral of an element of the Fock space I'® = L?(Sim,) with

Sim; = U2, Sim? (which was denoted $° above), where Sim” is as usual the
simplex (9.24):
Simf ={s1,...,8,:0<s1 <52 <-+- <, <t}
Let )
v _ v _ : —d/2 (x—y)
- t7 ’ - 2 0 € - . . <
8o = 8o (1.x.y) = (27(i + €0) Xp{ T

and
|4 — v . — 16) S1-.-8n d d
gn (Sla---,sn) gn (S17"'7Sn7t7x’y) Rnd E(qnl_._nn) 771 nn

forn = 1,2,..., where &, and qf,ﬁ'_'j_fﬁl are given by (9.63) and (9.43). Considering
the series of functions {g) } as a single function g" on Sim,, we shall rewrite the
r.h.s. of (9.64) in the following concise notation:

[e.e]
/ gV(s)ds:Z/ g,‘l/(sl,...,sn)dsl---dsn.
Sim; n—=0 Sim?

Now, the Wiener chaos decomposition theorem states (Section 2.9) that, if d By, - - -d By,
denotes the n-dimensional stochastic Wiener differential, then to each f = {f,} €
L?(Sim;) there corresponds an element ¢r € L?%(;), where Q; is the Wiener space
of continuous real functions on [0, 7], given by the formula

o0
¢r(B) = Z/' fu(s1.... 5n)dBy, -+ dBs,,
n—0 Sim?}

or in concise notation

¢r(B) = f(s) dBs.

Sim[
Moreover the mapping f* + ¢ is an isometric isomorphism, i.e.
E(¢7(B)$g(B)) = f(s)g(s)ds,
Simt
where E denotes the expectation with respect to the standard Wiener process.

Now, it is not difficult to show that

dBs = eB’_t/z,
Sim[
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see e.g. Meyer [244] for detail.> Hence, if the function g¥ belongs not only to
L'(Sim,), but also to L?(Sim;) the Green function can be rewritten as

Ge(t, x,x0) = E(¢pyv exp{B; —1/2}). (9.72)

This leads to the following result, whose full proof is given in Kolokoltsov [189].

Proposition 9.6.2. Under the assumptions of Proposition 9.5.3 suppose additionally
that V' is finite and dim(V') > d — 1. Then the Green function (9.64) can be written
in the form (9.72), where Eyw denotes the expectation with respect to the standard
Wiener process.

For general V from Propositions 9.5.3, when the corresponding function g¥ be-
longs to L!(Sim,), but not to L?(Sim,), some regularized version of the above rep-
resentation is available, see [179].

9.7 Comments

The idea of expressing the solutions to the Schrodinger equation in momentum rep-
resentation in terms of the expectations with respect to a compound Poisson process
belongs to Maslov and Chebotarev [232], [233], where Proposition 9.2.1 was proved
for the Schrodinger equation, i.e. for ®(y) = —|y|?/2, as well as Proposition 9.2.2.
In Chebotarev, Konstantinov and Maslov [77] the extension to Pauli and Dirac equa-
tions was carried out. A review of the literature on various applications of these results
can be found in [179]. The idea of going beyond the potentials that can be expressed
as Fourier transforms of finite measures was developed systematically in Kolokoltsov
[179], [182], which form the ideological basis of the exposition of this chapter. Sec-
tion 9.1 follows essentially Kolokoltsov [177], [181]. A general construction of the
measures on path space, given there, is an abstract version of the constructions of
Nelson [254] and Ichinose [137], devoted respectively to the Wiener measure and to
a measure corresponding to the hyperbolic systems of the first order.

Using equation in complex times for regularization of the Schrodinger equation
was suggested by Gelfand and Yaglom [121]. However in this paper an erroneous
attempt was made to use it for defining a version of the Wiener measure with a com-
plex volatility. It was noted afterwards in Cameron [71] that there exists no direct
extension of the Wiener measure that could be used to define Feynman integral for
equation (9.56) for any real €. As we have shown, the idea works fine for the jump-
type processes.

The idea of using the theory of continuous observation for regularization of Feyn-
man’s integral was first discussed in physical literature on the heuristic level starting

2This formula follows from the observation that the process ¥; = exp{B; — t/2} is the solution to
the linear SDE Y; = 1 + fé Ysd By and the required chaos expansion is obtained via standard Picard
approximations.
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with Feynman himself. It was revived by Menski [242], though this paper advo-
cates an adaptation of the erroneous construction from the above cited paper [121].
The first mathematically rigorous construction of the path integral for the systems
of continuous quantum measurement (i.e. for Belavkin’s quantum filtering equation)
was given by Albeverio, Kolokoltsov and Smolyanov [14], [15] via the method of
infinite-dimensional oscillatory integrals and by Kolokoltsov [179] via the method of
jump-type Markov processes.

Belavkin’s quantum filtering equation was first deduced in full generality in Belav-
kin [36], see also [37]. Simple deductions of this equation can be found in Kolokoltsov
[179] and Belavkin—Kolokoltsov [39] together with rather extensive literature on this
subject. Let us also stress that Belavkin’s equation can be written in two versions, lin-
ear and nonlinear, that correspond to the Kushner—Stratonovich equation and Duncan—
Zakai equation in the classical filtering theory, see Bain and Crisan [25].

As our aim here was to illustrate the methods of jump-type Markov processes
for the description of quantum systems, we do not review here other (mostly non-
probabilistic) approaches to the rigorous definition of the Feynman path integral. A re-
view of the rather extensive literature on this subject can be found in [179]. Let us
only mention the recent monograph of S. Mazzucchi [234], which presents an up-to-
date introduction to the infinite-dimensional oscillatory integral approach, which was
first systematically developed by Albeverio and Hoegh-Krohn [12], and in a slightly
modified version by Elworthy and Truman [108].

The definition of dimensionality used in Section 9.5 is taken from Albeverio et
al. [6], but similar conditions were used by many authors. Paper Kolokoltsov [185]
contains a review of the bibliography about the Schrédinger equation with singular
potentials and magnetic fields. A partial extension of the results on the Schrodinger
equation with singular magnetic fields to the case of the equations on manifold was
given in Briining, Geyler and Pankrashkin [69].

Section 9.6 is based on [189] and [179].
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